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OUTLINE

• The implementation of quantum information pro-
tocols has to face the problem of the coupling of
quantum processors with the environment
Knowing the sources and strength of quantum noise
and controlling it is a fundamental goal to be achieved
in quantum computation

• We study the fidelity of two quantum information
protocols operating in a noisy environment:
1) quantum teleportation for the situation in which
quantum logic gates are used to provide the long
distance entanglement required in the protocol;
2) the quantum baker’s map, a paradigmatic model
of quantum chaos which can be simulated effi-
ciently on a quantum computer

• The effect of noisy environments is modeled by
means of different kinds of noise channels (am-
plitude damping, generalized amplitude damping,
phase shift,...)

• Quantum trajectories allow us to study open sys-
tems enlarging the number of qubits reachable in
the simulations (up to 24)

• This method proves suitable for modeling quan-
tum information protocols in realistic environments



QUANTUM TRAJECTORIES

Quantum trajectories allow storing only a stochas-

tically evolving state vector, instead of a density

matrix

This has an enormous advantage in memory re-

quirements: if the Hilbert space has size N , we

store only a state vector of size N instead of a

density matrix of size N ×N

By averaging over many runs we get the same prob-

abilities (within statistical errors) as the ones ob-

tained by solving the density matrix directly

The theory of quantum trajectories is of widespread

use in quantum optics and quantum foundations,

but with the exception of a few examples it has not

been explored as a tool in quantum computation

and information [see, e.g., Barenco, Brun, Schack, Spiller,

Phys. Rev. A 56, 1177 (1997)]



If a system interacts with the environment, its state

is described by a density operator ρ. Under the

Markovian assumption, the dynamics of the system

is described by a master equation in the Lindblad

form:

ρ̇ = −
i

h̄
[Hs, ρ]−

1

2

∑
k

{L†kLk, ρ}+
∑
k

LkρL
†
k,

Hs is the system’s Hamiltonian, { , } denotes the anticommu-

tator and Lk are the Lindblad operators, with k ∈ [1, . . . ,M ]

(the number M depending on the particular model of inter-

action with the environment)

• The first two terms of the above equation can be

regarded as the evolution performed by an effective

non-hermitian Hamiltonian, Heff = Hs + iK, with

K = − h̄/2
∑
k L

†
kLk. Indeed, we can see that

−
i

h̄
[Hs, ρ]−

1

2

∑
k

{L†kLk, ρ} = −
i

h̄
[Heffρ− ρH

†
eff].

• The last term in the Lindblad master equation is

the one responsible for the so called quantum jumps



If the initial density matrix describes a pure state

(ρ(t0) = |φ(t0)〉〈φ(t0)|), then, after an infinitesimal

time dt, it evolves into the statistical mixture

ρ(t0 + dt) = (1−
∑
k

dpk)|φ0〉〈φ0|+
∑
k

dpk|φk〉〈φk|,

where dpk = dt〈φ(t0)|L
†
kLk|φ(t0)〉, and the new states

are defined by

|φ0〉 =
(I − iHeffdt/h̄)|φ(t0)〉√

1−
∑
k dpk

and

|φk〉 =
Lk|φ(t0)〉
||Lk|φ(t0)〉||

.

Therefore with probability dpk a jump occurs and

the system is prepared in the state |φk〉. With prob-

ability 1−
∑
k dpk there are no jumps and the system

evolves according to the effective Hamiltonian Heff.

(Note that the normalization is included also in this

case because the evolution is non-hermitian)



NUMERICAL METHOD

• Start the time evolution from a pure state |φ(t0)〉

• At intervals dt much smaller than the timescales relevant
for the evolution of the system, choose a random number ε
from a uniform distribution in the unit interval [0,1]

• 1) If ε ≤ dp, where dp =
∑

k dpk, the state of the system
jumps to one of the states |φk〉 (to |φ1〉 if 0 ≤ ε ≤ dp1, to |φ2〉
if dp1 < ε ≤ dp1 + dp2, and so on)
2) if ε > dp the evolution with the non-hermitian Hamiltonian
Heff takes place and we end up in the state |φ0〉

