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The Berry phase

Hamiltonian H depending on a set of control parameters !R(t)

H(!R(t)) |ψ(t)〉 = E(!R(t)) |ψ(t)〉 !R(T ) = !R(0)

The control parameters are changed adiabatically and cyclically

Adiabatic Theorem: A non 
degenerate energy eigenstate at 

the end of the cyclic evolution 
differs from the initial one by a 

phase factor 

|ψ(T )〉 = eiδeiγ |ψ(0)〉

δ = −

∫ T

0

E(t)dt

γ =

∮
C

"A · d"R
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An example a spin ½ in a magnetic field

x
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z

Unit
sphere

Solid angle

Path followed
by B

Berry phase is proportional to the solid angle 
subtended by B at the degeneracy point.
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An example: precession around a parallel

x

y

z

B precesses around z axis at an 
angle ϑ with angular velocity Ω

Berry Phase for a Spin 1=2 Particle in a Classical Fluctuating Field
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The effect of fluctuations in the classical control parameters on the Berry phase of a spin 1=2
interacting with an adiabatically cyclically varying magnetic field is analyzed. It is explicitly shown
that in the adiabatic limit dephasing is due to fluctuations of the dynamical phase.
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The Berry phase [1] and related geometrical phases
[2,3] have received renewed interest in recent years due to
several proposals for their use in the implementation of
quantum computing gates [4–14]. Such interest is moti-
vated by the belief that geometric quantum gates should
exhibit an intrinsic fault tolerance in the presence of
external noise. Such a belief is based on the heuristic
argument that since Berry phases are geometrical in their
nature, i.e., proportional to the area spanned in parameter
space, they should be insensitive to any fluctuating per-
turbation with zero average. Although this argument
seems convincing, to the best of our knowledge it has
not yet been quantitatively probed. In particular, although
several papers [15–17] have investigated aspects of Berry
phases in the presence of quantum external noise, we are
not aware of any studies in which the effect of classical
noise in a simple model of a qubit, namely a spin 1=2
interacting with an external classical field with a fluctu-
ating component, has been analyzed. This is precisely the
aim of this paper. For such a system the effects of classical
fluctuations in the control parameter on both geometric
and dynamic phases is studied and their impact on de-
phasing analyzed. Our system consists of a spin 1=2 in the
presence of an external static magnetic field, whose
Hamiltonian, in appropriate units, takes the form

H!t" # 1

2
B!t" $ ~!!; (1)

where ~!! # !!x;!y;!z", !i are the Pauli operators and
B!t" # B0!t"n̂n!t" with the unit vector n̂n # !sin# cos’;
sin# sin’; cos#". The classical field B!t" acts as an ex-
ternal control parameter, as its direction and magnitude
can be experimentally changed. When varied adiabati-
cally the instantaneous energy eigenstates follow the
direction of n̂n and therefore can be expressed as

j"ni # e%i’=2 cos
#
2
j"i& ei’=2 sin

#
2
j#i;

j#ni # e%i’=2 sin
#
2
j"i% ei’=2 cos

#
2
j#i;

(2)

where j"i; j#i are the eigenstates of the !z operator.
When the time evolution is cyclic, i.e., when after a

time T we have B!T" # B!0", the energy eigenstates

acquire a phase factor which contains a geometric cor-
rection to the dynamic phase:

j"n!T"i # ei"ei#B j"n!0"i; (3)

where the dynamic phase " # R
T
0 B0!t"dt and the Berry

phase can be expressed in terms of the so-called Berry
connection A" # ih"njr$j"ni as #B # H

A" $ d ~$$, where ~$$
is the set of control parameters. In our specific example
~$$ # !#;’". An analogous expression holds for A#, rela-
tive to the j #ni state. It is straightforward to calculate the
components of A:

A"
’ # %A#

’ # ih"nj@=@’j"ni # 1

2
cos#; (4)

A"
# # %A#

# # ih"nj@=@#j"ni # 0: (5)

It is important to note that while the eigenenergies depend
on B0!t" the eigenstates depend only on n̂n!t". As a con-
sequence the Berry phase depends only on #;’. A stan-
dard example is a slow precession of B at an angle #
around the z axis with angular velocity ! # 2%=T ' B0.
A straightforward calculation shows that

#" # %## #
Z 2%

0
A"
’d’ # % cos#: (6)

Note that the Berry phase is proportional to the
solid angle subtended by B with respect to the degener-
acy B # 0.

