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Outline
Dynamical foundations of Fourier law: Can we 
derive the Fourier law of heat conduction from 
dynamical equations of motion, without any a priori 
statistical assumptions? And in quantum mechanics?

Can we control the heat current? Towards thermal 
diodes and thermal transistors

Thermal rectification with a ballistic spacer (work in 
progress)

Basic ingredients for a thermal diode
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Fourier Heat Conduction Law (1808)
“Théorie de la Propagation de la Chaleur dans les Solides”

�T
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1808 - J.J. Fourier: study of the earth thermal gradient

19 century: Clausius, Maxwell, Boltzmann, 
                   kinetic theory of gas, Boltzmann transport equation  

1914 - P. Debye: conjectured the role of nonlinearity to ensure finite 
transport coefficients

1936 - R. Peierls: reconsidered Debye's conjecture

1953 - E. Fermi, J. Pasta and S.Ulam: (FPU) numerical experiment 
to  verify Debye's conjecture

An old problem, and a long history
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  “It seems there is no problem in modern  physics for 
which there are on record as many false starts, and 
as many theories which overlook some essential 
feature, as in the problem of the thermal conductivity 
of (electrically) nonconducting crystals.”                 

R. E. Peierls (1961),  
Theoretical Physics in the Twentieth Century.  
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QUESTION: 
Can one derive the Fourier law of heat conduction 
from dynamical equations of motion without any 
statistical assumption?

REMARK:
(Normal) heat flow obeys a simple diffusion equation 
which can be regarded as a continuous limit of a 
discrete random walk 
Randomness should be an essential ingredient of 
thermal conductivity

deterministically random systems are 
tacitly required by the transport theory 
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Methods: nonequilibrium simulations

(Maxwellian heat baths) 

S. Lepri, et al, Phys. Rep. 377, 1 (2003); A. Dhar, Adv. Phys. 57, 457 (2008) 

Heat bath TH Heat bath TL Heat flux J 
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Free electron gases at the reservoirs with Maxwellian 
distribution of velocities

Heat flux J = lim
t��

1
t

�

i

�Ei

Internal temperature Ti = �v2
i �

Ding-a-ling model

chaos for �2/E � 1

(m = kB = 1)
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(G. Casati, J. Ford, F. Vivaldi, W.M. Visscher, PRL 52, 1861 (1984))
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Methods: equilibrium simulations

Green-Kubo formula�� 

normal heat conduction 

anomalous heat conduction 

S. Lepri, et al, Phys. Rep. 377, 1 (2003); A. Dhar, Adv. Phys. 57, 457 (2008) 
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Momentum-conserving systems
Slow decay of correlation functions, diverging 
transport coefficients 
(Alder and Wainwright, PRA 1, 18 (1970))

FPU revisited: chaos is not sufficient to obtain Fourier law
(Lepri, Livi, Politi, EPL 43, 271 (1998))
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3D 

2D 

1D 

(normal heat conduction) 

(anomalous heat conduction) 

(anomalous heat conduction) 

For momentum-conserving systems

From hydrodynamic theory: 
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Fourier law close to the integrable limit?
Results of nonequilibrium simulations for the hard-point gas model:

(m=1)

 (S. Chen, J. Wang , 
G. Casati, G.B., 

PRE 90, 032134 (2014)) 
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Temperature profiles

Fourier heat conduction Law
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Heat current correlation function
Results of equilibrium simulations for the diatomic hard-point gas model:

M=1.07
(m=1)

Fast decay
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Confirmation of Fourier law close to the integrable limit?
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Is the Fourier-like regime asymptotic?

The Fourier-like behavior, seen in both equilibrium and 
nonequilibrium simulation, might be a finite-size effects
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Fourier law in quantum mechanics
Quantum chaos ensures diffusive heat transport and decay of 
``dynamical’’ (energy-energy) correlation functions.

Exponential sensitivity to errors absent in quantum mechanics but not 
necessary to obtain the Fourier law 
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Can we control the heat current?

Towards thermal diodes and thermal transistors

Thermal rectification: everyday’s experience when 
there is thermal convection  (transfer of matter, e.g.: 
heating a fluid from below or from the top surface)

Thermal recifiers much less intuitive in solid-state 
devices, but not forbidden by thermodynamics

Let us focus on electrical insulators (heat carried by 
lattice vibrations: phonons)
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Rectification factor

Ratio between reverse and forward heat flow

Why can these flows be different? 

Assuming the Fourier law: 

reversing boundary conditions we can change 
temperature and local thermal conductivity distributions

22



Two ingredients are needed:
- Temperature-dependent thermal conductivity 
(nonlinearity needed)
- breaking of the inversion symmetry of the device in 
the direction of the flow

Full curves: 
temperature profiles

Dashed curves: 
local conductivity
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Microscopic model

Morse on-site potential: Nonlinearity needed to have 
temperature-dependent phonon bands
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Linearized model (around the equilibrium position): 
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phonon-band mismatch:
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Effective (temperature-dependent) harmonic model:

(M. Terraneo, M. Peyrard, G. Casati, PRL 88, 094302 (2002))
27



28



With continuos variation of the vibrational properties 
versus space (it amounts to stacking an infinity of 
interfaces):

(for a pedagogical review, see G. B., G. Casati, C. Mejia-Monasterio, M. 
Peyrard, arXiv:1512.06889, in Lecture Notes in Physics vol. 921) 
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Several proposals of a thermal diode are based on the 
sequential coupling of segments with different anharmonic 
potentials, with practical problems:

Difficult to be experimentally implemented (necessary to 
implement large asymmetry and temperature gradients on small 
scales)

The rectification factor is small

The rectification factor decays to zero with increasing the 
system size (i.e., going to the linear response regime)

Lack of efficient and feasible diodes
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Graded-mass system + ballistic channel
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(simulations by 
Shunda Chen, 
UC Davis) 
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Conclusions

Thermal rectification with a ballistic spacer might be a 
promising model, but more realistic calculations are 
needed.

Basic ingredients for a thermal diode:
- Temperature-dependent thermal conductivity 
(nonlinearity needed)
- breaking of the inversion symmetry of the device in 
the direction of the flow

Problems for an efficient practical implementation still 
remain
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