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ABSTRACT: Despite their apparent simplicity, the properties of the two
helium trimers, 4He3 and 3He4He2, are still not completely understood. In
particular, the existence of a bound state of the asymmetric trimer 3He4He2
was established many years ago, using different theoretical approaches, and
later it was experimentally detected. However its structural properties have not
been thoroughly investigated so far, probably because an accurate theoretical
description of this very weakly bound system is computationally quite
demanding. In this work we give for the first time an accurate and complete
theoretical description of the geometrical structure of this fragile system using
quantum Monte Carlo techniques employing the TTY potential and compare
its properties with those of 4He2 and 4He3. We compute average values of
distances and angles, along with the angle−angle distribution function: a two-
dimensional probability distribution well suited to discuss the shape of a
trimer. Our analysis shows that the lighter isotope is very diffuse and can be found at large distances from the other two atoms,
but also close to the center of mass of the system in nearly linear configurations. For this system the concept of “equilibrium
structure” is meaningless and all kinds of three-atom configurations must be taken into account in its description.

■ INTRODUCTION

In the last few decades weakly bound helium clusters have
attracted much attention from both theoreticians and
experimentalists.1 The peculiarities of these systems, caused
by the small atomic mass and the very weak interaction
potential, coupled with the quantum statistics when more than
two 3He atoms are present, make them difficult to study
theoretically. The existence of the 4He dimer was predicted
since the 1970s from theoretical studies by many independent
calculations (Kolganova et al.2 provides a recent review of the
subject). However, it was only in 1993 that the elusive 4He
dimer was finally detected by Luo and co-workers3 in an
electron impact ionization experiment. With the availability of
modern diffraction techniques from a diffraction grating and the
detection of 4He2 and

4He3 by Schöllkopf and Toennies,4,5 the
study of mixed 3He/4He clusters and droplets has received a
major impetus, both theoretical and experimental.
The accurate description of 4He3, more tightly bound than

4He2 but still very diffuse, is not an easy task and is
computationally quite demanding. Despite the fact that it has
been the subject of many theoretical studies since the early
seventies6 its properties are still not completely understood. For
example, still a matter of debate is the possibility that its only
excited state is an Efimov state.2 So far however the
experimental evidence of the existence of this state is still
missing.7

The existence of a bound state of the asymmetric trimer
3He4He2 was established8−13 using different theoretical
approaches (see the next section for a review of the literature),
before it was finally experimentally detected.14 This trimer
however has so far received less theoretical attention than its
symmetric counterpart 4He3, and the few scattered papers

published in the literature8−13,15−21 almost always study the
energetics or the scattering observables. The ground state of
3He4He2 is the only bound state, with an energy 1 order of
magnitude smaller than the already weakly bound symmetric
trimer 4He3. The difficulty of its theoretical description is
probably one of the reasons why a complete investigation of its
geometric structure has not been published so far.
In this work we give for the first time an accurate and

complete theoretical description of the geometrical structure of
this fragile system using quantum Monte Carlo techniques and
compare its properties with those of 4He2 and

4He3. Performing
experiments with 3He is quite expensive, due to the higher cost
of the lighter helium isotope with respect to the more abundant
4He, and an accurate description of its geometrical properties
could help experimentalists to devise and interpret new
experiments.

■ LITERATURE DISCUSSION

In this section we briefly review the few published papers
dealing with the asymmetric helium trimer. The energies
reported in the reviewed studies are collected in Table 1.
To our knowledge the first studies suggesting that the

3He4He2 trimer could be bound, albeit employing very
primitive pair potentials in their Faddeev type calculations,
were done by Duffy and Lim8 and by Nakaichi et al.9 Those
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studies however were not conclusive due to the poor quality of
the helium−helium interaction potentials available at that time.
Esry et al.10 investigated the J = 0 spectrum of the helium

trimers using the adiabatic hyperspherical method employing
the LM2M2 with add-on potential developed by Aziz and
Slaman.22 They established that 3He4He2 supports no J = 0
excited states but did not investigate the geometrical properties
of the bound state. This study was extended by Lee et al.23 to
investigate the possible existence of bound states with J > 0
using the hyperspherical coordinates method in the adiabatic
approximation. For 3He4He2 the lowest J = 1− adiabatic
hyperspherical potential curve has a small well, but the direct
solution of the hyper-radial equation for this curve showed that
this well is too shallow to support a bound state.
Nielsen et al.11 studied the structure of the helium trimers