We are now in a position to extend our analysis to the
case in which the magnetic field contains a fluctuating
component. In this case Hamiltonian (1) is modified as
follows:

H!t" # 1

2
BT $ ~!! # 1

2
(B!t" &K!t"); (7)

where we have divided the total magnetic field BT into an
average component B experimentally under our control
and a fluctuating field K. We will analyze the case in
which B is a field of constant amplitude which undergoes
a cyclic evolution while the components of K are random
processes with zero average and small amplitude com-
pared to B, in order to consider lowest order corrections
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Berry phase is independent from Ω!
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Fault tolerant quantum computation
Geometric quantum computation is believed to be
intrinsically more robust against random errors

x

y

z
As the geometric phase is
proportional to the overall
area traced on the unit
sphere i.e. to a global
property of the path in
parameter space, errors
with zero time average
should not introduce errors
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Objection

E

t

Dynamic phase     δ = ∫0
T
 E(t)dt 

•The dynamical phase is
proportional to the area
of E(t) vs. t

•Dynamic  phase
fluctuations are known to
introduce decoherence

Do fluctuations play a different role in
geometric and in dynamic phases?
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Noise model
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The Berry phase [1] and related geometrical phases
[2,3] have received renewed interest in recent years due to
several proposals for their use in the implementation of
quantum computing gates [4–14]. Such interest is moti-
vated by the belief that geometric quantum gates should
exhibit an intrinsic fault tolerance in the presence of
external noise. Such a belief is based on the heuristic
argument that since Berry phases are geometrical in their
nature, i.e., proportional to the area spanned in parameter
space, they should be insensitive to any fluctuating per-
turbation with zero average. Although this argument
seems convincing, to the best of our knowledge it has
not yet been quantitatively probed. In particular, although
several papers [15–17] have investigated aspects of Berry
phases in the presence of quantum external noise, we are
not aware of any studies in which the effect of classical
noise in a simple model of a qubit, namely a spin 1=2
interacting with an external classical field with a fluctu-
ating component, has been analyzed. This is precisely the
aim of this paper. For such a system the effects of classical
fluctuations in the control parameter on both geometric
and dynamic phases is studied and their impact on de-
phasing analyzed. Our system consists of a spin 1=2 in the
presence of an external static magnetic field, whose
Hamiltonian, in appropriate units, takes the form

H!t" # 1

2
B!t" $ ~!!; (1)

where ~!! # !!x;!y;!z", !i are the Pauli operators and
B!t" # B0!t"n̂n!t" with the unit vector n̂n # !sin# cos’;
sin# sin’; cos#". The classical field B!t" acts as an ex-
ternal control parameter, as its direction and magnitude
can be experimentally changed. When varied adiabati-
cally the instantaneous energy eigenstates follow the
direction of n̂n and therefore can be expressed as

j"ni # e%i’=2 cos
#
2
j"i& ei’=2 sin

#
2
j#i;

j#ni # e%i’=2 sin
#
2
j"i% ei’=2 cos

#
2
j#i;

(2)

where j"i; j#i are the eigenstates of the !z operator.
When the time evolution is cyclic, i.e., when after a

time T we have B!T" # B!0", the energy eigenstates

acquire a phase factor which contains a geometric cor-
rection to the dynamic phase:

j"n!T"i # ei"ei#B j"n!0"i; (3)

where the dynamic phase " # R
T
0 B0!t"dt and the Berry

phase can be expressed in terms of the so-called Berry
connection A" # ih"njr$j"ni as #B # H

A" $ d ~$$, where ~$$
is the set of control parameters. In our specific example
~$$ # !#;’". An analogous expression holds for A#, rela-
tive to the j #ni state. It is straightforward to calculate the
components of A:

A"
’ # %A#

’ # ih"nj@=@’j"ni # 1

2
cos#; (4)

A"
# # %A#

# # ih"nj@=@#j"ni # 0: (5)

It is important to note that while the eigenenergies depend
on B0!t" the eigenstates depend only on n̂n!t". As a con-
sequence the Berry phase depends only on #;’. A stan-
dard example is a slow precession of B at an angle #
around the z axis with angular velocity ! # 2%=T ' B0.
A straightforward calculation shows that

#" # %## #
Z 2%

0
A"
’d’ # % cos#: (6)

Note that the Berry phase is proportional to the
solid angle subtended by B with respect to the degener-
acy B # 0.

We are now in a position to extend our analysis to the
case in which the magnetic field contains a fluctuating
component. In this case Hamiltonian (1) is modified as
follows:

H!t" # 1

2
BT $ ~!! # 1

2
(B!t" &K!t"); (7)

where we have divided the total magnetic field BT into an
average component B experimentally under our control
and a fluctuating field K. We will analyze the case in
which B is a field of constant amplitude which undergoes
a cyclic evolution while the components of K are random
processes with zero average and small amplitude com-
pared to B, in order to consider lowest order corrections
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have to average the final positions. However, the contri-
butions from this effect are proportional to !Ki=B"2 and
so we can neglect this effect at our level of approximation.

