
Wave-Function Optimization by 
Least-Squares Fitting of the Exact 
Wave Function Sampled by Quantum 
Monte Carlo 

R. BIANCHI, D. BRESSANINI, P. CREMASCHI, 
M. MELLA, AND G. MOROSI 
Dipartimento d i  Chimica Fisica ed Elettrochimica and Centro CNR per lo studio delle relazioni 
tra struttura e reattivita’ chimica. Via Golgi 19, 20133 Milan, Italy 

Received June 20, 1994; revised manuscript received September 14, 1994; accepted October 27, 1994 

ABSTRACT m 
The sampling of the exact solution of the Schrodinger equation by quantum Monte Carlo 
methods allows one to solve the problem of the optimization of linear and nonlinear 
parameters of a trial wave function by minimization of the distance to the exact wave 
function in Hilbert space even for those systems whose exact wave function is unknown. 
The overlap integrals between the basis functions and the exact wave function can be 
easily estimated within the quantum Monte Carlo formalism. Several observables of the 
helium atom ground state, computed both within the orbital approximation and by an 
explicitly correlated basis set, evidence the overall goodness of the wave function 
optimized according to this criterion. 0 1996 John Wiley & Sons, Inc. 

Introduction 

nalytical wave functions, expressed as a lin- A ear combination of basis functions, are usu- 
ally optimized by the variational method. There 
are two major drawbacks in this approach: First, 
the need of integrals including the Hamiltonian 
operator severely limits the choice of the basis set 
and forces one to adopt the orbital approximation, 
excluding very few atomic and molecular systems. 
Second, the variational method can select the opti- 
mal wave function with respect to the energy, but 
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it is a rather insensitive criterion with respect to a 
best wave function for other physical properties. In 
fact, the energy is in error to only the second 
order, while the approximated wave function is in 
error to the first order and can give completely 
erroneous values for properties different from the 
energy. 

Other optimization procedures have been pro- 
posed in the past: the minimization of the root- 
mean-square local energy deviation [ 11 

6 = (/[(H - E)I/J]’ d r  
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for wave functions approximated by a single Slater 
determinant [ 21, the "best-overlap" criterion, cor- 
responding to the Brueckner [3, 41 orbitals defini- 
tion; and the "best-density" criterion, satisfied by 
the natural orbitals. However, both the exact den- 
sity and the exact wave function are unknown, 
except for few model systems, so one can only 
compute approximate natural or Brueckner [51 or- 
bitals. The "best-overlap" criterion, which makes 
the distance to the exact wave function in Hilbert 
space minimal, can be extended to trial wave func- 
tions of a general type, but, again, one is con- 
fronted with the problem of knowing the exact 
wave function. 

The performances of the different optimization 
criteria were compared computing the helium atom 
wave function using as a basis set a single 1s 
Slater orbital. The { exponent was optimized by 
minimization of the energy and of the root-mean- 
square local energy deviation and by a nonlinear 
least-squares (NLSQ) fitting of the Koga et al. wave 
function [6], whose quality allows one to assume it 
as the exact wave function. The f exponents are 
1.6875, 1.8044, and 1.6199, respectively. The error 
(in %), with respect to the exact values computed 
by Pekeris [7], for several properties computed by 
the three different wave functions are reported in 
Table I. The fitting process uniformly weights the 
whole space and its results are in the best agree- 
ment with the exact ones, while the variational 

TABLE I 
Error (in %) of helium atom properties computed using 
a 1s Slater orbRal and different wave-function 
optimization criteria. 

Property Variational 6 NLSQ fitting 

1.9 
- 1.9 

1.9 
29.6 
11.5 
- 8.8 
- 16.3 
- 0.0 
- 4.4 

-11.7 
- 15.5 

79.8 
0.0 

2.4 
12.1 
- 4.9 

19.2 
48.2 

- 14.8 
- 26.8 

6.9 
-10.6 
-22.8 

3.3 
119.8 
- 6.9 

2.1 
- 9.6 

5.9 
19.4 
7.0 

- 5.0 
-9.1 
-4.1 
- 0.4 
- 4.2 
- 25.3 

59.0 
4.0 

method stresses the importance of the region 
around the nucleus, which gives the largest contri- 
butions to the energy, resulting in a contraction of 
the Slater function. Even worse are the results 
computed by the wave function optimized by min- 
imization of the root-mean-square local energy de- 
viation, as a larger { value is required in an 
attempt to improve the electron-nucleus cusp con- 
dition: This procedure strongly depends on the 
regions where two particles are close to each other. 