using the Faddeev approach in hyperspherical coordinates
employing the LM2M2 potential. Their energies agree with
other works with the same potential. On the basis of the
contour diagrams of the particle density distributions in the
intrinsic coordinate system they tentatively concluded that
while the symmetric trimer could be assimilated to an
equilateral triangle, the asymmetric trimer has an elongated
triangular shape with the 3He−4He distance larger than the
4He−4He one.
Bressanini et al.12 using the TTY potential24 performed a

study of small 4He clusters containing a 3He impurity. The first
member of the series is the asymmetric cluster 3He4He2. They
computed the distribution of the lighter isotope with respect to
the geometric center of mass of the various clusters and noticed
the general tendency of 3He to stay on the surface of the
cluster. They found linear configurations to be important in the
description of 3He4He2 but they did not estimate geometrical
properties.
Guardiola and Navarro15,16 in their project to establish the

stability chart of mixed 3He/4He clusters performed variational
Monte Carlo (VMC) and diffusion Monte Carlo (DMC)
simulations of the asymmetric trimer using various potentials.
Their energies agree with those already published, but their
study was not aimed at investigating the structure.
Sandhas and co-workers13 computed binding energies and

scattering observables of 3He4He2 and compared them with
previous results for the symmetric 4He3 system, employing both
the TTY and LM2M2 potential, that are known to give quite
similar results. The geometrical properties however have not
been studied.

Gou and Wang17 investigated the possible existence of
bound rotational excited states for the 3He4He2 using the
LM2M2 potential finding no such states. No structural
properties have been reported.
Salci et al.18 used a finite element method to study the

symmetric and asymmetric trimers. Their energetic results for
the TTY potential were in line with previous studies, but no
structural properties have been computed.
Suno and Esry19 using the adiabatic hyperspherical method

performed an investigation of both trimers using a recently
developed potential25 from symmetry-adapted perturbation
theory (SAPT) studying also the influence of the retardation
effects and three-body terms included in the potential. Since the
emphasis was on the energetics no structural data have been
computed. Interestingly the ground state energies of both 4He3
and 3He4He2 are substantially lower than other previously
published calculations on these systems using the LM2M2 or
the TTY potentials. It might be a genuine feature of that newly
developed potential, or there might have been a problem with
the computational method employed. It is also interesting to
notice that, while the three-body terms included in the
potential affect the computed energies by less than 0.4%,
including the retardation effects raises the energies by about
7%. Suno and collaborators21 recently repeated these
calculations with the same potential employing a variational
expansion of Gaussian functions obtaining, for the 3He4He2
system, an energy 10% higher than the previous calculations.
They attributed this discrepancy to the less accurate adiabatic
hyperspherical representation.
Roudnev and Cavagnero20 in their study of the sensitivity to

fundamental constants of helium dimer and trimers calcu-
lations, computed the energy of these systems using a variety of
potentials numerically solving the Faddeev equations, obtaining
results in line with those already published. The geometrical
properties have not been considered.
In summary almost all studies agree with each other

regarding the energetic properties, and a few of them generally
conclude that 3He4He2 is more diffuse than the symmetric
trimer. However no accurate geometrical description of the
most probable geometry, along with an estimate of the average
particle−particle distances and interatomic angles is available in
the literature.

Table 1. Energies of 3He4 He2 Computed with Various Methods and Potentialsa

energy (cm−1) potential references energy (cm−1) potential references

−0.00710 LM2M2 add-on Esry et al.10 −0.01205 SAPTc Suno et al.19

−0.00949 LM2M2 Nielsen et al.11 −0.012097 SAPT Suno et al.19

−0.00666(2) TTY (VMC) Bressanini et al.12 −0.009886 SAPTb Suno et al.21

−0.00984(5) TTY (DMC) Bressanini et al.12 −0.01062 SAPT Suno et al.21

−0.00549(3) HFD-B(He) (VMC) Guardiola and Navarro15 −0.009964 TTY Roudnev and Cavagnero20

−0.0107(11) HFD-B(He) (DMC) Guardiola and Navarro16 −0.009983 LM2M2 Roudnev and Cavagnero20