In this Letter we have calculated the distribution of
Berry phase in the presence of classical noise. Assuming
an OU process for noise we found that under the assump-
tion of small fluctuation Berry phase is a Gaussian vari-
able. We have calculated its mean value and the variance
and we found that the variance diminishes as 1=T. This is
to be compared to the variance of the dynamical phase
which grows linearly with T. This shows that adiabaticity
and the geometrical aspects of Berry phase reduce fluc-
tuations. This is what was expected but never demon-
strated. Another aspect that makes Berry phase more
robust than dynamical phase is that of dephasing. We
showed that geometrical dephasing is much less than
the dynamical one. This is due mainly to adiabaticity.
This means that probably quantum gates based upon
geometrical phase are more resistant.

We thank Dr. A. Carollo, Professor G. Falci,
Professor R. Fazio, Dr. E. Paladino and Dr. V. Vedral for
helpful discussions. This work was supported in part by

the EU under Grant No. IST-TOPQIP (Topological
Quantum Information Processing) Project (Contract
No. IST-2001-39215).

Note added. —We would like to point out that after we
submitted our manuscript a paper appeared [19] in which
the noise is treated fully quantum mechanically and
similar conclusions have been drawn (but in a completely
different setting) about the invariant of the geometric
phase. These two results together complement each other.
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FIG. 1. Generic path of the total magnetic field BT . The field
B is under experimental control and undergoes a cyclic evolu-
tion while K is a small random fluctuating field. Note that in
general K fluctuates both in the direction parallel and perpen-
dicular to B.
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DeChiara&Palma (PRL 2003)
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Noise model

DeChiara&Palma (PRL 2003)

We assume small and slow fluctuations:

!K ! !B

K is assumed to be a Ornstein –Uhlenbeck
process with zero average and variance σ2. It is
therefore:

•Gaussian

•Markovian

•Stationary

Varianza di !B Sezione 4.6

L’autocorrelazione del campo è :

〈Ki(t)Kj(t+ ")〉 = #i je
−$"%2 (4.15)

con " > 0. Segue dalla (4.15) che lo spettro del campo è di tipo Lorentziano

con larghezza $. Per assicurarci della adiabaticità dobbiamo assumere che $$
2gB/h̄=&0 cioè che la larghezza dello spettro del campo sia piccola in confronto

alla frequenza di Bohr dei due autostati dell’Hamiltoniana.

Una proprietà dei processi gaussiani, discussa nell’appendice C, è che il loro

integrale è ancora un processo gaussiano. Poiché come si vede nella (4.14) !B

è data quindi da una somma di processi gaussiani, è essa stessa gaussiana. Per

caratterizzarne la distribuzione di probabilità quindi basterà conoscerne la media

e la varianza.

4.6 Varianza di !B

Per studiare la distribuzione di probabilità di !B ci basta conoscere la sua media e

la sua varianza dato che abbiamo dimostrato nella sezione 4.5 che la distribuzione

di probabilità è gaussiana. Abbiamo già calcolato la sua media:

〈!B〉 = −'(1− cos(0) (4.16)

Poiché la variabile è gaussiana per conoscere la varianza basta sommare in qua-

dratura le varianze dei suoi addendi e sommare le correlazioni. Scriviamo per

comodità la fase di Berry in questo modo:

! = !0+ K̃1+ K̃2+ K̃3 (4.17)

dove:

K̃1 = −'

T

∫ T

0

B3

B3
B1K1dt (4.18a)

K̃2 = −'

T

∫ T

0

B3

B3
B2K2dt (4.18b)

K̃3 =
'

T

∫ T

0

(
1

B
− B23
B3

)
K3dt (4.18c)

42

Lorentian Spectrum
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Decoherence

When T ! !"1 the fluctuating field has time enough to
make many uncorrelated oscillations during the cyclic
evolution. In this case the effect of the fluctuations aver-
ages out and, in the limit #!T$"1 ! 0, do not give con-
tribution to the variance which tends to zero:

!2
" % 2!2

12

!
# cos#0 sin#0

B

"
2 1

!12T

& 2!2
3

!
#sin2#0

B

"
2 1

!3T
: (17)

This is to be compared to the dynamical phase which
grows linearly in T. This different behavior is due to the
fact that, while Berry phase corrections are proportional
to 1=T

R
Kdt, corrections to the dynamical phase are

proportional to
R
Kdt. For an OU process the variance

of the integral grows linearly for times long compared to
the autocorrelation time of the field. This is analogous to
the variance of the position of a Brownian particle.

Until now we concentrated only in the geometrical
phase. However, during an adiabatic cyclic evolution the
eigenstates acquire both the dynamical and geometrical
phase. It is known that the dynamical phase $ is propor-
tional to the modulus of the magnetic field. This means
that the dynamical phase becomes a stochastic process
like the Berry phase. We can write $ in terms of the fields
~BB and ~KK as we did for the geometrical phase:

$ % $0 &
Z T

0

B 'K
B

dt; (18)

where $0 % BT. Note that expression (18) is similar to
(14) for Berry phase. The difference is that, while "B
comes from an integral in parameter space, $ comes
from an integral in the time domain. For instance, this
means that if we double time T, "B scales with T"1 while
the domain of integration of $ doubles. As we will see this
is crucial for the different role of the two phases in
dephasing.