• Repeat this process as many times as nsteps = ∆t/dt, where

∆t is the total evolution time

This procedure describes a stochastically evolving

wave vector, and we say that a single evolution is

a quantum trajectory

• Average over different runs to recover the proba-

bilities obtained using the density operator. Given

an operator A, we can write the mean value 〈A〉t =
Tr[Aρ(t)] as the average over N trajectories:

〈A〉t = lim
N→∞

1

N

N∑
i=1

〈φi(t)|A|φi(t)〉



TELEPORTATION PROTOCOL

Quantum teleportation is a scheme by which the state of an
arbitrary unknown qubit can be transmitted by means of a
shared entangled pair, that is an EPR pair where one particle
is with the sender Alice and the other with the receiver Bob.
Performing local operations and sending two bits of classical
information is then enough to accomplish the task

Teleportation is not only one of the basic methods of quan-

tum communication, but also plays a very important role in

a number of quantum computation protocols. In particular,

it has been proved that teleportation, together with single

qubit operations, is sufficient to construct a universal quan-

tum computation

We assume that the delivery of one of the bits of

the EPR pair is done by means of SWAP gates

along a noisy chain of qubits



Teleportation in a noisy environment

• Assume that the initial state of the chain is given by∑
in−1,...,i2

cin−1,...,i2|in−1 . . . i2〉 ⊗
1√
2
(|00〉+ |11〉),

where ik = 0,1 denotes the down or up state of qubit k

• In order to deliver one of the qubits of the EPR pair to
Bob, we implement a protocol consisting of n−2 SWAP
gates, each one exchanging the states of a pair of qubits:∑

in−1,...,i2

cin−1,...,i2√
2

(|in−1 . . . i200〉+ |in−1 . . . i211〉)

→
∑

in−1,...,i2

cin−1,...,i2√
2

(|in−1 . . .0i20〉+ |in−1 . . .1i21〉) →

...→
∑

in−1,...,i2

cin−1,...,i2√
2

(|0in−1 . . . i20〉+ |1in−1 . . . i21〉).

• To model the transmission of the qubit through a through
a chaotic quantum chain we take random coefficients
cin−1,...,i2, that is they have amplitudes of the order of

1/
√

2n−2 (to assure wave function normalization) and
random phases



Generalized Amplitude Damping Channel

• After an infinitesimal time dt, the possible states of the
system are those in which the damping |1〉 → |0〉 has
occurred in one of the qubits, the damping probability
being the same for all the qubits

• For example, starting from the four-qubit pure state
ρ(t0) = |1011〉〈1011|, the action of the generalized am-
plitude damping channel leads, after a time dt, to the
statistical mixture

ρ(t0 + dt) =

(
1−

Γdt

h̄

)
|1011〉〈1011|+

Γdt

3 h̄
(|0011〉〈0011|+ |1001〉〈1001|+ |1010〉〈1010|)

• We assume that our quantum protocol is implemented
by a sequence of instantaneous and perfect swap gates,
separated by a time interval τ

• We also assume that the only effect of the system’s
Hamiltonian Hs is to generate these swap gates.

The generalized amplitude damping channel is just a signifi-

cant example to illustrate the power of the quantum trajec-

tories approach and other kind of environmental noise (phase

shift,...) can be simulated similarly



The fidelity of teleportation is defined by F =

〈ψ|ρB|ψ〉, where |ψ〉 = α|0〉+ β|1〉 is the state to be

teleported, and ρB is the density matrix of Bob’s

qubit at the end of the teleportation protocol, ob-

tained from the final state of the n-qubit chain

after tracing over all the other qubits of the chain

Fidelity F̄ = F − F∞ of the teleportation of the state |ψ〉 =

(|0〉+|1〉)/
√

2 as a function of the dimensionless damping rate

γ = Γτ/h̄, with τ time interval between consecutive SWAP

gates, for n = 9 (above) and n = 22 qubits (below). The

curve is obtained by direct solution of the master equation

at n = 9, while the circles give the results of the quantum

trajectories approach with N = 400 trajectories (G.Carlo,

G.Benenti, G.Casati, quant-ph/0307065, Phys. Rev. Lett.