−0.00785(3) TTY (DMC) Guardiola and Navarro16 −0.00885(1) TTY (VMC) this work
−0.009577 TTY Sandhas et al.13 −0.00995(2) TTY (DMC) this work
−0.009619 LM2M2 Sandhas et al.13 −0.01119(4) SAPTb (DMC) this work
−0.00917 TTY Salci et al.18 −0.01198(4) SAPT (DMC) this work
−0.01128 SAPTb,c Suno et al.19

−0.01132 SAPTb Suno et al.19

aFor Monte Carlo calculations, labeled as VMC or DMC, the uncertainty on the last digit is in parentheses. bRetardation effects included into the
bare SAPT potential. cThree-body effects included into the bare SAPT potential.
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■ METHOD

In this work the potential energy has been written as a sum of
two-body interactions. Many helium−helium pair potentials
have been developed in the past. In this study we employed the
TTY potential, which is believed to be quite accurate and was
employed by Bressanini and Morosi26 in their study of the
shape of the 4He3 system. Three body effects for the helium
trimers are expected to be very small due to the small
polarizability of helium and the relative large interatomic
distances. This was confirmed by the calculations of Suno and
Esry.19 Lewerenz,27 in his calculations on pure helium clusters
included also a three-body term in the potential but the effect
on the energies was smaller than the statistical uncertainty.
From the calculations of Suno and Esry19 it seems that the
retardation effects, along with the choice of the potential, have a
much more pronounced effect on the energy than the three
body effects. Unfortunately at present a direct experimental
measure of the energy and the geometrical parameters of the
helium trimers are still lacking, which makes the evaluation of
the relative quality of the various developed helium−helium
potentials more difficult. Since quantum Monte Carlo methods
can simulate the exact ground state wave function, given an
interaction potential, a detailed study of the sensitivity of the
energy and the various geometrical parameters computed in
this work, employing different potential energy surfaces and
different correction terms, will be the subject of a future work.
For the above reasons we have not included, at present,

three-body terms into the employed TTY potential. Atomic
masses were taken from the NIST database.28

We approximate the ground state wave functions of the
helium trimers with the pair-product form

ϕ ϕ ϕΨ = r r rR( ) ( ) ( ) ( )T 12 12 13 13 23 23 (1)

where rij is the distance between two atoms and φij(rij) is the
pair function describing their interaction. In the case of the
4He3 system all the pair functions must be equal for symmetry
reasons, while for the 3He4He2 trimer only the pair functions
for the 3He−4He interactions must be equal while the
4He−4He pair function can be independently optimized. In a
previous study on rare gases trimers26 we employed the pair
function
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that has been used with success by several workers12,27,29 for
the description of small rare gas clusters. We recently showed30

that this functional form however does not describe accurately
the wave function of the helium dimer in the repulsive region,

and we introduced a new functional form that gives a better
description of that system
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The variational energy of this functional form recovered 98% of
the exact energy of the helium dimer, therefore we decided to
employ it even for the description of the helium trimers.
The chosen form for the trial wave function makes it

impossible to compute analytically the matrix element of the
Hamiltonian operator, so the variational energy and other
properties must be computed by a numerical method like the
VMC.31,32 The VMC approach poses no restrictions on the
functional form of the trial wave function, requiring only the
evaluation of the wave function value, its gradient, and its
Laplacian, and these are easily computed. Although the VMC
approach, with a proper choice of the trial wave function, can
give very good results by itself, in this work it has been mainly
used to optimize good trial functions to be subsequently
employed in a diffusion Monte Carlo (DMC) simulation. Both
methods are well described in the literature32 and we do not
discuss them further.
All parameters in our wave function were optimized by

minimizing the energy. The optimized trial wave functions ΨT
were then employed in DMC calculations performed using
imaginary time steps τ of 10, 50, 100, 200, and 400 hartree−1.
The time step bias has been eliminated by a linear extrapolation
to τ→0. All the simulations have been performed using from
10.000 to 50.000 walkers, to minimize the population control
bias.
For nodeless systems, like those studied here, DMC can

estimate the exact ground state energy within the desired
statistical accuracy. However, expectation values of operators Ô
that do not commute with the Hamiltonian are approximated,
since they are computed with respect to the distribution
ΨT(R)ϕ0(R), called the mixed distribution, and not with respect
to the square of the exact wave function ϕ0