Following the same steps as for the Berry phase it is
possible to demonstrate that $ is a stochastic process with
a Gaussian distribution.

Now we analyze the effect of noise on the coherence of
a system, in other words, dephasing. Suppose we prepare
the system in a state which is a superposition of the two
eigenstate of the Hamiltonian:

j i % aj"i& bj#i: (19)

After a slowly cyclic evolution the eigenstates have ac-
quired both the dynamical and geometrical phases and
the final state is

j 0i % aei%j"i& be"i%j#i; (20)

where % % "B & $ is the total phase. In the presence of
noise this phase is a random variable with a Gaussian
distribution P#%$ then actually the system at the end of
the evolution is in a mixed state.

It can be described by the density operator which is
given by the expression

& %
Z

j 0ih 0jP#%$d%: (21)

We want to stress that P#%$ ! P#"B$P#$$; i.e., dynamical
and geometrical phases are not independent processes
because both depend on ~KK.

If we insert Eq. (20) in the definition of & we find that
the population is unchanged while the coherence is
shrunk by a factor exp#"2!2

%$. In terms of the Bloch
vector, this means that the z component is unchanged
while the component parallel to the xy is reduced. This
is what is called dephasing because the relative phase in a
superposition is undefined.

In order to not lose in generality and to compare the
dynamical and geometrical phase we have studied the two
cases together. We have found the probability distribution
P#%$ for % which has mean value h%i % h"Bi& h$i and
variance:

!2
% % 2

!2
12

B2

!
"# cos#0 sin#0

T
& B sin#0

"
2
##e"!12T " 1$#!2

12 "!2$
#!2

12 &!2$2 & !12T
!2
12 &!2

$

& 2
!2

3

B2

!
#sin2#0

T
& B cos#0

"
2
#
!3T " 1& e"!3T

!2
3

$
: (22)

In Eq. (22) !2
% is the sum of two terms, one coming from

fluctuation in z direction and one in the xy plane. Each of
these terms contains a factor in round brackets in which
we recognize a geometrical term proportional to 1=T, as
we found in (15) and a dynamical term proportional to the
Bohr frequency. Now because of the adiabaticity condi-
tion we have that the first term is much less than the
second. As a consequence, the main contribution to de-
phasing has dynamical rather than geometrical origin.
This does do not mean, of course, that in a system in
which Berry phase emerges dephasing is less than in a
system in which it does not. What we have demonstrated

is that fluctuations in Berry phase do not contribute
considerably to dephasing.

Another relevant aspect to stress is that our calculation
was performed under the assumptions of a constant cir-
cular precession; however, our results are independent of
the specific path executed by the magnetic field as long as
the adiabatic approximation is valid.

It is worth noting that dephasing is not the only deco-
herence source in our system. The Bloch vector, in fact,
does not return to its initial position since the magnetic
field does not. To calculate the correct Bloch vector we
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Initial state:

When T ! !"1 the fluctuating field has time enough to
make many uncorrelated oscillations during the cyclic
evolution. In this case the effect of the fluctuations aver-
ages out and, in the limit #!T$"1 ! 0, do not give con-
tribution to the variance which tends to zero:

!2
" % 2!2

12

!
# cos#0 sin#0

B

"
2 1

!12T

& 2!2
3

!
#sin2#0

B

"
2 1

!3T
: (17)

This is to be compared to the dynamical phase which
grows linearly in T. This different behavior is due to the
fact that, while Berry phase corrections are proportional
to 1=T

R
Kdt, corrections to the dynamical phase are

proportional to
R
Kdt. For an OU process the variance

of the integral grows linearly for times long compared to
the autocorrelation time of the field. This is analogous to
the variance of the position of a Brownian particle.

Until now we concentrated only in the geometrical
phase. However, during an adiabatic cyclic evolution the
eigenstates acquire both the dynamical and geometrical
phase. It is known that the dynamical phase $ is propor-
tional to the modulus of the magnetic field. This means
that the dynamical phase becomes a stochastic process
like the Berry phase. We can write $ in terms of the fields
~BB and ~KK as we did for the geometrical phase:

$ % $0 &
Z T

0

B 'K
B

dt; (18)

where $0 % BT. Note that expression (18) is similar to
(14) for Berry phase. The difference is that, while "B
comes from an integral in parameter space, $ comes
from an integral in the time domain. For instance, this
means that if we double time T, "B scales with T"1 while
the domain of integration of $ doubles. As we will see this
is crucial for the different role of the two phases in
dephasing.