(in press))



Fidelity as a function of the number of qubits in the chain, for

γ = 0.5. The results are obtained from the quantum trajecto-

ries method with N = 400 (circles) and from direct integra-

tion of the master equation (triangles) (G.Carlo, G.Benenti,

G.Casati, quant-ph/0307065, Phys. Rev. Lett. (in press))



THE QUANTUM BAKER’S MAP

• The quantum baker’s map is a prototypical map

for theoretical studies of quantum chaos

• Its implementation as an efficient quantum al-

gorithm is relevant even for Hilbert spaces of small

dimension

• Experimental implementation with a 3-qubit quan-

tum processor, to test the sensitivity of the quan-

tum chaotic map to perturbations [Weinstein, Lloyd,

Emerson, Cory, PRL 89, 157902 (2002)]

The classical baker’s transformation maps the unit

square 0 ≤ q, p < 1 onto itself according to

(q, p) → (q′, p′) =


(2q, 12p), if 0 ≤ q ≤ 1

2,

(2q − 1, 12p+ 1
2), if 1

2 < q < 1.

This corresponds to compressing the unit square in the p di-

rection and stretching it in the q direction, then cutting it

along the p direction, and finally stacking one part on top of

the other (similarly to the way a baker kneads dough).



The baker’s map is a paradigmatic model of classi-
cal chaos. It exhibits sensitive dependence on initial
conditions, which is the distinctive feature of classi-
cal chaos: any small error in determining the initial
conditions amplifies exponentially in time. In other
words, two nearby trajectories separate exponen-
tially, with a rate given by the maximum Lyapunov
exponent λ = ln2

The baker’s map can be quantized (following Balazs, Voros

and Saraceno): we introduce the position (q) and momentum

(p) operators, and denote the eigenstates of these operators

by |qj〉 and |pk〉, respectively. The corresponding eigenvalues

are given by qj = j/N and pk = k/N , with j, k = 0, ..., N − 1,

N being the dimension of the Hilbert space. Note that, to

fit N levels onto the unit square, we must set 2πh̄ = 1/N .

It can be shown that the quantized baker’s map
can be defined in the position basis by the trans-
formation

|ψ〉 → |ψ′〉 = B |ψ〉 = F−1
n

(
Fn−1 0

0 Fn−1

)
|ψ〉,

where F is the discrete Fourier transform and n

is the number of qubits (N = 2n). Therefore
the quantum baker’s map can be implemented ef-
ficiently on a quantum computer [Schack, PRA 57,

1634 (1998), Brun and Schack, PRA 59, 2649 (1999)]



The environment is modeled as a phase shift chan-

nel for each qubit, corresponding to the Kraus op-

erators

M0 =
√

1− p I, M1 =
√
p σz

We perform t steps of the noisy evolution of the

baker’s map considering a random initial state and

measure the fidelity

F (t) = 〈ψexact(t)|ρnoise(t)|ψexact(t)〉

Find fidelity time scales for quantum computation

Ansatz: F (t) ≈ exp(−Cpng),
with ng number of gates in the quantum computa-

tion and C a constant to be determined numerically

This implies that a faithful quantum computation

is possible up to a time scale

tf ∝
1

ngp
∝

1

n2p



Fidelity as a function of the number of qubits after one kick

of the baker map, for p = 5× 10−4

Same data as above, with a semilog plot of the fidelity as a

function of the number of quantum gates



CONCLUSIONS AND OUTLOOK

• Our studies demonstrate the ability of the quan-

tum trajectories approach to model quantum infor-

mation protocols with a large number of qubits

• Theoretical predictions for the behavior of the fi-

delity and of other relevant quantities with respect

to the system size and different kinds of environ-

ment can now be explored with the help of numer-

ical simulation

It will be also possible to include the effects of re-

alistic -integrable or chaotic- internal Hamiltonians

• Quantum trajectories offer a convenient frame-

work to model experiments: note that a single

quantum trajectory can provide a good illustration

of an individual experimental run

• Quantum trajectories promise to become a very

valuable tool for quantum hardware design and to

determine optimal regimes for the operability of

quantum processors


