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Preface

The present is a written version of lecture notes for the course on Quantum Field
Theory, held within the framework of a Master’s equivalent degree course in Phys-
ics at Insubria University in Como. The lectures were first delivered in the aca-
demic year 2003/04 and have since undergone some evolution. The notes have
been augmented and edited with the aim of being self-contained and therefore of
more general utility. They are thus primarily intended for use by students with a
basic knowledge of classical electromagnetism and special relativity in addition to
a good grounding in quantum mechanics (including the relativistic formulation due
to Dirac). However, this volume should also hopefully represent a useful reference
text and study aid.
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Chapter 1

Introduction

1.1 Suggested supplementary reading

A (very short) list of suggested supplementary reading material follows. The book
by Bailin and Love provides a very clear introduction to the Feynman path-integral
formalism and covers much of the material to be presented, as does the book, by
Ryder, which also contains a good deal of useful supplementary material. The
remaining two volumes (Itzykson and Zuber; Bjorken and Drell) are intended as
complementary reading in general. Finally, the Physics Report by Abers and Lee
represents one of the first reviews of the path-integral formalism as applied to
field quantisation in the standard model of elementary particle physics. Indeed,
although intended for a more advanced readership, it covers such aspects as spon-
taneous symmetry breaking, a fundamental ingredient to the standard model, and
remains a thorough and clear treatment of many of the topics covered in this
course.

Reading list

Abers, E.S. and Lee, B.W. (1973), Phys. Rep. 9, 1.

Bailin, D. and Love, A. (1993), Introduction to Gauge Field Theory (IOP Pub.),
revised edition.

Bjorken, J.D. and Drell, S.D. (1965), Relativistic Quantum Fields (McGraw–Hill).

Itzykson, C. and Zuber, J.-B. (1980), Quantum Field Theory (McGraw–Hill).

Ryder, L.H. (1996), Quantum Field Theory (Cambridge U. Press), 2nd. edition.
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2 CHAPTER 1. INTRODUCTION

1.2 Aims and philosophy

The main aim of this course is to introduce the student to the subject of second
or field quantisation. As such, it is a natural continuation of the third and final
part of the course on quantum mechanics. Indeed, it continues the studies started
in that course and, in particular, the question of a relativistic formulation.

The path-integral formalism developed by Feynman (1950) is one of the most
powerful tools in quantum theory; indeed, is has now become indispensable to
almost every theoretical physicist dealing with the quantum world. While this
approach has already been presented in the previous course on quantum mechanics
and thus some familiarity is assumed, the method is derived here in detail from
first principles. It is then applied to the quantisation of field theory, where the
simplifications and gains in insight with respect to the canonical approach are
priceless.

An important and pervasive “theme” in this course will be the implications
and importance of symmetries in quantum field theory generally, as embodied in
Noether’s theorem (1918).

In the final section, having covered the main topics of field quantisation, such
as the derivation of the Feynman rules and the question of renormalisation, we
turn briefly to the question of spontaneous symmetry breaking and the generation
of mass in the so-called standard model of elementary particle physics.

1.3 Conventions and notation

We shall indicate defining equations with the notation “ :=”, whereby the right-
hand side defines the left-hand side, while the notation “=̂” will be used to indicate
equivalence though not necessarily strict equality (such as between operators).

The momentum-space measure naturally conjugate to dx is dp/(2π) and in
many cases the Dirac δ-function for momenta is also accompanied by a 2π factor;
thus 2πδ(p). Since most of such 2π factors generally simplify in the final expres-
sions, for clarity of the intermediate steps by avoiding such inessential factors,
we shall adopt the following “bar” notation (in analogy with the standard ~ and
common λ̄):

d̄ :=
d

2π
and δ̄ := 2π δ(p). (1.3.1)

In particular, one then has

∫
d̄p′ δ̄(p′ − p) = 1. (1.3.2)

For clarity of notation, we shall generally adopt the universal “natural” units
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of the high-energy physicist, in which ~ and c are set to unity and therefore dis-
appear from all expressions. However, it will occasionally be useful, in order to
fully appreciate the quantum or relativistic nature of a given situation to render
the dependence on these two parameters explicit; in such cases ~ and c will be
temporarily reinstated. Indeed, this restoration may always be achieved by noting
the dimensions of the object under study: with the natural system all quantities
have dimensions of powers of energy (say) and multiplication by suitable powers
of ~ and c will regain the true physical dimensions.

As a final question of notation, to aid with identification of indexed objects, we
shall attempt to adhere as strictly as possible to the following convention: indices
from the middle of the Greek alphabet µ, ν, ρ, σ, λ will be used to indicate Lorentz
four-vector indices (and thus run from 0 to 3); Latin letters i, j, k, l will usually
stand for purely spatial indices (running from 1 to 3); letters from the beginning
of the Greek alphabet α, β, γ will be used as Dirac-space indices (i.e. in Dirac
spinors or gamma-matrix elements); and from the beginning of the Latin alphabet
a, b, c will typically be used for internal spaces of various types. Unindexed four
vectors will be printed in a normal math-italic font while unindexed three vectors
will appear in bold face.
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1.4 Bibliography

Feynman, R.P. (1950), Phys. Rev. 80, 440.

Noether, E. (1918), Nachr. v. d. Ges. d. Wiss. zu Göttingen, 235; transl., Transport
Theory and Statistical Mechanics 183.



Chapter 2

Classical Field Theory

As a preliminary to the study of quantised fields, in this chapter we shall briefly
review the principal formalism and results of classical field theory. It will be
assumed, however, that the reader has some prior knowledge of the subject. We
shall naturally immediately resort to a relativistic formulation, with which too a
certain familiarity is assumed.

The concept of a field is the natural extension of the description of a single
(point-like) particle, through many particles, to a continuum. It is, for example,
necessary for the description of sound waves in a continuous medium. Classical
electromagnetism is a further example: the electric and magnetic fields are de-
scribed via a four-vector potential Aµ(t,x), which is defined at all space–time
points (t,x). A field is thus necessary for the description of any physical quantity
that is defined continuously over space–time.

2.1 The Lagrangian and the action

The most natural starting point for field quantisation is the Lagrangian formula-
tion. The Lagrangian function L is then defined as the continuum limit of the
discrete case: for a system of n particles we would have

L(t) :=
n∑

i=1

Li(t), (2.1.1)

where Li is the Lagrangian corresponding to the i-th particle. For a field, we can
imagine dividing all of three-dimensional space into n sub-volumes and then taking
the limit n→∞. We are thus naturally led to

L(t) :=

∫
d3x L(t,x), (2.1.2)

5



6 CHAPTER 2. CLASSICAL FIELD THEORY

where L is the Lagrangian density.∗ For a single degree of freedom, the Lag-
rangian is a function of the generalised position and velocity, q(t,x) and q̇(t,x) :=
∂q(t,x)/∂t. It is important to bear in mind the difference between the variable
q (which might be, e.g., a displacement with respect to an equilibrium position,
a pressure, or a component of the electric field at a given point) and the three-
dimensional space indicated here by x. On moving over to the continuum, we
should also consider the local gradients ∇qi of the generalised position variables.
In other words, introducing the field ϕ (which may again be thought of as the limit
of the mean value in a small sub-volume centred around the point xi), we expect
to have

L = L(ϕ, ∂µϕ). (2.1.3)

Note that we have already anticipated a relativistic formulation by combining the
time derivative and gradient into the covariant form ∂µ. We also recall that†

∂µ = (∂/∂t,−∇). (2.1.4)

Finally, we introduce the action:

S[ϕ] :=

∫ tf

ti

dt L(t) =

∫ tf

ti

d4x L(ϕ, ∂µϕ). (2.1.5)

This is what we shall call a functional of the field ϕ. It may always be thought of
in terms of the continuum limit of a discrete but infinite set of degrees of freedom.
This will be, in fact, the working definition of a functional. Initial states are
normally assumed prepared in the remote past while measurements on final states
are made in the remote future. Consequently, the upper and lower time limits may
be set to ±∞, whence the previous expression becomes explicitly Lorentz covariant.
It is perhaps worth remarking that the requirement of Lorentz covariance induces
quite stringent relations between the temporal and spatial dependence, in terms
of the derivatives appearing in Eq. (2.1.5). Note finally that the action S[ϕ] is
dimensionless; to remain so in the physical theory (in the natural system of units)
it should be divided by ~.

2.2 Stationarity and the Euler–Lagrange equations

The Lagrange equations of motion are obtained by requiring that the action be
extremal or stationary under variations of the trajectory q(t,x). Similarly, we may

∗ We shall usually use a script letter to indicate a density and distinguish it from the corresponding
integrated quantity.

† The reader who might wish to reinstate c should note that x0≡ ct.
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study variations of the field ϕ(t,x). Consider thus an infinitesimal variation:

ϕ → ϕ+ δϕ, (2.2.1a)
under which

S → S + δS. (2.2.1b)

We then have

δS =

∫ tf

ti

d4x

[
∂L

∂ϕ
δϕ+

∂L

∂(∂µϕ)
δ(∂µϕ)

]

=

∫ tf

ti

d4x

[
∂L

∂ϕ
− ∂µ

(
∂L

∂(∂µϕ)

)]
δϕ+

∫ tf

ti

d4x ∂µ

(
∂L

∂(∂µϕ)
δϕ

)
, (2.2.2)

where we have exploited the commutativity of δ and ∂µ (which is easily demon-
strated starting from the discrete formulation) and have performed an integration
by parts on the second term in square brackets of the first line. The last term
on the right-hand side of the second line may be integrated immediately and its
contribution is given by the expression in brackets evaluated at the three-surface
of the four-volume of integration. If we now take as boundary conditions the van-
ishing of the variation δϕ on this surface (just as we take δq to vanish for t= ti,f in
deriving the standard Lagrange equations), then this last term vanishes. We thus
obtain the functional derivative:

δS

δϕ(x)
=

∂L

∂ϕ
− ∂µ

(
∂L

∂(∂µϕ)

)
. (2.2.3)

The stationarity requirement
δS

δϕ(x)
= 0 (2.2.4)

then leads to the Euler–Lagrange equations:

∂L

∂ϕ
= ∂µ

(
∂L

∂(∂µϕ)

)
. (2.2.5)

The extension to a multi-valued field ϕa is straightforward, there being one Euler–
Lagrange equation associated with each field.