Following the same steps as for the Berry phase it is
possible to demonstrate that $ is a stochastic process with
a Gaussian distribution.

Now we analyze the effect of noise on the coherence of
a system, in other words, dephasing. Suppose we prepare
the system in a state which is a superposition of the two
eigenstate of the Hamiltonian:

j i % aj"i& bj#i: (19)

After a slowly cyclic evolution the eigenstates have ac-
quired both the dynamical and geometrical phases and
the final state is

j 0i % aei%j"i& be"i%j#i; (20)

where % % "B & $ is the total phase. In the presence of
noise this phase is a random variable with a Gaussian
distribution P#%$ then actually the system at the end of
the evolution is in a mixed state.

It can be described by the density operator which is
given by the expression

& %
Z

j 0ih 0jP#%$d%: (21)

We want to stress that P#%$ ! P#"B$P#$$; i.e., dynamical
and geometrical phases are not independent processes
because both depend on ~KK.

If we insert Eq. (20) in the definition of & we find that
the population is unchanged while the coherence is
shrunk by a factor exp#"2!2

%$. In terms of the Bloch
vector, this means that the z component is unchanged
while the component parallel to the xy is reduced. This
is what is called dephasing because the relative phase in a
superposition is undefined.

In order to not lose in generality and to compare the
dynamical and geometrical phase we have studied the two
cases together. We have found the probability distribution
P#%$ for % which has mean value h%i % h"Bi& h$i and
variance:

!2
% % 2

!2
12

B2

!
"# cos#0 sin#0

T
& B sin#0

"
2
##e"!12T " 1$#!2

12 "!2$
#!2

12 &!2$2 & !12T
!2
12 &!2

$

& 2
!2

3

B2

!
#sin2#0

T
& B cos#0

"
2
#
!3T " 1& e"!3T

!2
3

$
: (22)

In Eq. (22) !2
% is the sum of two terms, one coming from

fluctuation in z direction and one in the xy plane. Each of
these terms contains a factor in round brackets in which
we recognize a geometrical term proportional to 1=T, as
we found in (15) and a dynamical term proportional to the
Bohr frequency. Now because of the adiabaticity condi-
tion we have that the first term is much less than the
second. As a consequence, the main contribution to de-
phasing has dynamical rather than geometrical origin.
This does do not mean, of course, that in a system in
which Berry phase emerges dephasing is less than in a
system in which it does not. What we have demonstrated

is that fluctuations in Berry phase do not contribute
considerably to dephasing.

Another relevant aspect to stress is that our calculation
was performed under the assumptions of a constant cir-
cular precession; however, our results are independent of
the specific path executed by the magnetic field as long as
the adiabatic approximation is valid.

It is worth noting that dephasing is not the only deco-
herence source in our system. The Bloch vector, in fact,
does not return to its initial position since the magnetic
field does not. To calculate the correct Bloch vector we

P H Y S I C A L R E V I E W L E T T E R S week ending
29 AUGUST 2003VOLUME 91, NUMBER 9

090404-3 090404-3

Final state:

When T ! !"1 the fluctuating field has time enough to
make many uncorrelated oscillations during the cyclic
evolution. In this case the effect of the fluctuations aver-
ages out and, in the limit #!T$"1 ! 0, do not give con-
tribution to the variance which tends to zero:

!2
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!
# cos#0 sin#0

B
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2 1

!12T

& 2!2
3

!
#sin2#0

B

"
2 1

!3T
: (17)

This is to be compared to the dynamical phase which
grows linearly in T. This different behavior is due to the
fact that, while Berry phase corrections are proportional
to 1=T

R
Kdt, corrections to the dynamical phase are

proportional to
R
Kdt. For an OU process the variance

of the integral grows linearly for times long compared to
the autocorrelation time of the field. This is analogous to
the variance of the position of a Brownian particle.

Until now we concentrated only in the geometrical
phase. However, during an adiabatic cyclic evolution the
eigenstates acquire both the dynamical and geometrical
phase. It is known that the dynamical phase $ is propor-
tional to the modulus of the magnetic field. This means
that the dynamical phase becomes a stochastic process
like the Berry phase. We can write $ in terms of the fields
~BB and ~KK as we did for the geometrical phase:

$ % $0 &
Z T

0

B 'K
B

dt; (18)

where $0 % BT. Note that expression (18) is similar to
(14) for Berry phase. The difference is that, while "B
comes from an integral in parameter space, $ comes
from an integral in the time domain. For instance, this
means that if we double time T, "B scales with T"1 while
the domain of integration of $ doubles. As we will see this
is crucial for the different role of the two phases in
dephasing.

Following the same steps as for the Berry phase it is
possible to demonstrate that $ is a stochastic process with
a Gaussian distribution.