2(R). For these
properties we give a better estimate, which is second order on
the error of the trial wave function, using the so-called second
order estimate ⟨Ô⟩ ≅ 2⟨Ô⟩DMC − ⟨Ô⟩VMC. There are more
advanced algorithms available in the literature to estimate
expectation values of a generic operator Ô, but for reasons
explained in the next section we found this simple estimate to
be accurate enough for the purposes of estimating structural
properties.
To get an insight on the structure of a 3He4He2, we

computed the average values of various distances and angles.
For floppy systems however an average property is not
necessarily representative of the physical system if the
probability distribution of that property is rather broad. For

Table 2. Parameters and Energies of the Wave Functions Employed in This Work

parameters 4He2
4He3

3He4He2 φ(
4He−4He) 3He4He2 φ(

3He−4He)

p5 1485.601 1285.788 1658.975 1783.443
p2 6.146323 −2.126537 8.030349 4.901079
p1 0.005390 0.4619230 0.8988034 0.6233029
p0 1.013632 0.0375892 0.01446931 0.009211188
d0 76.37128 93.86500 75.33337 49.86342
d1 1.007803 1.0 1.0573120 1.021569
VMC energya −0.0009014(6) −0.08533(1) −0.00885(1)
DMC energya −0.000916(2) −0.08793(4) −0.00995(2)

aEnergies are in cm−1. In parentheses are the uncertainty on the last digits.
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this reason we also computed the distribution functions of the
relevant geometric features. Furhermore it has been already
shown26 that, for floppy systems, two-dimensional distributions
can be very helpful to gain a better understanding of the
structure. In particular in this work we computed the
distribution of two out of three angles of the triangle. Fixing
two angles automatically defines the third one. This distribution
was used26 with success to discuss the shape of 4He, 20Ne, and
40Ar trimers.

■ RESULTS AND DISCUSSION

We performed VMC and DMC simulations of the ground state
for 4He2,

4He3, and 3He4He2 using trial wave functions
optimized by minimizing the variational energy. The
corresponding VMC and DMC energies, in cm−1, along with
the variational parameters of the wave functions employed in
this work, are listed in Table 2.
For 4He2 using a previously optimized wave function we

obtained a VMC energy of −0.0009014(6) cm−1. After
eliminating the time step bias in DMC we obtained an energy
of −0.000916(2) cm−1 in optimal agreement with the
numerical calculation, using the same potential, of
−0.0009168 cm−1 by Geltman.33

For 4He3 we computed a VMC energy of −0.08533(1) cm−1

recovering 97% of the total energy. This is a substantial
improvement compared with the quality of the wave function
used in our previous study.26 To our knowledge this is the most
accurate compact wave function available in the literature for
the pure helium trimer for the TTY potential. After correcting
for the time step bias we estimate the ground state energy to be
−0.08793(4) cm−1 in agreement with previous calculations
with the TTY potential.
Finally, for the 3He4He2 trimer, our trial wave function has a

VMC energy of −0.00885(1) cm−1. To remark on the very
good quality of the employed trial wave function, we notice that
in our earlier study12 of mixed 3He/4He clusters the wave
function employed had a VMC energy of −0.00666(2) cm−1.
Using our improved trial wave function we estimated the
ground state energy by DMC, after eliminating the time step
bias, to be −0.00995(2) cm−1.
There is roughly 1 order of magnitude of difference in energy

by going from the helium dimer to the asymmetric trimer and
another order of magnitude by going to the symmetric helium
trimer. It is known that 3He and 4He do not form a bound
dimer due to the light mass of 3He. This roughly means that in
3He4He2, out of three pair interactions, only the one between
the two 4He is supporting the binding, while the 3He atom
interacting with two 4He atoms lowers the ground state energy
with respect to the dimer. In the 4He3 system instead the
binding is stronger since it is shared between all pairs of
interactions.
For all the systems studied here the VMC distribution

functions were very similar if not superimposable to the DMC
distributions, another sign of the high quality of the trial wave
functions employed. In this case the use of the second order
estimator, whose distributions are shown in the figures, is
justified since it corrects most of the remaining deviations from
the exact distribution. In cases where the wave function is not
of good enough quality, one could resort to the more elaborate
and time-consuming descendent weighting algorithm to
estimate the distributions with respect to ϕ0