Now, while it is not a trivial matter to construct the Lagrangian density re-
quired to derive arbitrary given field equations, with a little “trial and error” the
process is not overly difficult. Thus, for example, the standard scalar wave equa-
tion

�ϕ := ∂µ∂µϕ = 0 (2.2.6)
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may be obtained from the following Lagrangian density:

L(ϕ, ∂µϕ) = 1
2
ρ (∂µϕ)(∂µϕ ), (2.2.7)

where ρ is a mass density (e.g. of a vibrating medium).

Exercise 2.2.1. Derive the above scalar wave equation from the preceding Lag-
rangian density.

Exercise 2.2.2. Derive the Maxwell equations for an electromagnetic field,

∂µ F
µν = jν , (2.2.8)

from the following Lagrangian density:

L(Aµ, ∂νA
µ) = −1

4
F µν Fµν − jµAµ, (2.2.9)

with
F µν := ∂µAν − ∂νAµ. (2.2.10)

2.3 Noether’s theorem

Besides providing a highly intuitive approach to second (or field) quantisation,
we shall see that a particulary important aspect of the path integral is its very
direct relation to the Lagrangian, which renders the symmetries of the physical
situation under study most transparent. This in turn allows conserved quantities
to be readily identified. The connection between the concepts of symmetry and
conservation is supplied by Noether’s theorem (1918), which states:

Theorem 2.3.1. Corresponding to every continuous symmetry of the physical
world, there exists a conserved quantity; and in correspondence to every conserved
quantity, there exists a continuous symmetry.

Consider, for example, a general infinitesimal coordinate transformation

xµ → x′µ = xµ + δxµ, (2.3.1a)
defined by

δxµ = Xµ
i (x) δω

i, (2.3.1b)

where the δωi form a set of infinitesimal parameters and the Xµ
i characterise

the given type of transformation. In general, such a transformation will also be
associated with transformations of the fields: first of all those induced by the
variations in their position arguments and secondly by possible direct, intrinsic,
variations in the fields themselves. We shall thus have

ϕa(x) → ϕ′a(x′) = ϕa(x) + δϕa(x), (2.3.2)
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where the overall field variations will be parametrised by the same infinitesimal
δωi but characterised by some new quantities Φai (x):

δϕa(x) = Φai (x) δω
i. (2.3.3)

Let us then examine the case in which the action

S =

∫

R

d4x L
(
ϕa(x), ∂µϕ

a(x), x
)
, (2.3.4)

is invariant under such a transformation, for an integration region R any compact
sub-space of Minkowski space–time. Note that we also explicitly allow for other
possible space–time dependence in L since, for example, there may be other fields
present.

First of all, let us separate out the intrinsic field variation δ̂ϕa from the induced
variation, we may thus write (to first order in the variations)

ϕ′a(x′) = ϕa(x) + δ̂ϕa(x) + ∂µϕ
a(x) δxµ. (2.3.5)

The intrinsic field variation is then

δ̂ϕa(x) = δϕa(x)− ∂µϕ
a(x) δxµ

=
[
Φai (x)−Xµ

i (x) ∂µϕ
a(x)

]
δωi. (2.3.6)

Similarly, the variation of the action S receives different contributions: firstly
from the variations considered above and secondly from the variation of the four-
space integration measure. We thus have

δS =

∫

R

d4x δL(ϕa, ∂µϕ
a, x) +

∫

R

δ(d4x) L(ϕa, ∂µϕ
a, x). (2.3.7)

The second contribution is determined by the Jacobian of the transformation:

J = det

[
∂x′µ

∂xν

]

= det
[
gµν + ∂νX

µ
i (x)δω

i
]

=
[
1 + ∂µX

µ
i (x)δω

i
]
. (2.3.8)

Thus,
δ(d4x) = ∂µX

µ
i δω

i d4x . (2.3.9)

The first contribution, however, varies due to both the coordinate and field trans-
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formations, thus

δL
(
ϕa, ∂µϕ

a, x
)
=

∂L

∂ϕa
δ̂ϕa +

∂L

∂(∂µϕ
a)
δ̂(∂µϕ

a) + (∂µ L) δx
µ. (2.3.10a)

If the fields ϕa represent a stationary solution, then they must satisfy the Euler–
Lagrange equations (2.2.5) and we thus have (also substituting for δxµ)

δL
(
ϕa, ∂µϕ

a, x
)
= ∂µ

(
∂L

∂(∂µϕ
a)

)
δ̂ϕa +

∂L

∂(∂µϕ
a)
δ̂(∂µϕ

a) + (∂µL)X
µ
i (x) δω

i

= ∂µ

(
∂L

∂(∂µϕ
a)
δ̂ϕa
)
+ (∂µ L)X

µ
i (x) δω

i. (2.3.10b)

Inserting this expression into Eq. (2.3.7) and combining the second term here with
the second there, via Eq. (2.3.9), we obtain

δS =

∫

R

d4x ∂µ

(
∂L

∂(∂µϕ
a)
δ̂ϕa +Xµ

i δω
i
L

)
, (2.3.11)

Substitution for δ̂ϕa finally leads to

δS =

∫

R

d4x ∂µ
(
jµi δω

i
)
, (2.3.12)

where we have thus defined the following four-current:

jµi :=

(
gµν L− ∂L

∂(∂µϕ
a)
∂νϕ

a

)
Xν
i +

∂L

∂(∂µϕ
a)

Φai . (2.3.13)

Now, since our premise is that Eq. (2.3.12) should hold for any (compact) four-
space volume, the vanishing of δS implies that the integrand vanishes. Finally,
since δωi is an arbitrary set of infinitesimal parameters, we deduce that

∂µj
µ
i = 0. (2.3.14)

In other words, the current (2.3.13) is conserved. This is just Noether’s theorem,
as originally formulated within the context of classical field theory.

Exercise 2.3.1. Show that the total charge

Qi(t) :=

∫
d3x j0(t,x) (2.3.15)
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is constant in time.
Hint: A necessary assumption is, of course, that the current vanish everywhere at
the surface of the volume considered.

Note in conclusion that the current so-defined is not unique. Its form depends
on the use of the Euler–Lagrange equations; we may therefore add any divergence-
less quantity, such as ∂µΛ

µν(x) with Λµν(x) antisymmetric in the indices µν.

2.3.1 Internal symmetries

A natural and important extension is to the case of a continuous internal symmetry,
to which Noether’s theorem also applies. Now, the transformation

δϕ = − iεqϕ (2.3.16)

relates to a simple U(1) symmetry group while a more general example is that for
which the transformation is

δϕi = − iεqiϕi, (2.3.17)

with [qi,qj ] 6=0 for i 6= j. This is known as a non-Abelian group.
Consider, for example, SU(2) or SO(3), which are locally isomorphic. We then

have
ϕ → e− iL·θ ϕ, (2.3.18)

where now ϕ is a multi-component object (e.g. a spinor) and L is a matrix in a
representation of, say, SU(2). For example, L≡ 1

2
σ, the Pauli spin (or isospin)

matrices. The algebra [
La, Lb

]
= iεabc Lc (2.3.19)

is that of the generators of SU(2).
The global symmetry of isospin (or rotations in R

3) requires then that

δL = 0 for δϕi = − iδωaLaij ϕj, (2.3.20)

with δωa= constant. More in general, for the generators of the transformation T a

we shall have a Lie algebra

[
T a, T b

]
= ifabc T c. (2.3.21)
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2.3.2 Scalar electrodynamics

Electrodynamics possesses a larger symmetry, a local gauge symmetry. The local
infinitesimal gauge transformation is

δϕi(x) = − iqi δω(x)ϕi(x). (2.3.22)

That is, the transformation may now depend on the space–time point. We then
also have,

δ∂µϕi(x) = − iqi δω(x)
(
∂µϕi(x)

)
− iqi

(
∂µδω(x)

)
ϕi(x). (2.3.23)

The second, inhomogeneous, term would break the original invariance. We thus
introduce the covariant derivative

Dµ := ∂µ − ieqiA
µ(x), (2.3.24)

where Aµ(x) is a spin-one, massless field (the so-called gauge field). This field
should transform in such a way as to cancel the inhomogeneous term:

δ
(
− ieqiA

µ(x)ϕi(x)
)
= − ieqiA

µ(x) δϕi(x)− ieqiδA
µ(x)ϕi(x), (2.3.25)

with then

δAµ(x) = −1

e
∂µ
(
δω(x)

)
. (2.3.26)

We may construct the corresponding field-strength tensor

F µν := ∂µAν − ∂νAµ, (2.3.27a)
with

δF µν = 0. (2.3.27b)

And thus the Lagrangian density

L = −1
4
F µνFµν (2.3.28)

is naturally invariant. Note that an explicit mass term −1
2
m2AµAµ would neces-

sarily break the gauge invariance. In other words, the masslessness of the photon
and gauge invariance are intimately related.

In the non-Abelian case we have

ϕ(x) → ϕ′(x) = e− iL·θ(x) ϕ(x) =: U(θ)ϕ(x), (2.3.29)
with

∂µϕ(x) → U(θ)
(
∂µϕ(x)

)
+
(
∂µU(θ)

)
ϕ(x). (2.3.30)
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As before, we introduce a covariant derivative, such that

Dµϕ(x) → U(θ)Dµϕ(x) (2.3.31)

and Dµϕ†(x)Dµϕ(x) therefore remains invariant. Here

Dµϕ(x) := (∂µ − igL·Aµ(x))ϕ(x), (2.3.32)

where L and Aµ are vectors in the internal symmetry space and we write the
gauge field as, e.g. Aaµ.

Exercise 2.3.2. Show that the requirement

Dµϕ(x) → U(θ)Dµϕ(x) (2.3.33)

leads to the transformation law

L.A′µ = U(θ)L·Aµ U−1(θ)− ig−1
(
∂µU(θ)

)
U−1(θ). (2.3.34)

Exercise 2.3.3. Show that the transformations so defined form a group. That is,
that there exists a well-defined product with an identity element and an inverse.