To circumvent the bias introduced by the varia- 
tional method, Mukherji and Karplus [8] investi- 
gated the constrained variational method, a proce- 
dure in which the variational energy criterion is 
supplemented by the requirement that integrals of 
selected operators agree with the known experi- 
mental or theoretical values of the corresponding 
properties. Using the experimental dipole moment 
and quadrupole coupling constant of hydrogen 
fluoride as the additional constraint, they found an 
energy only 0.0043 Hartree higher than that found 
in absence of the additional constraint, but this 
small change in the total energy was accompanied 
by rather large changes in certain one-electron 
properties. This result confirms that the variational 
method is rather insensitive to details of the elec- 
tronic distribution. However, the need of a priori 
information on the system under investigation, 
either by experimental or theoretical data, makes 
this procedure unsuitable to predict molecular 
properties from first principles. 

The above comparison between different opti- 
mization criteria is in favor of the method of mini- 
mization of the total square deviation between a 
trial and the exact wave function. Even if the exact 
solution of the Schrodinger equation in analytical 
form is unknown, the quantum Monte Carlo meth- 
ods [9, 101 can sample it. In this article, we show 
how this capability can be exploited to extend this 
optimization method even to systems whose exact 
analytical wave function is unknown. No restric- 
tion of the trial wave function to a single Slater 
determinant and of the basis set to single-particle 
functions is introduced. 

Method 

Let q be the exact wave function, and a@, a 
normalized trial wave function, where c is a vector 
of n parameters: 

b ( c )  = (@T(c) - 'PI@T(c) - T> (1) 
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is the total square deviation between @.,(c) and 9 
that we want to minimize. The minimization of 
A2(c) is equivalent to the minimization of 

and, for real and normalized results in the 
maximization of (*l@,(c)} since ( @ T ( c ) ~ @ T ( c ) )  is 
constant. Since the QMC algorithm considers * as a 
probability density, it has the uncommon normal- 
ization condition I = 1. This is completely 
uninfluential on the algorithm and on the expecta- 
tion values of the optimized wave function. 

The stationary point of A2(c) is defined by a set 
of n equations: 

i = 1, . . . , Y z .  (3) 

The problem is simplified if we assume that the 
parameters are linear, i.e., 

(4) 

and the basis functions are real. 

tions: 
In this case, we get a linear system of n equa- 

The solution of this system requires the calculation 
of the (+,I+]) and (+*I*) integrals. In general, the 
(r$ l l+ j )  overlap integrals are not so difficult to 
compute as are the integrals including the Hamil- 
tonian operator that the variational method re- 
quires: This could enlarge the choice of the basis 
set to more general functions than the standard 
product of orbitals, eg., with the interelectronic 
coordinates built explicitly into the wave function. 
As to the ( ~ $ ~ l Y r )  integrals, their evaluation re- 
quires the exact analytical wave function to be 
known: however, even if this information is miss- 
ing, these integrals can be estimated by quantum 
Monte Carlo methods. In these methods, the 
Schrodinger equation is simulated by an ensemble 
of random walkers. The N points sampled by the 
ensemble of walkers are distributed according to 
the ground-state exact wave function, considered 
as a distribution function, so that (+!I*) integrals 

can be easily estimated as 

In the presence of nonlinear parameters, (PI@*(c)) 
can be maximized following Umrigar’s method 
[ill, which is by repeated evaluations of the over- 
lap integrals over a fixed set of walkers. QMC is the 
only method that allows the practical implementa- 
tion of the least-squares fitting of the exact wave 
function for real systems. 

Results and Discussions 

As a test of the method, we optimized a wave 
function of the ground state of the helium atom 
using as the basis set the five Is  Slater orbitals 
defined by Clementi and Roetti [121. The trial 
function used for the fitting process is 

The constraints c l j  = cIz were added to impose the 
correct state symmetry. 

A diffusion Monte Carlo [13] simulation was 
realized using a time step of 0.001 Hartree-’ and 
6000 walkers. The simulation was stopped after 
1800 blocks, each 2000 steps long, having checked 
the convergence of all the ( & I * )  integrals. The 
standard deviations of these integrals, calculated 
according to the blocking technique [141, are two 
to three orders of magnitude less than are the 
integral values. A series of properties was com- 
puted using the wave function computed accord- 
ing to Eq. (51, and the results, reported in Table 11, 
are compared with the values obtained by a full 
configuration interaction calculation, i.e., using the 
variational method, and with the exact results 
computed by Pekeris. 

On the whole, the LSQ fitting results are very 
similar to the variational ones. The average dis- 
tances of the electrons from the nucleus and their 
squares are in slightly better agreement with the 
exact values, suggesting that the fitting method 
tends to give a better representation of the wave 
function far from the nucleus, while the variational 
method describes better the region near the nu- 
cleus. The large deviations from the exact values 
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TABLE II 
Helium atom properties calculated using a 5s Slater 
orbital basis set. 