2(R) or similar
algorithms. A drawback of this more advanced algorithm

however is that, while the expectation values converge to the
exact values, their statistical uncertainty could quickly diverge.
Furthermore it is much more cumbersome to implement when
estimating one and two-dimensional distributions.
In Figure 1 we show the pair distribution functions, that is,

the probability that two particles are at a certain distance. For

3He4He2 we plot both the 4He−4He pair distribution (black
solid line) and the 3He−4He pair distribution (black dashed
line) along with the 4He2 (blue dotted line) and

4He3 (red solid
line) pair distribution functions. The 4He3 distribution is the
least broad of the four curves with a maximum at about 10.6
bohr. However this trimer is not at all a rigid system as can be
inferred from the rather large width of the curve. The broader
of the curves is the one for 4He2, having an extremely long tail.
It is possible to find a pair of particles even as apart as 500 bohr
(not shown in the plot).
We observed above that the asymmetric trimer 3He4He2 has

an energy between 4He2 and 4He3 so it is interesting to
compare its pair distribution functions with those systems. Both
the 4He−4He and the 3He−4He curves are considerably
broader than the 4He3 one. The immediate interpretation is
that the mixed trimer is an even floppier and diffuse system
than 4He3. The maximum of the 4He−4He curve is at 12.1 bohr
with an average of 31.8 bohr, to be compared with 10.6 bohr of
the symmetric system, but the tail of the curve extends at a
much larger distances compared with 4He3. The

3He−4He pair
distribution function has a maximum at 18.2 with an average of
41.1 bohr and it is even more diffuse, even if not as diffuse as
the curve of the dimer. These data and curves neatly show that
looking at average values only can be misleading for floppy
systems, since the average values and the most probable values
can be quite different. The geometrical data are collected in
Table 3.
Many previous studies of the 4He3 system employed the

radial density with respect to the geometric center of mass
(c.o.m.) in the discussion of its structural properties. This curve
for systems like Ar3 and Ne3 is strongly peaked around an
average value, as can be expected for an almost rigid equilateral
triangle. The maximum of the 4He3 curve instead, (red solid
line in Figure 2) is located at zero with a pronounced shoulder
at about 4 bohr. The common interpretation of this peculiar
plot is that nearly linear configurations, that is, where one
particle is close to the geometric center of mass, contribute to
the structural description of this very floppy system. In the
asymmetric trimer 3He4He2 we must separately analyze the
density with respect the c.o.m. of 3He and 4He. The black solid

Figure 1. Pair distributions for 4He2,
4He3, and

3He4He2.
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line in Figure 2 shows the curve for 4He: it is peaked at about
4.7 bohr and it goes to zero at 2 bohr. This means that
configurations where one 4He is close to the c.o.m. of the
system, that is, between the other 4He and 3He, are not present.
On the other hand the density of 3He shows a slight maximum
at zero and it is quite flat for at least 10 bohr, with a slowly
decaying tail. An immediate interpretation of this plot is that
the lighter 3He atom can be found at a much larger distance
from the c.o.m. than the two heavier 4He, due to its slowly
decaying tails, but also close to the c.o.m. and even just in the
middle of a quasi-linear configuration. This does not mean
however that these linear configurations are as probable as the
configurations where the lighter 3He atom is far away. This plot
represents a density, not a probability. The actual probability to
find a configuration is divided by the corresponding phase
space volume element. Even if the density is quite flat there are
much more configurations where the 3He atom is far away.
Note also that all the quasi-linear configurations where the
fermionic helium is far from the other two helium atoms do not
show up in this plot because we plot the density with respect to
the center of mass.
We now take a look at the angles of this system. Figure 3

shows the cosine distributions for the both trimers. The cosine
distribution of 4He3 (red solid line), already discussed,