It is important to appreciate that the transformations themselves do not de-
pend on the representation of the group. Consider the following infinitesimal
transformation:

La δAaµ = −g−1La ∂µθa + iLbAbµ Laθa − iLaθa LbAbµ

= −g−1La ∂µθa + iθaAbµ
[
Lb, La

]

= −g−1La ∂µθa − θaAbµ f bacLc, (2.3.35)

where, recall, the coefficients fabc are the structure constants defining the group.
Now, since the La are linearly independent, we have

δAaµ = −g−1∂µθa + fabcθbAcµ, (2.3.36)

which evidently only depends on the fabc.

Exercise 2.3.4. Show that LaF aµν := [LbDbµ,LcDcν] leads to the gauge invariant
Lagrangian density

L = −1
4
F a
µνF

aµν . (2.3.37)

Derive the explicit form of F a
µν .
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Finally, we see that the minimal coupling rule of quantum electrodynamics
(QED) generalises to

∂µ → Dµ := ∂µ − igLaAaµ (2.3.38)

and, providing we define F aµν through the covariant derivative as above, the en-
suing construction of the gauge Lagrangian density follows the same path. Note
again that a mass term of the form 1

2
m2AaµAaµ would break the gauge invariance.

2.4 Classical fields

We now briefly review the different types of fields that we shall later encounter:
scalar, spinor and vector (both massive and massless).

2.4.1 Free massive scalar field

A single, free, massive, scalar field is governed by the wave equation

[
�+m2

]
ϕ(x) = 0. (2.4.1)

where m is a constant corresponding to the particle mass. Indeed, if we consider
a particle of energy E and momentum p then the solution of this wave equation
requires

−E2 + |p|2 +m2 = 0. (2.4.2)

The Lagrangian leading to such an equation of motion is just

L = 1
2

[
(∂µϕ)(∂µϕ)−m2ϕ2

]
. (2.4.3)

We can add interactions to this description by adding further terms into the
Lagrangian density; these will generate source (self-interaction) terms in the equa-
tion of motion. A term V (ϕ)= 1

n!
λϕn in the Lagrangian leads to

[
�+m2

]
ϕ(x) = − 1

(n−1)! λϕ
n−1(x). (2.4.4)

There are two common choices for n: n=3, which leads to a three-body self-
interaction, similar to the photon–fermion interaction in QED but which also
evidently corresponds to a potential that is unbounded from below and which
therefore corresponds to an unstable situation; and n=4, which leads to a four-
body self-interaction but which instead provides a stable potential.

In the presence of interactions the definition of the mass of a particle requires
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more care. In general, for

L = 1
2

[
(∂µϕ)(∂µϕ)−m2ϕ2

]
− V (ϕ), (2.4.5)

the minimum of V (ϕ), corresponding to the state of lowest energy, may no longer
lie at the origin, but at some point ϕ=ϕ0 6=0, say, and so we must take

m2 :=
∂2V (ϕ)

∂ϕ2

∣∣∣∣
ϕ=ϕ0

, with
∂V (ϕ)

∂ϕ

∣∣∣∣
ϕ=ϕ0

= 0. (2.4.6)

The descriptions “scalar”, “spinor”, “vector” etc. reflect the behaviour of the
fields under general Poincaré transformations. In particular, a scalar field is in-
variant. Consider then an infinitesimal space–time translation:

xµ → x′µ = xµ + εµ. (2.4.7)

This corresponds to Eq. (2.3.1b) with the transformation characterised by the
tensor Xµ

ν = g
µ
ν , Φi=0 and δωµ= εµ.

Exercise 2.4.1. Show that the conserved current in this case is the so-called
energy–momentum tensor

Θµν =
∂L

∂(∂µϕ)
(∂νϕ)− L gµν

= (∂µϕ)(∂νϕ)−
[
1
2
(∂σϕ)(∂σϕ)− 1

2
m2ϕ2 − V (ϕ)

]
gµν . (2.4.8)

Show also that in the free-field case, V (ϕ)=0, the conserved “charge” or energy-
momentum vector is

P µ :=

∫
d3xΘ0µ

=

∫
d3x

[
(∂0ϕ)(∂µϕ)− 1

2
gµ0(∂0ϕ∂

0ϕ+ ϕ∂0∂
0ϕ)
]

(2.4.9)

Hint: Use the equations of motion to eliminate the term −1
2
gµ0m2ϕ2 and subtract

the total spatial divergence 1
2
gµ0∇r[ϕ∇rϕ].∗

Since ϕ is a real (classical) field, it may be expressed in terms of Fourier com-

∗ Note that in the book by Bailin and Love there is a mistake in both the derivation and the final
expression here.
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ponents (recall that both k and x are four-vectors here):

ϕ(x) =

∫
d̄3k

2k0

[
b(k) e− ik·x+b∗(k) e+ik·x

]
, (2.4.10)

with k0=+
(
k2+m2

)1/2. The factor (2k0)
−1 guarantees Lorentz covariance of the

measure. Inserting this into the expression for P µ in Eq. (2.4.9), we find

P µ =

∫
d̄3k

2k0
b(k) b∗(k) kµ, (2.4.11)

which is explicitly time-independent. In this decomposition each mode kµ has
probability amplitude b(k) and the number of modes in the interval d̄3k around
the point k is

d̄3k

2k0
|b(k)|2. (2.4.12)

The energy is then

P 0 =

∫
d3x

[
∂L

∂(∂0ϕ)
(∂0ϕ)− L

]

=

∫
d3x

[
1
2
π2(x) + 1

2
(∇ϕ)2 + V (ϕ)

]

=:

∫
d3x H(x) =: H, (2.4.13)

where H, the Hamiltonian density, is now a function of ϕ(x) and π(x), with

π :=
∂L

∂ϕ̇
(ϕ̇ := ∂0ϕ). (2.4.14)

It is thus possible to translate into Hamilton’s formulation, with the equations

π(x) = ϕ̇(x) =
∂H

∂π
(2.4.15)

and
∂H

∂ϕ
= −∇

2ϕ+
∂V

∂ϕ
. (2.4.16)

The Euler–Lagrange equation is then

�ϕ = −∂V
∂ϕ

(2.4.17)
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and one thus has

π̇(x) = −∂H
∂ϕ

. (2.4.18)

Exercise 2.4.2. Show that invariance with respect to the Lorentz transformation
(a rotation) defined by xµ→xµ+εµν x

ν , where εµν=−ενµ, leads to the conserved
“current”

Mµ
ρσ = xρΘ

µ
σ − xσ Θ

µ
ρ (2.4.19)

and “charge”

Mρσ :=

∫
d3xM0

ρσ, (2.4.20)

which is just the total angular momentum of the field.

As already noted, Noether’s theorem also applies to an internal symmetry. A
simple but instructive and important example is a single complex scalar field:

ϕ(x) = 1√
2

[
ϕ1(x) + iϕ2(x)

]
, (2.4.21)

with ϕ1,2 real. This turns out to be a representation of a single charged particle.
Instead of ϕ1,2 we shall adopt ϕ and ϕ∗ as independent variables. The Lagrangian
density (with a self interaction) then takes on the following form (note the different
numerical coefficients chosen with respect to the real case):

L = (∂µϕ∗)(∂µϕ)−m2ϕ∗ϕ− 1
2
λ(ϕ∗ϕ)2. (2.4.22)

Variation with respect to ϕ∗ leads to the equation of motion for ϕ:

[
�+m2 + λϕ∗ϕ

]
ϕ(x) = 0. (2.4.23)

Likewise, variation with respect to ϕ leads to the analogous equation of motion
for ϕ∗. Note that, in the absence of interactions, we simply have two independ-
ent Klein–Gordon equations. Even in the presence of the interaction term, this
system possesses an internal global gauge symmetry, that is, under the following
transformation:

ϕ(x) → ϕ′(x) = e− iqθ ϕ(x) (2.4.24a)
and

ϕ∗(x) → ϕ∗′(x) = e+iqθ ϕ∗(x), (2.4.24b)

where q is the charge and θ is the transformation parameter (both are constant).
Consider now the infinitesimal form, for which

δϕ(x) = − iq δθ ϕ(x) and δϕ∗(x) = +iq δθ ϕ∗(x). (2.4.25)
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Exercise 2.4.3. Show that invariance with respect to this variation leads to the
following conserved Noether current

jµ = (∂µϕ∗) iqϕ(x)− (∂µϕ) iqϕ∗(x) = − iqϕ∗
↔
∂µϕ, (2.4.26)

where we have introduced
↔
∂ :=

→
∂−

←
∂; the single arrows indicate the direction of

action and the sign change is directly related to Gauss’ theorem.

2.4.2 Spinor fields

At the classical level it not obvious how to construct a theory for spin one-half
objects since intrinsic spin is a purely quantum concept. It will therefore be useful
to remind the reader of the basic notions of the Dirac equation (1928). We shall
thus consider the classical spinor wave equation

[
iγµ∂µ −m1

]
ψ(x) = 0, (2.4.27)

where, in order that the operator version γµpµ=m should agree with the Einstein

relation p2=m2 (recall that c=1 here), the γ-matrices should obey the Clifford
algebra {γµ,γν}=2gµν. Such matrices have (minimal) rank-four representations,
which may be constructed block-wise with the help of the Pauli σ matrices. One
explicit form (the Dirac representation) is

γ0 =

(
1 0
0 −1

)
and γ =

(
0 σ

−σ 0

)
, (2.4.28)

where the sub-matrices are 2×2. The wave-function is thus represented by a four-
component spinor.∗ The (suppressed) indices on such a spinor, as too those on the
matrices γµ are often referred to as Dirac indices and the space over which they
run, Dirac space. We recall here too some of the (representation independent)
properties of the γ-matrices:

γ0† = γ0, γ† = −γ, γµ† = γµ = γ0γµγ0. (2.4.29)

Exploiting these properties, we may define the conjugate spinor, ψ(x)=ψ†γ0,
obeying the conjugate equation:

ψ(x)
[
− iγµ

←
∂µ −m1

]
= 0, (2.4.30)

∗ This is not to be confused with a Lorentz four-vector: a spinor cannot be thought of as any
sort of Lorentz vector since, for example, a spatial rotation through 2π reverses its sign.
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Again, the negative sign in front of
←
∂µ reflects the use of integration by parts and

Gauss’ theorem. The Lagrangian density that generates the previous equations of
motion is

L(ψ, ψ) = ψ(x)
[
iγµ∂µ −m1

]
ψ(x), (2.4.31)

where the derivative acts to the right. By considering variation with respect to ψ,
one obtains the equation of motion for ψ and vice versa.