Now we analyze the effect of noise on the coherence of
a system, in other words, dephasing. Suppose we prepare
the system in a state which is a superposition of the two
eigenstate of the Hamiltonian:

j i % aj"i& bj#i: (19)

After a slowly cyclic evolution the eigenstates have ac-
quired both the dynamical and geometrical phases and
the final state is

j 0i % aei%j"i& be"i%j#i; (20)

where % % "B & $ is the total phase. In the presence of
noise this phase is a random variable with a Gaussian
distribution P#%$ then actually the system at the end of
the evolution is in a mixed state.

It can be described by the density operator which is
given by the expression

& %
Z

j 0ih 0jP#%$d%: (21)

We want to stress that P#%$ ! P#"B$P#$$; i.e., dynamical
and geometrical phases are not independent processes
because both depend on ~KK.

If we insert Eq. (20) in the definition of & we find that
the population is unchanged while the coherence is
shrunk by a factor exp#"2!2

%$. In terms of the Bloch
vector, this means that the z component is unchanged
while the component parallel to the xy is reduced. This
is what is called dephasing because the relative phase in a
superposition is undefined.

In order to not lose in generality and to compare the
dynamical and geometrical phase we have studied the two
cases together. We have found the probability distribution
P#%$ for % which has mean value h%i % h"Bi& h$i and
variance:

!2
% % 2

!2
12

B2

!
"# cos#0 sin#0

T
& B sin#0

"
2
##e"!12T " 1$#!2

12 "!2$
#!2

12 &!2$2 & !12T
!2
12 &!2

$

& 2
!2

3

B2

!
#sin2#0

T
& B cos#0

"
2
#
!3T " 1& e"!3T

!2
3

$
: (22)

In Eq. (22) !2
% is the sum of two terms, one coming from

fluctuation in z direction and one in the xy plane. Each of
these terms contains a factor in round brackets in which
we recognize a geometrical term proportional to 1=T, as
we found in (15) and a dynamical term proportional to the
Bohr frequency. Now because of the adiabaticity condi-
tion we have that the first term is much less than the
second. As a consequence, the main contribution to de-
phasing has dynamical rather than geometrical origin.
This does do not mean, of course, that in a system in
which Berry phase emerges dephasing is less than in a
system in which it does not. What we have demonstrated

is that fluctuations in Berry phase do not contribute
considerably to dephasing.

Another relevant aspect to stress is that our calculation
was performed under the assumptions of a constant cir-
cular precession; however, our results are independent of
the specific path executed by the magnetic field as long as
the adiabatic approximation is valid.

It is worth noting that dephasing is not the only deco-
herence source in our system. The Bloch vector, in fact,
does not return to its initial position since the magnetic
field does not. To calculate the correct Bloch vector we
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Total phase:

When T ! !"1 the fluctuating field has time enough to
make many uncorrelated oscillations during the cyclic
evolution. In this case the effect of the fluctuations aver-
ages out and, in the limit #!T$"1 ! 0, do not give con-
tribution to the variance which tends to zero:
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This is to be compared to the dynamical phase which
grows linearly in T. This different behavior is due to the
fact that, while Berry phase corrections are proportional
to 1=T

R
Kdt, corrections to the dynamical phase are

proportional to
R
Kdt. For an OU process the variance

of the integral grows linearly for times long compared to
the autocorrelation time of the field. This is analogous to
the variance of the position of a Brownian particle.

Until now we concentrated only in the geometrical
phase. However, during an adiabatic cyclic evolution the
eigenstates acquire both the dynamical and geometrical
phase. It is known that the dynamical phase $ is propor-
tional to the modulus of the magnetic field. This means
that the dynamical phase becomes a stochastic process
like the Berry phase. We can write $ in terms of the fields
~BB and ~KK as we did for the geometrical phase:

$ % $0 &
Z T

0

B 'K
B

dt; (18)

where $0 % BT. Note that expression (18) is similar to
(14) for Berry phase. The difference is that, while "B
comes from an integral in parameter space, $ comes
from an integral in the time domain. For instance, this
means that if we double time T, "B scales with T"1 while
the domain of integration of $ doubles. As we will see this
is crucial for the different role of the two phases in
dephasing.

Following the same steps as for the Berry phase it is
possible to demonstrate that $ is a stochastic process with
a Gaussian distribution.

Now we analyze the effect of noise on the coherence of
a system, in other words, dephasing. Suppose we prepare
the system in a state which is a superposition of the two
eigenstate of the Hamiltonian:

j i % aj"i& bj#i: (19)

After a slowly cyclic evolution the eigenstates have ac-
quired both the dynamical and geometrical phases and
the final state is

j 0i % aei%j"i& be"i%j#i; (20)

where % % "B & $ is the total phase. In the presence of
noise this phase is a random variable with a Gaussian
distribution P#%$ then actually the system at the end of
the evolution is in a mixed state.