26 reflects
the floppy nature of this system, without a true equilibrium
structure. It extends all the way from −1 to +1 with a maximum
close, but not exactly, to +1. Since a cosine of +1 corresponds
to an angle of zero this curve suggests that nearly linear
configurations are important in the description of the system.
In the 3He4He2 system there are two geometrically distinct
angles. The curve for the angle centered on 4He (black solid
line) is similar to the one of the pure trimer, only with the
maximum slightly closer to +1. The cosine distribution of the
angle with 3He at a vertex (dashed line) has a maximum right at
+1, at least with the employed resolution of the statistical
analysis (0.06). This means that it is more probable to find a
linear configuration where one 4He is somewhere in the middle
rather than when 3He is between the two heavier atoms. This is

not in contradiction with the previous graphs since the phase
space available to the configurations where the 3He is far away
is much greater than that where 3He is in the middle. The
average cosine for the angle with 4He at its vertex is 0.35 while
that for the angle at 3He is 0.58. The average cosine value for
the pure 4He3 trimer is 0.43.
The same picture emerges examining the curves for the

angular distributions shown in Figure 4, which is probably

somewhat easier to interpret. The angle distribution for the
symmetric trimer is peaked at about 35°, with an average of 60°
due to the constraint that the sum of the three equivalent
angles in a triangle is equal to 180°. For 3He4He2 the curve for
the angle with 4He at its vertex has a maximum close to 39°
with 66° as an average, while the angle with the lighter helium
at its vertex is 17°, with 48° as average. This is coherent with
the previous observation that 3He can be found far away from
the other two atoms. Note that again the most probable value is
quite different from the average value.

Table 3. Average and Most Probable Values of Various Geometrical Quantities of 4He2,
4He3, and

3He4He2. Distances are
Measured in bohr

system ⟨rij⟩ most probable rij ⟨θ⟩ most probable θ
4He2 96.7 13.8
4He3 18.2 10.6 60° 35°
3He4He2 31.8 r4He−4He

41.1 r3He−4He
12.1 r4He−4He
18.2 r3He−4He

66° angle 3He−4He−4He
48° angle 4He−3He−4He

39° angle 3He−4He−4He
17° angle 4He−3He−4He

Figure 2. Radial density distributions for 4He3 and
3He4He2.

Figure 3. Cosine distributions for 4He3 and
3He4He2.

Figure 4. Angular distributions for 4He3 and
3He4He2.
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A natural way to discuss the shape of any trimer is using an
angle−angle two-dimensional distribution function, and this is
trivially done in a Monte Carlo simulation. This distribution
gives the probability to find the first angle at a given value and
the second at another one, and this leads to a natural pictorial
interpretation of the global shape. A two-dimensional array is
set up during the simulation and the values of two angles of the
instantaneous atomic configuration are collected. This
procedure leads naturally to a distribution function that gives
the probability to find the triangle with particular values of all
the angles, the third angle being automatically fixed by the
other two.
While the distribution of a more rigid trimer like 40Ar3 is

strongly peaked around the average angle values (60°, 60°) and
goes quickly to zero moving away from the maximum,26 the
distributions of 4He3 and 3He4He2 are quite different. The
shape of the angle-angle distribution function for 4He3 shown
in Figure 5 has a weakly pronounced maximum located at about

(60°, 60°), but the distribution is almost flat, extending in all
direction with slowly decaying probabilities such that almost all
possible angle pairs, including quasilinear configurations, are
reached.
For the 3He4He2 trimer the angles considered in the plot of

Figure 6 are the two with a 4He at the vertex. The weak
maximum present in the 4He3 plot transforms, in the 3He4He2
plot, into a slightly curved ridge that extends from (0°,180°) to
(180°,0°), that is, the configurations where the three atoms are
collinear with the lighter isotope at one of the edges.
An examination of a contour plot of Figure 7 shows that the

a very weakly pronounced maximum, on this ridge, is at about
(80°,80°), which means that the third angle is about 20°. These
peculiar plots of the two helium trimers describe precisely the
way these systems are floppy: all kinds of configurations must
be taken into account in the description of these very diffuse
systems. These systems explore almost all possible config-
urations with probability roughly of the same order of
magnitude and, while the asymmetric trimer is likely to be
found with the lighter helium isotope at a larger distance from
the other two, there is not a predominant preferred shape,
neither equilateral nor linear nor any other particular shape.
At first it might seem puzzling that the maxima of the angle−

angle distribution functions have a different value from the one
shown in the angle distributions of Figures 3 and 4. However,

there is no contradiction: the maximum of the angle−angle
distribution function is a single point, while for each angular
value of the one-dimensional distribution many configurations
with lower probability can contribute to the integral. Once
again this is an effect due to the phase space volume.
The TTY potential employed in this study has been widely

used in these two decades to study helium clusters since it is
considered to be quite accurate. Since accurate experimental
results for small helium clusters, like the trimers, are still
lacking, theoretical papers usually compare their results with
other computational studies employing the same potential, as
we have done here. However, since its introduction in 1995,
many other helium−helium potentials have been proposed and
it is not known, at the moment, the degree of sensitivity of the
properties of small helium clusters to the exact shape of the
potential. In a recent paper Hiyama and Kamimura34 computed
the binding energy and the average interparticle distance of the
helium dimer using seven different helium−helium potentials,

Figure 5. Angle−angle distribution function for 4He3.