Consider next the general Poincaré transformation

xµ → x′µ = Λµν x
ν + aµ, (2.4.32a)

with
ψ(x) → ψ′(x′) = S(Λ)ψ(x). (2.4.32b)

If the Lagrangian is thus invariant under an infinitesimal translation, we find, via
the usual procedure, the following energy–momentum tensor:

Θµν =
∂L

∂(∂µψ)
∂νψ + ∂νψ

∂L

∂(∂µψ)
− gµν L . (2.4.33)

In this case, as a consequence of the Dirac equation (the equation of motion), we
also have L=0.∗ It therefore follows that

Θµν = ψ iγµ∂ν ψ. (2.4.34)

We may now again perform the Fourier decomposition of ψ:

ψ(x) =

∫
d̄3k

2k0

∑

±s

[
b(k, s) u(k, s) e− ik·x+d∗(k, s) v(k, s) e+ik·x

]
, (2.4.35)

where the positive- and negative-energy spinors satisfy

(
/k −m

)
u(k,±s) = 0 (2.4.36a)

and (
/k +m

)
v(k,±s) = 0. (2.4.36b)

Recall that the spin four-vector sµ is defined such that s2=−1 and k·s=0. And
for ψ, from its definition, we have

ψ(x) =

∫
d̄3k

2k0

∑

±s

[
d(k, s) v̄(k, s) e− ik·x+b∗(k, s) ū(k, s) e+ik·x

]
. (2.4.37)

∗ That is, L=0 for the particular field configuration satisfying the equation of motion but is not,
of course, necessarily constant with respect to its variation.
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In terms of the Fourier components, the energy–momentum vector is

P µ :=

∫
d3xΘ0µ

=

∫
d̄3k

2k0

∑

±s

[
b∗(k, s)b(k, s)kµ − d(k, s)d∗(k, s)kµ

]
. (2.4.38)

Note the ordering of the b’s and d’s.
A well-known problem now emerges: the second term in Eq. (2.4.38) would

contribute a negative energy. For classical fields, this is usually resolved by inter-
preting such contributions as due to (negative-energy) holes or (positive-energy)
antiparticles. Here, however, anticipating the fermionic nature and, in particular,
the anticommuting properties of spinor fields, we shall introduce the notion of
Grassmann or anticommuting variables. We shall thus endow the b’s and d’s with
anticommutation properties, as follows:

{b, b′} = {b, d′} = {b, b′∗} = · · · = 0, (2.4.39)

where b= b(k,s), b′= b′(k,s) etc. Here we are forced to come to terms with the
intrinsically quantum nature of half-integer spin objects. In this manner we have
effectively rendered the energy a Grassmann variable and, as such, its positivity
becomes undetermined. Of course, when we eventually quantise this field theory,
the corresponding physical quantity, or expectation value of the energy, will indeed
always be found to be positive definite.

2.4.3 Vector fields

We now turn to the problem of vector fields. Here it is necessary to distinguish
immediately between the massive and massless cases. The first is essentially little
different to a set of four scalar fields while the second possesses a particular sym-
metry, known as a local gauge symmetry, precisely by virtue of the absence of a
mass term in the Lagrangian and/or equations of motion. This symmetry, which
requires m=0 exactly, implies that the massless case cannot be considered as the
zero-mass limit of a massive theory; it is a singular point.

Massive vector fields

In the absence of external sources (interactions), the Lagrangian is

L(Aµ, ∂νA
µ) = −1

4
F µν Fµν +

1
2
m2
AA

µAµ, (2.4.40)
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where we have simply added a mass term to Lagrangian (2.2.10). The Euler–
Lagrange equations now yield

− ∂µ(∂
µAν − ∂νAµ) = m2

AA
ν . (2.4.41)

From this (taking the divergence ∂ν), we obtain

∂νA
ν = 0. (2.4.42)

Note that this is only true because mA 6=0. Substituting into the equations of
motion, we finally obtain the equation that might have been anticipated:

(
�+m2

A

)
Aµ = 0. (2.4.43)

Note that, although the field apparently has four degrees of freedom, the derived
condition (2.4.42) reduces these to three: the three spatial degrees of freedom for
the polarisation vector.

We may now perform the usual Fourier transform and write

Aµ(x) =

∫
d̄3k

2k0

[
ξµ(k) e− ik·x+ξ∗µ(k) e+ik·x

]
, (2.4.44)

with the condition k·ξ(k)=0 and where k20=k2+m2. In the rest frame kµ=(m,0)
and therefore ξµ=(0,ξ). It is thus natural to normalise ξµ by requiring ξ·ξ∗=−1,
the negative sign merely reflecting the space-like nature of the polarisation vector.

Exercise 2.4.4. Derive the energy–momentum vector P µ in terms of the above-
defined Fourier components.

Massless vector fields

A massless vector field in the presence of an external current jµ obeys the Maxwell
equations

∂ν (∂
νAµ − ∂µAν) = jµ, (2.4.45a)

or
∂ν F

νµ = jµ. (2.4.45b)

This does not determine Aµ unambiguously since for any solution Aµ, Aµ+∂µΛ(x)
is also a solution and the resulting electromagnetic fields are identical. This is just
the observation that the equations possess a local gauge invariance.

In the case of the Feynman integral, for example, this infinite degeneracy (an
infinity of physically equivalent gauge-field configurations) will cause spurious in-
finities. In any case, we know that we need to choose or fix the gauge. A typical
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choice is the Lorentz condition:

∂µAµ = 0. (2.4.46)

However, this still does not entirely eliminate the gauge degree of freedom since
the previous transformation still leaves the physical fields invariant provided that

∂µ∂µΛ(x) = 0. (2.4.47)

The fixing of a further condition will eliminate yet another degree of freedom,
leaving just the two transverse polarisation states of a massless vector.

Now, in the Lagrange formalism, a condition such as that above may be applied
via the so-called Lagrange-multiplier technique:

L(Aµ, ∂νA
µ) → −1

4
F µν Fµν − jµAµ − 1

2
ξ−1(∂µA

µ)2, (2.4.48)

where ξ is the so-called gauge parameter. With this expedient, the Euler–Lagrange
equations become

∂µ F
µν − 1

ξ
∂ν(∂µA

µ) = jν . (2.4.49)

If the external current is conserved, then

�(∂µA
µ) = 0. (2.4.50)

Thus, if both ∂µA
µ and ∂0(∂µA

µ) vanish at any given instant t, then ∂µA
µ vanishes

at all times. The Maxwell equations (from the Euler–Lagrange equations above)
then reduce to

�Aµ = jµ. (2.4.51)

Again, however, for any solution Aµ, this equation is also satisfied by Aµ+∂µΛ,
with �Λ=0. We therefore have

∂L

∂(∂µAν)
= −F µν − 1

ξ
gµν (∂σA

σ) = −F µν . (2.4.52)

Consider then a general Poincaré transformation, for the field Aµ this means

Aµ(x) → A′µ(x′) = ΛµνA
µ(x). (2.4.53)
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And, by imposing translation invariance, we derive the energy–momentum tensor:

Θµν =
∂L

∂(∂µAσ)
∂νAσ − L gµν

= −F µσ ∂νAσ + gµν 1
4
FρσF

ρσ (2.4.54)

We perform the usual Fourier transform and write

Aµ(x) =

∫
d̄3k

2k0

[
ξµ(k) e− ik·x+ξ∗µ(k) e+ik·x

]
, (2.4.55)

with the condition k·ξ(k)=0 in order to satisfy ∂µAµ=0, just as with the massive
vector field, but where now k0= |k| since m=0. Here it is not possible to determine
the normalisation via reference to the rest frame. However, the Lorentz condition
leads to

ξ0(k) = k̂·ξ(k), (k̂ = k/|k| = k/k0). (2.4.56)

Let us decompose ξ into longitudinal and transverse components with respect to
k:

ξ = (ξ·k̂) k̂ + ξ⊥. (2.4.57)

We therefore have

ξ·ξ∗ = ξ0ξ
∗
0 − ξ·ξ∗ = −ξ⊥·ξ∗⊥. (2.4.58)

And again we may normalise by requiring, e.g., ξ·ξ∗=−1.

Exercise 2.4.5. Express the energy–momentum vector P µ in terms of the above-
defined Fourier components.

The conserved “charge” (the total energy and momentum) is then

P µ :=

∫
d3xΘ0µ

=

∫
d̄3k

2k0
[−ξ∗(k)·ξ(k) kµ]. (2.4.59)

The energy is thus positive definite owing to the space-like nature of ξ(k).
It is worth examining this last result a little more in depth. In the massive-

vector case the Lorentz condition merely removed one degree of freedom, leaving
three possible independent space-like polarisation states. In contrast, in the mass-
less case, where kµ is then light-like, the very same Lorentz condition actually
guarantees a cancellation between the would-be “time-like” and the “longitudinal”
photon modes, leaving only the “transverse” modes as true degrees of freedom.
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Indeed, returning to the gauge-choice freedom, for Λ such that �Λ=0, we may
write the following Fourier decomposition:

Λ(x) =

∫
d̄3k

2k0

[
λ(k) e− ik·x+λ∗(k) e+ik·x

]
. (2.4.60)

Therefore, the transformation Aµ→A′µ=Aµ+∂µΛ results in

ξµ(k) → ξ′µ(k) = ξµ(k)− ikµλ(k). (2.4.61)

This means that there exists a choice of Λ, for which

ξ0 = k̂·ξ(k) = 0, (2.4.62)

thus, leaving only the transverse modes.
With this gauge choice, we can write

ξµ(k) =
∑

λ=1,2

a(k, λ) εµ(k, λ), (2.4.63)

with εµ(k,λ) for λ=1,2 chosen such that:

ε0(k, λ) = 0, (2.4.64a)

ε∗(k, λ)·ε(k, λ′) = δλλ′ , (2.4.64b)

ε(k, 1)∧ε(k, 2) = k̂, (2.4.64c)

k·ε(k, λ) = 0. (2.4.64d)

And we thus finally obtain

P µ =

∫
d̄3k

2k0

∑

λ=1,2

|a(k, λ)|2 kµ. (2.4.65)
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Chapter 3

Quantum Field Theory

3.1 The path integral

The approach to be adopted here for field or second quantisation will be that of the
path integral (Feynman and Hibbs, 1965). While the technique pioneered by Feyn-
man has already been introduced in the preceding course on advanced quantum
mechanics, for the sake of completeness and clarity, we shall here provide a self-
contained account. The basic definition of the path or functional integral starts
with a discretised version of the field theory; we shall present the approach for a
simple real scalar field and then cover the complications introduced in connection
with spinor and gauge fields.