It can be described by the density operator which is
given by the expression

& %
Z

j 0ih 0jP#%$d%: (21)

We want to stress that P#%$ ! P#"B$P#$$; i.e., dynamical
and geometrical phases are not independent processes
because both depend on ~KK.

If we insert Eq. (20) in the definition of & we find that
the population is unchanged while the coherence is
shrunk by a factor exp#"2!2

%$. In terms of the Bloch
vector, this means that the z component is unchanged
while the component parallel to the xy is reduced. This
is what is called dephasing because the relative phase in a
superposition is undefined.

In order to not lose in generality and to compare the
dynamical and geometrical phase we have studied the two
cases together. We have found the probability distribution
P#%$ for % which has mean value h%i % h"Bi& h$i and
variance:
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In Eq. (22) !2
% is the sum of two terms, one coming from

fluctuation in z direction and one in the xy plane. Each of
these terms contains a factor in round brackets in which
we recognize a geometrical term proportional to 1=T, as
we found in (15) and a dynamical term proportional to the
Bohr frequency. Now because of the adiabaticity condi-
tion we have that the first term is much less than the
second. As a consequence, the main contribution to de-
phasing has dynamical rather than geometrical origin.
This does do not mean, of course, that in a system in
which Berry phase emerges dephasing is less than in a
system in which it does not. What we have demonstrated

is that fluctuations in Berry phase do not contribute
considerably to dephasing.

Another relevant aspect to stress is that our calculation
was performed under the assumptions of a constant cir-
cular precession; however, our results are independent of
the specific path executed by the magnetic field as long as
the adiabatic approximation is valid.

It is worth noting that dephasing is not the only deco-
herence source in our system. The Bloch vector, in fact,
does not return to its initial position since the magnetic
field does not. To calculate the correct Bloch vector we
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Averaging:
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Decoherence

When T ! !"1 the fluctuating field has time enough to
make many uncorrelated oscillations during the cyclic
evolution. In this case the effect of the fluctuations aver-
ages out and, in the limit #!T$"1 ! 0, do not give con-
tribution to the variance which tends to zero:
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This is to be compared to the dynamical phase which
grows linearly in T. This different behavior is due to the
fact that, while Berry phase corrections are proportional
to 1=T

R
Kdt, corrections to the dynamical phase are

proportional to
R
Kdt. For an OU process the variance

of the integral grows linearly for times long compared to
the autocorrelation time of the field. This is analogous to
the variance of the position of a Brownian particle.

Until now we concentrated only in the geometrical
phase. However, during an adiabatic cyclic evolution the
eigenstates acquire both the dynamical and geometrical
phase. It is known that the dynamical phase $ is propor-
tional to the modulus of the magnetic field. This means
that the dynamical phase becomes a stochastic process
like the Berry phase. We can write $ in terms of the fields
~BB and ~KK as we did for the geometrical phase:

$ % $0 &
Z T

0

B 'K
B

dt; (18)

where $0 % BT. Note that expression (18) is similar to
(14) for Berry phase. The difference is that, while "B
comes from an integral in parameter space, $ comes
from an integral in the time domain. For instance, this
means that if we double time T, "B scales with T"1 while
the domain of integration of $ doubles. As we will see this
is crucial for the different role of the two phases in
dephasing.

Following the same steps as for the Berry phase it is
possible to demonstrate that $ is a stochastic process with
a Gaussian distribution.

Now we analyze the effect of noise on the coherence of
a system, in other words, dephasing. Suppose we prepare
the system in a state which is a superposition of the two
eigenstate of the Hamiltonian:

j i % aj"i& bj#i: (19)

After a slowly cyclic evolution the eigenstates have ac-
quired both the dynamical and geometrical phases and
the final state is

j 0i % aei%j"i& be"i%j#i; (20)

where % % "B & $ is the total phase. In the presence of
noise this phase is a random variable with a Gaussian
distribution P#%$ then actually the system at the end of
the evolution is in a mixed state.

It can be described by the density operator which is
given by the expression

& %
Z

j 0ih 0jP#%$d%: (21)

We want to stress that P#%$ ! P#"B$P#$$; i.e., dynamical
and geometrical phases are not independent processes
because both depend on ~KK.

If we insert Eq. (20) in the definition of & we find that
the population is unchanged while the coherence is
shrunk by a factor exp#"2!2

%$. In terms of the Bloch
vector, this means that the z component is unchanged
while the component parallel to the xy is reduced. This
is what is called dephasing because the relative phase in a
superposition is undefined.