Figure 6. Angle−angle distribution function for 3He4He2.

Figure 7. Contour plot of the angle−angle distribution function for
3He4He2. Angles in degrees.
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including older potentials like the TTY and LM2M2 and more
recent ones like the SAPT potential25 employed by Suno and
Esry19 and by Suno et al.21 in their study of 3He4He2. It is clear
that the binding energy of the helium dimer is very sensitive to
the choice of the potential, ranging from 1.3 mK to 1.7 mK, a
30% difference. Even the average interparticle distance is
sensitive, ranging from 45.45 Å to 51.87 Å.
At the moment an analogous study for the helium trimers has

not been done yet and it is beyond the scope of the present
paper. To accurately estimate the various geometrical proper-
ties using different potentials, all trial wave functions should be
separately optimized for each potential, and this is a time-
consuming process. However given the contrasting results
available in the literature for the SAPT potential25 when applied
to the 3He4He2 system, we decided to perform additional DMC
simulations, using this potential, with and without the
retardation effects, without reoptimizing the trial wave
functions. Since the extrapolated DMC energy is not sensitive
to the choice of the employed trial wave function we are able to
directly compare our results with those of Suno and Esry19 and
of Suno et al.21

For the ground state of 3He4He2 using the SAPT potential,25

including or excluding the retardation effects, we estimate the
energy respectively to be −0.01119(4) cm−1 and −0.01198(4)
cm−1. We confirm that both potentials are more binding than
the TTY potential, similarly to the helium dimer case.34 Our
results agree very well with the results of Suno and Esry19

computed using the adiabatic hyperspherical representation,
and not with the preliminary results of Suno et al.21 using the
Gaussian expansion method. We also computed the second
order estimation of the pair distribution functions and the
angular distributions. Since the trial wave functions have not
been optimized for these potentials, these estimates of the
geometrical structure can only be used, at the moment, to show
a qualitative difference with those obtained here with the TTY
potential. The average interparticle distances are smaller by
about 10% for the bare SAPT potential and by about 8% for the
SAPT potential with retardation effects included with respect to
those computed using the TTY potential. On the other hand
the distribution functions of the angles have not changed with
respect to the TTY potential. It seems that the effect of these
more attractive potentials is to shrink the distances by a few
percent but the overall shape remains unchanged. We did not
pursue the comparison further since a comparison between
different potentials is beyond the scope of this work.
The recently published potential by Cencek et al.35 is claimed

to be the most accurate helium−helium potential published to
date. Work is in progress in our laboratory to compute the
structural parameters of the two helium trimers using this new
potential and compare them with other potentials in order to
explore the sensitivity of the geometrical properties to the
shape of the potential curve.

■ CONCLUSIONS
We optimized, using VMC, trial wave functions for 4He2,

4He3,
and 3He4He2. The resulting, high quality wave functions have
been subsequently employed in DMC simulations, using the
TTY potential, estimating the exact ground state energies. We
computed many average geometrical properties and geometric
probability distributions for the 3He4He2 system and compared
them with those of 4He2 and 4He3. The

3He isotope, being
lighter than the other two atoms, has a more diffuse probability
distribution with respect to the center of mass of the system, a

fact confirmed also considering the angular distribution
functions. We computed the angle−angle two-dimensional
distribution to better interpret the geometrical shape of this
trimer. Its analysis shows a very weakly pronounced maximum
at about (80°,80°), with the third angle being about 20°.
However the distribution extends in all directions covering
roughly all possible shapes before going to zero almost at the
boundaries. This means that the 3He4He2 system cannot be
classified as having any particular shape, since in this case the
intuitive notion of equilibrium structure is ill defined. We hope
that our analysis of the fragile asymmetric helium trimer can
help experimentalists to investigate its properties in future
experiments.
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