3.1.1 A real scalar field

The starting point is the simple Gaussian integral in one dimension,

∫ ∞

−∞
dq e−

1
2
aq

2

=
√
2π a−

1/2 , (3.1.1)

where q is intended to represent a generalised real coordinate. The natural exten-
sion to a real n-dimensional space leads to

∫ ∞

−∞
dq1 dq2 . . . dqn e−

1
2
q
T
A q =

(√
2π
)n

(detA)−
1/2 , (3.1.2)

where, for convergence of the integral, the n×n-matrix A is necessarily taken to
be real, symmetric and positive-definite while q is an n-component vector: q=
(q1,... ,qn).

Exercise 3.1.1. Prove the last equation above.

27
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Hint: This is most easily performed by diagonalising the matrix A.

It is convenient, for the path-integral quantisation procedure, to reformulate
such expressions as exponentials and thus we rewrite this as

∫ ∞

−∞
dq1 dq2 . . .dqn e−

1
2
q
T
A q =

(√
2π
)n

e−
1
2
Tr lnA, (3.1.3)

where we have exploited the following identity:

ln detA ≡ Tr lnA. (3.1.4)

Exercise 3.1.2. Prove this last equality.
Hint: The simplest proof is again obtained by diagonalising A.

The application to field theory now proceeds by taking the limit n→∞, whence
the vector qi→ q(x) and the matrix Aij→A(x,y), with x and y representing space–
time coordinates. One may think of the discretised quantities as local averages over
infinitesimal space–time hypercubes centred around the points x, y etc. We shall
thus take the continuum limit of (3.1.3) to define a functional integral :

∫ ∞

−∞
Dq e−

1
2

∫
dxdy q(x)A(x,y) q(y) ≡ e−

1
2
Tr lnA . (3.1.5)

In this definition the numerical
√
2π factors have been absorbed into an overall

(infinite) normalisation constant (which, as we shall soon see, is generally irrelev-
ant). For clarity, we have limited the x integrals to one dimension; however, the
extension to three-dimensional space or four-dimensional space–time is trivial. We
must now learn how to evaluate the expression on the right-hand side.

To do this, let us first define a little more carefully what is meant by a function
of an operator, such as A(x,y). By considering the passage from the discrete case
to the continuum, it is evident that multiplication is now defined by

(A·B)(x, y) :=

∫
dz A(x, z)B(z, y), (3.1.6)

where the notation should be obvious and the integration is understood to be over
the entire x-space. Moreover, the trace operation thus becomes

TrA :=

∫
dxA(x, x). (3.1.7)

Now, in all cases of interest here we shall be dealing with local interactions and
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thus the most general form of operator to occur will be

A(x, y) = δ(x− y)A(x, y), (3.1.8)

where A(x,y) is an analytic function of x, y and their derivatives. It is useful then
to define the Dirac δ-function via a Fourier-transform representation

δ(x− y) :=

∫ ∞

−∞
d̄k e ik(x−y) . (3.1.9)

We may thus write

A(x, y) =

∫
d̄k e ik(x−y) Ã(k). (3.1.10)

Consider, for example, the following operator (useful for later chapters):

A(x, y) =

[
∂

∂x

∂

∂y
+ c

]
δ(x− y), (3.1.11a)

with c a constant, whence we have

A(x, y) =

∫
d̄k e ik(x−y) [k2 + c]. (3.1.11b)

It is left as an exercise to show that an operator raised to a power is given by
the following expression:∗

An(x, y) ≡
∫

dz1 . . .dzn−1A(x, z1)A(z1, z2) . . . A(zn−1, y)

=

∫
d̄k e ik(x−y) An. (3.1.12)

In other words, inasmuch as a power-series representation exists, a function, or
rather functional, of an operator may be represented as (note the use of square
brackets)

F [A(x, y)] =

∫
d̄k e ik(x−y) F

(
A(k)

)
. (3.1.13)

In particular, for the inverse (which certainly exists if, as required, A is positive
definite) we have

A−1(x, y) =

∫
d̄k e ik(x−y) A−1(k). (3.1.14)

∗ From now on we shall omit the tilde in Fourier transforms, as the argument suffices to indicate
the space over which the object is defined.
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And finally, for example, for the operator A defined in (3.1.11a), we then have

lnA(x, y) =

∫
d̄k e ik(x−y) ln[k2 + c]. (3.1.15)

3.1.2 External source terms

A further useful generalisation of the previous formulæ is obtained by adding to
the exponent a term linear in q; thus,

∫ ∞

−∞
dq1 dq2 . . .dqn e−

1
2
q
T
A q+j·q =

(√
2π
)n

e−
1
2
Tr lnA e

1
2
j
T
A
−1

j , (3.1.16)

where j=(j1,... ,jn) is some arbitrary external (source or current) vector.

Exercise 3.1.3. Prove this last result.
Hint: Complete the square in the exponent and then shift the integration variables
(such an operation is always possible since the integrals converge).

In path-integral or functional language this becomes

∫ ∞

−∞
Dq exp

[
−1

2

∫
dx dy q(x)A(x, y) q(y) +

∫
dy j(y) q(y)

]

= exp

[
−1

2
Tr lnA+ 1

2

∫
dx dy j(x)A−1(x, y) j(y)

]
. (3.1.17)

With this addition, we can now evaluate rather more complicated integrals.
Differentiating Eq. (3.1.16) with respect to the discrete sources ji1 , ji2 , . . . jim and
then setting all of the j1= · · ·= jn=0, we obtain

∫ ∞

−∞
dq1 dq2 . . .dqn qi1 qi2 . . . qim e−

1
2
q
T
A q+j·q

=
[
A−1i1i2 · · ·A

−1
in−1in

+ perms
] (√

2π
)n

e−
1
2
Tr lnA, (3.1.18)

The functional derivative, the natural extension to the continuum of the previous
derivatives, is intuitively defined via

δ

δj(x)

∫
dy j(y) q(y) := q(x). (3.1.19)
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The functional-integral version is then simply (for m even)

∫ ∞

−∞
Dq q(x1) q(x2) . . . q(xm) exp

[
−1

2

∫
dy dz q(y)A(y, z) q(z)

]

=
[
A−1(x1, x2) · · ·A−1(xm−1, xm) + perms

]
exp
[
−1

2
Tr lnA

]
. (3.1.20)

3.1.3 A complex (charged) scalar field

The only immediately useful extension remaining is to complex variables qi∈C and
thus to complex fields q(x)∈C.∗ In order that the integrals remain well-defined
and convergent, we now require that the complex-valued matrix A be Hermitian
(or self-adjoint) and positive definite. The natural complex measure is

dq dq∗ ≡ 2 d(Re q) d(Im q) . (3.1.21)

And, starting again with the simple Gaussian integral (a real and positive)

∫
dq dq∗ e−

1
2
aq

∗
q =

√
2π a−1, (3.1.22)

through to the multi-dimensional version

∫
dq1 dq

∗
1 . . . dqn dq

∗
n e−

1
2
q
†
A q =

(√
2π
)n

e−Tr lnA, (3.1.23)

we obtain,

∫
DqDq∗ exp

{
−1

2

∫
dx dy q∗(x)A(x, y) q(y) +

∫
dx
[
j∗(x) q(x) + j(x) q∗(x)

]}

= exp

{
−Tr lnA+ 1

2

∫
dx dy j∗(x)A−1(x, y) j(y)

}
. (3.1.24)

Exercise 3.1.4. Adopting the methods illustrated, prove the final result given here.

3.2 The path-integral formulation of NRQM

3.2.1 The transition amplitude

In this section we shall briefly recall the path-integral formulation (Feynman, 1948)
of non-relativistic quantum mechanics, born of a suggestion by Dirac (1933). The

∗ As already noted, such a case naturally represents a charged field.
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basic approach we shall follow is close to that found in Abers and Lee (1973).
Given a time-independent operator QS (in the Schrödinger picture) “measuring”

the generalised coordinate q, as usual, the eigenstates are defined through

QS|q〉S ≡ q|q〉S. (3.2.1)

Moving over to the Heisenberg picture, we have

QH(t) := e iHt QS e− iHt, (3.2.2)

where H is the Hamiltonian, and we may write

QH|q,t〉H ≡ q|q,t〉H. (3.2.3)

Recall that in the Heisenberg picture the physical states are frozen in time and
all time dependence is absorbed into the operators, which consequently then have
time-dependent eigenstates. The eigenstates (or basis states) in the two pictures
are related via

|q,t〉H = e iHt |q〉S. (3.2.4)

The transition matrix element

M(qf , tf ; qi, ti) = 〈qf ;tf |qi;ti〉H H

= 〈qf |e− iH(tf−ti) |qi〉S S
(3.2.5)

describes the probability amplitude for a state initially having eigenvalue qi at
some instant ti to find itself with qf at a later instant tf . It encodes all important
information (dynamics) of the quantum theory. The idea is then to express this
object as a path integral. The first step is to divide the finite interval [ti,tf ]
into n+1 subintervals of infinitesimal duration ∆t=(tf− ti)/(n+1) by inserting
n complete sets of states (ti<t1< · · ·<tn<tf):

M(qf , tf ; qi, ti) =

∫
dq1 dq2 . . .dqn 〈qf ,tf |qn,tn〉 · · · 〈q2,t2|q1,t1〉〈q1,t1|qi,ti〉,

(3.2.6)
where (and henceforth) we have omitted the suffix S, on the understanding that
such time-dependent eigenstates belong exclusively to the Schrodinger picture.