Property Variational LSQ fitting Exact 

- 2.8787 
2.8776 

- 5.7564 
0.9898 
1.3826 
2.401 1 

1.8637 
2.401 1 
1.8621 
0.1 573 

- 0.4999 

9.3731 

- 2.9037 
2.9037 

0.9458 
1.4221 
2.51 64 
3.3766 
1.8589 
2.3870 
1.8104 
0.1063 

- 5.8074 

-0.5000 

depend on the basis set that, including only spher- 
ical functions, does not allow to describe the angu- 
lar correlation. 

To test the use of basis functions of a more 
general type than products of one-particle func- 
tions, we computed the wave function of the 
ground state of the helium atom using the six-term 
explicitly correlated Hylleraas-type functions opti- 
mized by Koga [15]. Only the linear parameters 

were optimized during a simulation realized by 
6000 walkers, at time step of 0.001 Hartree-' and 
1800 blocks, each 2000 steps long; the results are 
reported in Table 111. The variational and the LSQ 
fitting values are very similar and in reasonable 
agreement with the exact ones. The ( r " )  values 
computed by the two wave functions are, in gen- 
eral, on opposite sides with respect to the exact 
results. The variational method weights unevenly 
short- and long-range interactions: It tends to in- 
crease the wave function when two particles are 
near each other and to decrease it at long dis- 
tances. 

On the contrary, the fitting procedure evenly 
weights the whole space. Then, the least-squares 
process was carried out varying the nonlinear pa- 
rameter of the basis set. The NLSQ fitting of the 
sampled wave function decreases the exponent of 
the Koga basis set, with a better coverage of the 
region far from the nucleus, and the agreement 
between computed and exact properties improves: 
( rS2 ) ( rI2 ) ( r:2 )( r: + Yi ) (see Table 111) are closer 
than are the variational results to the exact ones, 
while the error on (r l  + r 2 )  is nearly the same. 
Furthermore, the trends of higher powers of ( r n, 
are consistent with the results in Table 11. 

Even better values could be obtained by select- 
ing the basis set by the criterion of uniform cover- 
ing of the whole space, even those regions where 

TABLE 111 
Helium atom properties calculated using the Koga six-term basis set. 

Property Variational LSQ fitting NLSQ fitting Exact 

1.858924 
- 2.9035 
2.9035 

1.4696 
0.9464 
1.4200 
2.5043 
3.3767 
1.8572 
2.3759 

- 0.1 590 
1.81 24 
0.1094 

- 0.5000 

- 5.8069 

1.858924 
- 2.9034 
2.9045 

1.461 6 
0.9433 
1.4265 
2.5308 
3.3756 
1.8639 
2.4002 

- 5.8079 

-0.1588 
1.8259 
0.1088 

- 0.5001 

1.8389 
- 2.9033 
2.9000 

1.4657 
0.9446 
1.4239 
2.521 5 
3.3739 
1.8607 
2.3901 

- 0.1612 
1.8082 
0.1099 

- 0.4997 

- 5.8033 

-2.9037 
2.9037 

- 5.8074 
1.4648 
0.9458 
1.4221 
2.51 64 
3.3766 
1.8589 
2.3870 

-0.1591 
1.81 04 
0.1 063 

- 0.5000 
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the variational method is rather insensitive. In fact, 
the Koga basis set was optimized by minimization 
of the energy, resulting in a good representation of 
the space near the nucleus. 

In conclusion, the use of QMC sampling allows 
one to extend the criterion of minimum distance to 
the exact wave function in Hilbert space even to 
systems whose exact solution of the Schrodinger 
equation is unknown, making it of practical use 
and not only of theoretical interest. This criterion 
allows one to obtain shape-optimized instead of 
energy-optimized analytical wave functions and 
guarantees a wave function better on the average 
over the whole space. 

Within the scope of QMC methods, optimizations 
of analytical wave functions have been performed 
by variational quantum Monte Carlo calculations. 
However, the bias that the minimization of the 
root-mean-square local energy deviation intro- 
duces (see Table I) is such that our results, using 
only six terms of the Koga's expansion, are better 
than those obtained by VMC simulations including 
50 terms [16]. 

In the context of quantum Monte Carlo meth- 
ods, the possibility of obtaining analytical wave 
functions from the discrete sampling of the config- 
uration space can be exploited to compute approx- 
imate values of properties other than the energy, a 
serious issue in quantum Monte Carlo [17], as it 
requires the sampling of 9*9 instead of 9. 

Another possible use of the analytical wave 
function, within the scope of quantum Monte Carlo 
simulations, is to compute the energy by the mixed 
estimator algorithm. In any case, the calculation of 
a property not estimated during a simulation 
would require one to repeat entirely the simula- 
tion, while the analytical wave function, obtained 
by least-squares fitting of the exact wave function, 
contains the same amount of information as that of 
the simulation process, in the limit, of course, of 
the flexibility of the chosen basis set. 
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