In order to not lose in generality and to compare the
dynamical and geometrical phase we have studied the two
cases together. We have found the probability distribution
P#%$ for % which has mean value h%i % h"Bi& h$i and
variance:
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In Eq. (22) !2
% is the sum of two terms, one coming from

fluctuation in z direction and one in the xy plane. Each of
these terms contains a factor in round brackets in which
we recognize a geometrical term proportional to 1=T, as
we found in (15) and a dynamical term proportional to the
Bohr frequency. Now because of the adiabaticity condi-
tion we have that the first term is much less than the
second. As a consequence, the main contribution to de-
phasing has dynamical rather than geometrical origin.
This does do not mean, of course, that in a system in
which Berry phase emerges dephasing is less than in a
system in which it does not. What we have demonstrated

is that fluctuations in Berry phase do not contribute
considerably to dephasing.

Another relevant aspect to stress is that our calculation
was performed under the assumptions of a constant cir-
cular precession; however, our results are independent of
the specific path executed by the magnetic field as long as
the adiabatic approximation is valid.

It is worth noting that dephasing is not the only deco-
herence source in our system. The Bloch vector, in fact,
does not return to its initial position since the magnetic
field does not. To calculate the correct Bloch vector we
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Density matrix:

Capitolo 6 Defasamento del vettore di Bloch

La funzione P(!) è la funzione densità di probabilità per la variabile ! . Essa è

una distribuzione gaussiana con valor medio !0 = 〈"B〉+ 〈# 〉 e varianza $2! che
calcoleremo in dettaglio in sezione 6.3.

Inserendo l’espressione (6.7) nella (6.8) e tenendo conto che

〈e2i!〉 = e2i!0e−2$
2
! (6.9)

si ottiene:

% =

(
|a|2 ab∗e2i!0e−2$2!

a∗be−2i!0e−2$2! |b|2
)

(6.10)

Dalla (6.10) notiamo che i termini fuori diagonale sono stati smorzati nel processo

del fattore e−2$2! . Come abbiamo visto nella sezione 6.1 le componenti x e y del
vettore di Bloch sono rispettivamente la parte reale e la parte immaginaria dei

termini fuori diagonale e saranno pertanto ridotte dello stesso fattore. Si vede

facilmente che se il vettore di Bloch iniziale punta nella direzione (& ;') allora le

componenti del vettore di Bloch finale sono:

P1 = sin& cos('−2!0)e−2$2! (6.11a)

P2 = sin& sin('−2!0)e−2$2! (6.11b)

P3 = cos& (6.11c)

In figura 6.1 mostriamo la sfera di Bloch e i vettori di Bloch iniziale e finale.

Il vettore di Bloch finale è ruotato intorno all’asse z di un angolo 2!0 come

risultato dell’evoluzione media del sistema. Inoltre come abbiamo detto prima

le componenti orizzontali sono ridotte del fattore e−2$2! mentre la componente
verticale invece è rimasta inalterata. Il modulo del vettore di Bloch non è più

unitario ma è :

|P|2 = cos2& + e−2$
2
! sin2& (6.12)

Questo processo di decoerenza viene detto defasamento proprio perché la fase

relativa dei coefficienti di espansione nella (6.7) ha una distribuzione di valori.

59

Using:

Capitolo 6 Defasamento del vettore di Bloch
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una distribuzione gaussiana con valor medio !0 = 〈"B〉+ 〈# 〉 e varianza $2! che
calcoleremo in dettaglio in sezione 6.3.

Inserendo l’espressione (6.7) nella (6.8) e tenendo conto che

〈e2i!〉 = e2i!0e−2$
2
! (6.9)

si ottiene:

% =

(
|a|2 ab∗e2i!0e−2$2!

a∗be−2i!0e−2$2! |b|2
)

(6.10)

Dalla (6.10) notiamo che i termini fuori diagonale sono stati smorzati nel processo

del fattore e−2$2! . Come abbiamo visto nella sezione 6.1 le componenti x e y del
vettore di Bloch sono rispettivamente la parte reale e la parte immaginaria dei

termini fuori diagonale e saranno pertanto ridotte dello stesso fattore. Si vede

facilmente che se il vettore di Bloch iniziale punta nella direzione (& ;') allora le

componenti del vettore di Bloch finale sono:

P1 = sin& cos('−2!0)e−2$2! (6.11a)

P2 = sin& sin('−2!0)e−2$2! (6.11b)

P3 = cos& (6.11c)

In figura 6.1 mostriamo la sfera di Bloch e i vettori di Bloch iniziale e finale.
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Geometric and Dynamic Decoherence

The main contribution to     comes from dynamic 
phase and is proportional to B while geometric 

contribution is proportional to Ω. 

σ
2

α

Dynamic phase variance grows linearly in T

Geometric phase variance goes to zero as 1/T 

Decoherence is mainly DYNAMIC!
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Intuitive picture

E

T

E

T 2T

!

2! 2!

!

Suppose to double T:

Here the domain 
doubles

Here fluctuations 
accumulates 

A A