Consider a generic infinitesimal time slice:

〈q′,t+∆t|q,t〉 = 〈q′|e− iH∆t |q〉

= δ(q′ − q)− i∆t〈q′|H|q〉+O
(
(∆t)2

)
. (3.2.7)
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The Hamiltonian H=H(P,Q) is a function of the generalised position and conjug-
ate momentum operators Q and P .∗ The simplest, but most useful and common,
case is a massive particle subject to a potential depending only on position Q:

H =
P 2

2m
+ V (Q). (3.2.8)

Using the fact that 〈q|p〉=e ipq and
∫
d̄p e ip(q

′−q)= δ(q′−q), we have

〈q′|H(P,Q)|q〉 =

∫
d̄p′ d̄p

[〈q′|p′〉〈p′|P 2|p〉〈p|q〉
2m

]
+ 〈q′|V (Q)|q〉

=

∫
d̄p e ip(q

′−q)
[
p2

2m
+ V (q)

]

=

∫
d̄p e ip(q

′−q) H(p, q), (3.2.9)

where H(p,q) is now simply the classical Hamiltonian function.†

To first order in ∆t, we may thus rewrite (3.2.7) as

〈q′,t+∆t|q,t〉 ≃
∫

d̄p e i [p(q
′−q)−H(p,q)∆t] (3.2.10)

and substituting this expression into that above for the matrix element, we have

M(qf , tf ; qi, ti) = lim
n→∞

∫ n∏

k=1

dqk

n+1∏

k=1

d̄pk

× exp

{
i

n+1∑

j=1

[
pj(qj − qj−1)−H(pj, qj)∆t

]
}
, (3.2.11)

with the identification q0≡ qi and qn+1≡ qf . In the limit (qj−qj−1)→ q̇j∆t, the

sum becomes an integral and we may rewrite the (now infinite) products as‡

M(qf , tf ; qi, ti) =

∫
DqDp exp

{
i

∫ tf

ti

dt
[
p q̇ −H(p, q)

]}
. (3.2.12)

∗ Capital letters will be used here for operators while lower case will indicate ordinary variables.
† In some texts one finds the more symmetric 1

2
(q+q′) in place of q as the argument of H , but

this really is unnecessary in view of the limit to be taken.
‡ As already noted, in general, any numerical factors accompanying the measures dqk and d̄pk
may simply be absorbed into an irrelevant overall normalisation constant.
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This passage then defines the Feynman path integral.
With the above choice of Hamiltonian, the complex integrals in p are Gaussian

and may therefore be performed via the usual Wick rotation:

∫ ∞

−∞
d̄p e i∆t (p q̇−p

2
/2m) =

[ m

2π i∆t

]1/2
e

1
2
i∆t q̇

2
m . (3.2.13)

For the transition matrix element, we thus finally obtain

M(qf , tf ; qi, ti) = lim
n→∞

∫ n∏

k=1

dqk[
2π i∆t/m

]1/2

× exp

{
i

n+1∑

j=1

[
m

2

(
qj − qj−1

∆t

)2

− V (qj)

]
∆t

}

= lim
n→∞

∫ n∏

k=1

dqk[
2π i∆t/m

]1/2 exp
{
i

∫ tf

ti

dt L(q, q̇)

}
, (3.2.14)

where L= 1
2
mq̇2−V (q) is simply the classical Lagrangian. We thus see that the

exponent is precisely the classical action

S :=

∫ tf

ti

dt L(q, q̇), (3.2.15)

which then determines the temporal evolution in quantum mechanics. The im-
portant point is that while the expression for the transition amplitude presented
here has been derived starting from the canonical formulation of quantum mech-
anics, we may now equally take the path integral as the starting point and from
it derive the Schrödinger equation.

It is important to stress, however, that the final simple form shown above is
a direct consequence of the particular choice of Hamiltonian, which is, in fact,
generally sufficient for our purposes. If, on the other hand, the Hamiltonian were
to involve products of P and Q, then the final form would not depend simply on
the classical action, but on what might be called an effective action, which could
then be calculated from Eq. (3.2.11).

Exercise 3.2.1. Starting from the non-linear Lagrangian

L(q, q̇) = 1
2
q̇ f(q), (3.2.16)

where f(q) is some non-singular function of q, show that the transition amplitude
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is as above but with an effective action (Lee and Yang, 1962)

Seff =

∫ tf

ti

dt
[
L(q, q̇)− 1

2
iδ(0) ln f(q)

]
. (3.2.17)

One then finds that the scattering matrix calculated using such a transition
amplitude generates another infinite contribution, which precisely cancels the δ(0)
term.

In any case, the evident advantage of this approach is that we express quantum-
mechanical quantities in terms of the classical Lagrangian. In particular, this per-
mits a direct study of the importance of the known symmetries at the classical level
of such quantities and their properties under various symmetry transformations.

3.2.2 The generalisation to N degrees of freedom

It is straightforward to generalise Eq. (3.2.12) to a system with N degrees of
freedom:

M(qf , tf ; qi, ti) =

∫
DqDp exp

{
i

∫ tf

ti

dt
[
p·q̇ −H(p, q)

]}
, (3.2.18)

where q := (q1,q2,...qN) and p :=(p1,p2,...pN). This will be the starting point for
a quantum field theory. However, for the rest of this section a single degree of
freedom will suffice.

3.2.3 Transition matrix elements for products of fields

Let us now try to calculate more complicated matrix elements: inserting the oper-
ator Q(t) into the transition matrix element (3.2.5), for some instant t such that
ti<t<tf , leads to

〈qf ;tf |Q(t)|qi;ti〉 =

∫
dq1 dq2 . . .dqn

× 〈qf ,tf |qn,tn〉 · · · 〈qk,tk|Q(t)|qk−1,tk−1〉 · · · 〈q2,t2|q1,t1〉〈q1,t1|qi,ti〉, (3.2.19)

where we have identified tk and tk−1 such that tk−1<t<tk. To first order in ∆t we
can consider |qk−1,tk−1〉 to be an approximate eigenstate of Q(t) and thus replace
Q(t) with q(t). It is then easy to see that we may proceed as before, with simply
an extra factor q(t) inside the integral, to obtain

〈qf ;tf |Q(t)|qi;ti〉 =

∫
DqDp q(t) exp

{
i

∫ tf

ti

dt
[
pq̇ −H(p, q)

]}
. (3.2.20)
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Consider now a product of two such operators Q(ta)Q(tb): if ta>tb, we have

〈qf ;tf |Q(ta)Q(tb)|qi;ti〉 =

∫
dq1 dq2 . . . dqn

× 〈qf ,tf |qn,tn〉 · · · 〈qka ,tka |Q(ta)|qka−1,tka−1〉 · · ·

· · · 〈qkb ,tkb |Q(tb)|qkb−1,tkb−1〉 · · · 〈q1,t1|qi,ti〉, (3.2.21a)

which eventually leads us to

〈qf ;tf |Q(ta)Q(tb)|qi;ti〉 =

∫
DqDp q(ta) q(tb) exp

{
i

∫ tf

ti

dt
[
pq̇ −H(p, q)

]}
.

(3.2.21b)
The derivation rests on the ordering ta>tb, i.e. the operator on the right acts

temporally before that on the left. Indeed, it is not possible to derive such a
formula with the opposite ordering. We thus see that, to avoid specific restrictions
on ta and tb, we should write

〈qf ;tf |T
[
Q(ta)Q(tb)

]
|qi;ti〉

=

∫
DqDp q(ta) q(tb) exp

{
i

∫ tf

ti

dt
[
pq̇ −H(p, q)

]}
, (3.2.22)

where we have introduced the standard time-ordered product T
[
Q(ta)Q(tb)

]
.

T
[
Q(ta)Q(tb)

]
:=




Q(ta)Q(tb) for ta > tb,

Q(tb)Q(ta) for tb > ta.
(3.2.23)

The extension to a product of M such operators is obvious

〈qf ;tf |T
[
Q(t1)Q(t2)...Q(tM)

]
|qi;ti〉

=

∫
DqDp q(t1) q(t2) . . . q(tM) exp

{
i

∫ tf

ti

dt
[
pq̇ −H(p, q)

]}
. (3.2.24)

3.2.4 External source terms

We next wish to consider the effect of adding external source terms (or driving
forces) into the Hamiltonian, which, as always, we assume does not itself depend
explicitly on time. We shall need the unperturbed energy eigenstates |n〉 and their



3.2. THE PATH-INTEGRAL FORMULATION OF NRQM 37

corresponding wave-functions:

ϕn(q, t) = 〈q,t|n〉 = e− iEnt 〈q|n〉, with ϕn(q) = 〈q|n〉. (3.2.25)

Let ϕ0(q,t) be the lowest-energy or ground state of the system. We aim now
calculate the “transition” amplitude for a system in the ground state at some
initial instant ti in the distant past to be in the same state at some final instant
tf in the distant future. In particular, we consider a source term J(t)Q(t), with
J(t) 6=0 only during the interval ta<t<tb, added to the Hamiltonian.∗ That is,
the arbitrary source term is initially switched off and remains zero until t= ta and
then remains active only until t= tb, when it is again set to zero. We thus write

〈qf ;tf |qi;ti〉J =

∫
DqDp exp

{
i

∫ tf

ti

dt
[
p q̇ −H(p, q) + J q

]}
. (3.2.26)

Inserting complete sets of states, we can now split the amplitude into a product
of pieces running from ti to ta, to tb, to tf :

〈qf ;tf |qi;ti〉J =

∫
dqa dqb 〈qf ;tf |qb;tb〉〈qb;tb|qa;ta〉J〈qa;ta|qi;ti〉. (3.2.27)

The first and last elements on the right-hand side are given by expressions such as
Eq. (3.2.26) without the source term. Consider, for example, the last:

〈qa;ta|qi;ti〉 = 〈qa|e− iH(ta−ti) |qi〉

=
∑

n

〈qa|e− iH(ta−ti) |n〉〈n|qi〉

=
∑

n

〈qa|n〉〈n|qi〉 e− iEn(ta−ti)

=
∑

n

ϕn(qa)ϕ
∗
n(qi) e

− iEn(ta−ti) . (3.2.28)

Since the dependence on ti is explicit, we may make the analytic continuation
ti→ i∞ (or Wick rotation). The rapidly oscillating imaginary phases then turn
into decaying exponentials, which kill all contributions for n>0, leaving

lim
ti→ i∞

〈qa;ta|qi;ti〉 = lim
ti→ i∞

ϕ0(qa, ta)ϕ
∗
0(qi, ti). (3.2.29a)

∗ The external source J(t) is not, of course, really an operator, but we use a capital letter for
clarity of notation.
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Likewise, the first term becomes

lim
tf→− i∞

〈qf ;tf |qb;tb〉 = lim
tf→− i∞

ϕ0(qf , tf)ϕ
∗
0(qb, tb). (3.2.29b)

Substituting these back into the original expression, we obtain

lim
ti→+i∞
tf→− i∞

〈qf ;tf |qi;ti〉J

exp[− iE0(tf − ti)]ϕ
∗
0(qi)ϕ0(qf )

=

∫
dqa dqb ϕ

∗
0(qb, tb) 〈qb;tb|qa;ta〉J ϕ0(qa, ta). (3.2.30)

On examining this equation, we find that the right-hand side is just the ground-
state to ground-state amplitude—note that ta,b may be taken as large as we like.

This object is what we shall call Z [J ].∗ The left-hand side above then simply
provides the method to calculate it.

The generating functional Z [J ] also allows the derivation of ground-state to
ground-state expectations values of products of fields, as in Eq. (3.2.24), simply
by taking functional derivatives with respect to J(t), which pull down factors iϕ(t).
Taking n such derivatives and then setting J(t)=0 leads to

δnZ [J ]

δJ(t1)δJ(t2) . . . δJ(tn)

∣∣∣∣
J(t)=0

= in
∫

dqa dqb ϕ
∗
0(qb, tb)ϕ0(qa, ta)

∫
DqDp q(tn) . . . q(t2) q(t1) exp

{
i

∫ tf

ti

dt
[
pq̇ −H(p, q)

]}
, (3.2.31)

where the time variables are ordered ti<t1, t2, ... , tn<tf . This then is just the
expectation value of the time-ordered product T

[
Q(t1)Q(t2) ...Q(tn)

]
evaluated

between ground states at instants ti and tf . These will be the Green functions of
the quantised field theory.

Up to constant factors, which may, as always, be absorbed into the overall

∗ The reader should be warned that in some texts, the symbol W [J ] is used. However, in order
to underline the close ties between the object defined here and the partition function Z(β) in
statistical mechanics, we shall use Z [J ].
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normalisation, on performing the p integral we have

Z [J ] ∼ lim
ti→+i∞
tf→− i∞

〈qf ;tf |qi;ti〉J

∼ lim
ti→+i∞

tf→− i∞

∫
Dq exp

{
i

∫ tf

ti

dt
[
Leff(q, q̇) + J(t) q(t)

]}
, (3.2.32)

with boundary conditions

lim
ti→−∞

q(ti) = qi and lim
tf→+∞

q(tf) = qf , (3.2.33)

where qi and qf are some fixed constants. We can then write

〈T
[
Q(t1)Q(t2)...Q(tn)

]
〉
0

∼ lim
ti→+i∞
tf→− i∞

∫
dq1 . . .dqn 〈qf ;tf |qn;tn〉 qn . . . q2 〈q2;t2|q1;t1〉 q1 〈q1;t1|qi;ti〉, (3.2.34)

where qi := q(ti), t1<t2< · · ·<tn and 〈···〉0 indicates a ground-state expectation
value.

We shall again need the Wick rotation or analytic continuation to imaginary
time ti→+i∞ and tf →− i∞. To perform the continuation, note that

〈qf ;tf |qi;ti〉 = lim
n→∞

∫ n∏

k=1

dqk[
2π i∆t/m

]1/2

× exp

{
i
n+1∑

j=1

Leff

(
qj + qj−1

2
,
qj − qj−1

∆t

)
∆t

}
, (3.2.35)

only depends on time through ∆t. We may therefore write

〈qf ;tf |qi;ti〉
∣∣∣
ti=− iτi
tf=− iτf

= lim
n→∞

∫ n∏

k=1

dqk[
2π∆τ/m

]1/2

× exp

{
n+1∑

j=1

Leff

(
qj + qj−1

2
,
qj − qj−1
− i∆τ

)
∆τ

}
, (3.2.36)

where ∆τ :=(τf−τi)/(n+1). The analytic continuation of the ground-state ex-
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pectation value of the time-ordered product of operators thus becomes

〈T
[
Q(t1)Q(t2)...Q(tn)

]
〉
0

∣∣∣
tj=− iτj

∼ lim
τi→−∞

τf→+∞

∫
Dq q(τn) . . . q(τ2) q(τ1) exp

{∫ τf

τi

dτ Leff

(
q, i

dq

dτ

)}
. (3.2.37)

Such a move to imaginary time is none other than a Euclidean formulation.∗ Thus,
we shall also define a Euclidean version of the functional generator:

ZE[J ] ∼
∫

Dq exp

{∫ ∞

∞
dτ

[
Leff

(
q, i

dq

dτ

)
+ J(τ) q(τ)

]}
, (3.2.38)

with the boundary conditions that q(τ) approaches some constant values for τ→
±∞. Note that the problem of overall normalisation of these expressions is expli-
citly avoided when relating the Minkowski and Euclidean versions:

1

Z [J ]

δnZ [J ]

δJ(t1)δJ(t2) . . . δJ(tn)

∣∣∣∣∣
J=0

=
in

ZE[J ]

δnZE[J ]

δJ(τ1)δJ(τ2) . . . δJ(τn)

∣∣∣∣∣ J=0
τi=iti

.

(3.2.39)
For an example of the Euclidean formulation of the approach presented here,

see the treatment of the harmonic oscillator presented by Feynman (1950) and also
Feynman and Hibbs (1965).

It may be worth stressing that we can go back one step to the more general
formula, before performing the functional p integration:

Z [J ] ∼ lim
ti→+i∞
tf→− i∞

∫
DqDp exp

{
i

∫ tf

ti

dt
[
pq̇ −H(q, p) + J(t) q(t)

]}
. (3.2.40)

In any case, we then finally have

〈T
[
Q(t1)Q(t2)...Q(tn)

]
〉
0
= − in

δnZ [J ]

δJ(t1)δJ(t2) . . . δJ(tn)

∣∣∣∣
J(t)=0

. (3.2.41)

∗ Note that for t→− iτ , we have xµxµ→−(τ2+x2). In other words, gµν →−diag[1,1,1,1].
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3.3 Scalar quantum field theory

We now apply the path-integral formulation of quantum theory to the simplest case
of a scalar field theory. The idea is that the field ϕ(t,x) will become an operator
(in the Heisenberg picture). The operator ϕ̂(t,x) should act on the occupation-
number space—in canonical quantisation the b(k) and b∗(k) create and destroy
particles (seen as occupation levels), in analogy with, e.g. the ladder operators
a± :=p± iq (or a and a∗) for the harmonic oscillator.

However, the important point to bear in mind is that the approach outlined
so far is an alternative to the canonical quantisation procedure via substitution of
operators: indeed, the procedure is far more direct and conceptually simpler. One
merely needs to identify the Lagrangian governing the classical dynamics and use
this in the path integral, which is then unambiguously defined.

The extension of the path integral to N degrees of freedom was given in
Eq. (3.2.18). This can now be applied to a scalar field theory as follows. We
divide the spatial volume into cubic sub-volumes of dimension (∆x)3 and use the
index a, the index to the vectors in Eq. (3.2.18), to label them: Va. The a-th
component of the vector q(t) thus becomes ϕa(t), which we define by

ϕa(t) := (∆x)−3
∫

Va

d3xϕ(t,x). (3.3.1)

It is thus the average of ϕ over the cell volume (we might equally have taken simply
the value of ϕ at the cell centre). The Lagrangian then becomes

L(t) ≡
∫

d3x L(x, t) →
∑

a

(∆x)3 L
(
ϕ̇a(t), ϕa(t)

)
. (3.3.2)

As usual, we may now define the canonical momenta

pa(t) :=
∂L

∂ϕ̇a(t)
= (∆x)3

∂L

∂ϕ̇a(t)
=: (∆x)3 πa(t). (3.3.3)

The Hamiltonian is then

H =
∑

a

pa ϕ̇a(t)− L :=
∑

a

(∆x)3 Ha, (3.3.4)

where, naturally, the Hamiltonian density is just

H
(
πa(t), ϕa(t)

)
= πa(t) ϕ̇a(t)− L

(
ϕ̇a(t), ϕa(t)

)
. (3.3.5)
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With these definitions, the path integral (3.2.18) becomes

lim
n→∞
∆x→0

∫ ∏

a

(
n∏

k=1

dϕa(tk)

n+1∏

k=1

(∆x)3dπa(tk)

)

× exp

{
i

n+1∑

j=1

∆t
∑

b

(∆x)3
[
πb(tj)

ϕb(tj)− ϕb(tj−1)

∆t
−H

(
πb(tj), ϕb(tj)

)]
}

=

∫
DϕDπ exp

{
i

∫ tf

ti

dt d3x
[
π(t,x) ϕ̇(t,x)−H(t,x)

]}
, (3.3.6)

where, following our earlier formulation, we have defined π(t,x), the field conjugate
to ϕ(t,x), by

π(t,x) :=
∂L

∂ϕ̇(t,x)
. (3.3.7)

In analogy with the quantum-mechanical case, the path integral runs over all field
configurations ϕ(t,x) and π(t,x), subject to boundary conditions of the form

ϕ(ti,x) = ϕi(x) and ϕ(tf ,x) = ϕf (x). (3.3.8)

Let us stress once more, the quantities involved here, ϕ(t,x) and π(t,x), remain
classical field configurations and not operators.

3.3.1 The generating functional Z [J ]

The natural extension of Eq. (3.2.26) to a field is simply

Z [J ] ∝ 〈ϕf(x),tf |ϕi(x),ti〉J

=

∫
DϕDπ exp

{
i

∫ tf

ti

d4x
[
π(x) ϕ̇(x)−H

(
π(x), ϕ(x)

)
+ J(x)ϕ(x)

]}
.

(3.3.9)

The normalisation of Z [J ] is chosen such that Z [J ]
∣∣
J=0

=1 and, as before, the
auxiliary, external, source term J(x)ϕ(x) serves to study the generic ground-state
transition amplitude. Since we are dealing here with the description of particle
dynamics in a relativistic context and, in particular, we expect creation and de-
struction to occur, it is natural to take the ground state as coinciding with the
vacuum; that is, the empty state.∗ Following the example from non-relativistic

∗ That the vacuum state should be the lowest-energy state is not guaranteed a priori ; it is indeed
possible that non-trivial interactions lead to configurations with non-zero expectation value for
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quantum mechanics, i.e. Eq. (3.2.41), we shall thus define the n-point Green func-
tion:

G
(n)(x1, . . . , xn) := (− i )n

δnZ [J ]

δJ(x1) . . . δJ(xn)

∣∣∣∣
J=0

= 〈0|T
[
ϕ(x1)...ϕ(xn)

]
|0〉, (3.3.10)

which is none other than the vacuum expectation value of the time-ordered product
of n fields.

On a historical note, the relationship between G
(n) and the expectation value

of the time-ordered product of fields was originally derived by Schwinger (1951)
within the context of his source theory, but without the auxiliary of the path integ-
ral. The important point of the path-integral formulation, apart from the elegant
proof it permits, is that it also provides an explicit (albeit formal) expression for
calculation.

Recall that all quantities are classical and therefore commute; we may thus
rewrite Z [J ] as an expansion in powers of J , for which the Green functions are
then just the coefficients:

Z [J ] =

∞∑

n=0

in

n!

∫
d4x1 . . .d

4xn G
(n)(x1, . . . , xn) J(x1) . . . J(xn), (3.3.11)

where the first term (n=0) is just 1, representing the trivial zero-point function.
We can again perform the analytic continuation to Euclidean space–time (i.e.

Wick rotate to imaginary time). However, since the process should be well un-
derstood by now, we shall remain in Minkowski space and simply appeal, when
necessary, to the possibility of a Euclidean formulation in order to justify the vari-
ous operations. To render the transition from one to the other unambiguous, we
may introduce an “ iε ” term (equivalent to a complex mass or finite lifetime):

H → H−1
2
iεϕ2 (ε = 0+). (3.3.12)

As before, the special case, in which the Lagrangian density has the simple
separated form (i.e. the ϕ’s and ϕ̇’s are not mixed)

L(ϕ, ∂µϕ) = 1
2
ϕ̇2 + F(ϕ,∇ϕ), (3.3.13)

some fields and yet with lower energy than the naïve vacuum (as in the case of the phenomenon
known as spontaneous symmetry breaking, which we shall study later). For the moment we
shall simply ignore such possible complications.
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allows us to perform the π integral explicitly. We start from, cf. (3.3.9),

Z [J ] =

∫
DϕDπ exp

{
i

∫ tf

ti

d4x
[
π ϕ̇− 1

2
π2 − F(ϕ,∇ϕ) + Jϕ

]}
. (3.3.14)

Completing the square in π and performing the Gaussian functional integral, leads
directly to

Z [J ] ∝
∫

Dϕ exp

{
i

∫ tf

ti

d4x
[
1
2
ϕ̇2 + F(ϕ,∇ϕ) + Jϕ

]}

=

∫
Dϕ exp

{
i

∫ tf

ti

d4x
[
L(ϕ, ∂µϕ) + Jϕ

]}
. (3.3.15)

As usual, the normalisation is fixed by requiring Z [J ]
∣∣
J=0

=1. Again, this simple
result is obtained only by virtue of the particular form of L. Otherwise, the integral
in π must be performed explicitly first and the final result will then depend on
some Leff 6=L.

3.3.2 The free-field case

Let us first examine the simple free-field case in which F does not contain terms
higher than quadratic in ϕ. That is, the Lagrangian takes the form

L → L0 = 1
2
[(∂µϕ)(∂µϕ)−m2ϕ2], (3.3.16)

where the subscript “0” stands for “free”. For clarity, we return to the discrete
formulation and for simplicity we shall choose ∆t=∆=∆x. Thus,

Z0[J ] ∝
∫

Dϕ exp

{
i

∫ tf

ti

d4x
[
L0(ϕ, ∂µϕ) + Jϕ

]}

→ lim
∆→0

∫ ∏

a

dϕa exp

{
i

[
∆8
∑

a,b

1
2
ϕaKab ϕb +∆4

∑

a

Jaϕa

]}
, (3.3.17)

The matrix operator Kab is such that in the limit we have

lim
∆→0

Kab = −
[
�+m2 − iε

]
δ4(x− y) =: K(x, y), (3.3.18)
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with a→x and b→ y as ∆→0; we shall call this the Klein–Gordon operator. The
ϕa integrations can be performed by exploiting the formulæ derived earlier:

Z0[J ] = lim
∆→0

1√
detKab

∏

c

√
2π

i∆8 exp

{
−1

2
i
∑

a,b

Ja(K
−1)abJb

}
, (3.3.19)

where the inverse of Kab (the Green function) is naturally defined by

∑

c

(K−1)acKcb = δab. (3.3.20)

Note that the continuum limits for the delta and sum are:

∆−4δab → δ4(x− y) and
∑

a

∆4 →
∫

d4x . (3.3.21)

In the continuum then (with the usual normalisation) we have just

Z0[J ] = exp

{
−1

2
i

∫
d4x d4y J(x) K−1(x, y) J(y)

}
. (3.3.22)

We now rewrite the inverse of K(x,y) in the following suggestive form:

K
−1(x, y) = ∆F(x− y). (3.3.23)

This is known as the Feynman propagator and we shall now show that it really
does only depend on the difference (x−y). From the definition of K, we can write

K(x, y) =

∫
d̄4p e ip·(x−y)

[
p2 −m2 + iε

]
, (3.3.24)

from which it immediately follows that

K
−1(x, y) =

∫
d̄4p e ip·(x−y)

[
p2 −m2 + iε

]−1
. (3.3.25)

This is indeed the Feynman propagator (or Green function), as may be seen by
considering that from the above we have

[
�x+m

2
]
∆F(x− y) = −

∫
d̄4p e ip·(x−y) = −δ4(x− y). (3.3.26)

And thus ∆F is associated with the propagation of solutions to the Klein–Gordon
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equation [
�+m2

]
ϕ(x) = 0. (3.3.27)

One should note that the “ iε ” prescription, as applied here (via the additional
iεϕ2 term in the Lagrangian), cannot be readily generalised to the fermion or
gauge-field cases (owing to the presence of negative-energy solutions in the former
case and the preclusion of a mass term in the latter). We shall thus, in general,
simply insert an iε into the propagator by hand. The final form of the free-field
generating functional is then

Z0[J ] = exp

{
− i

∫
d4x d4y 1

2
J(x)∆F(x− y) J(y)

}
, (3.3.28)

with ∆F defined as above.

3.3.3 Free-field Green functions

As already seen, functional derivatives of Z [J ] with respect to J generate the
n-point Green functions of the theory. The formula just derived then provides
an explicit method to calculate them. First of all, note that an odd number of
derivatives always leaves one factor of J , which causes the entire term to vanish
on setting J =0; we need thus only consider n even. We shall present n=2 and 4,
the continuation to n≥6 being straightforward and G

(0)
0 is, of course, unity.

G
(2)
0 (x1, x2) = i∆F(x1 − x2), (3.3.29a)

G
(4)
0 (x1, x2, x3, x4) = i

[
∆F(x1 − x2)∆F(x3 − x4)

+ ∆F(x1 − x3)∆F(x2 − x4)

+ ∆F(x1 − x4)∆F(x2 − x3)
]
. (3.3.29b)

Note that the full interacting theory will also generate terms for n odd (even n=1
may occur). This simple mathematical structure leads to a natural diagrammatical
representation, in which, first of all, the free-field propagator or two-point (Green)
function is indicated symbolically by a line:

G
(2)
0 (x1, x2) = x1 x2 (3.3.30a)
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and the free-field four-point function is then

G
(4)
0 (x1, x2, x3, x4) =

x2

x1

x4

x3

+ (x2 ↔ x3) + (x3 ↔ x4). (3.3.30b)

Given that G
(2)(x1,x2) is associated with the propagation of one field between

the space–time points x1 and x2, then it is natural to assume that G(4)(x1,x2,x3,x4)
will have to do with the propagation of two fields between the space–time points
x1, x2, x3 and x4. We shall later show how this comes about.

It turns out that calculations are more easily performed in momentum space;
it is therefore useful to apply a Fourier transform:

G
(n)(p1, . . . , pn) δ̄

4(p1 + · · ·+ pn)

:=

∫
d4x1 . . .d

4xn e i (p1·x1+···+pn·xn) G(n)(x1, . . . , xn). (3.3.31)

The energy–momentum conserving δ-function has been written explicitly since
translation invariance implies that Green functions only depend on space–time
differences. Moreover, we do not distinguish symbolically between G

(n) for ordinary
space–time and momentum space since, given the arguments, there is evidently no
ambiguity. For the free-field two-point function, we thus write

G
(2)
0 (p,−p) = i∆F(p) =

i

p2 −m2 + iε
. (3.3.32)

The corresponding diagrammatic representation is just

G
(2)
0 (p,−p) = i∆F(p) =

p
. (3.3.33)

Note that the energy–momentum here has a specific diagrammatic direction of flow
and so sometimes an explicit arrow is attached to the propagator line (although this
is only strictly necessary when there is transport of conserved quantum numbers).

3.3.4 Connected Green functions

As shown in Eq. (3.3.29b), the Green functions generated by differentiating Z [J ]
are disconnected. However, there can evidently be no interesting dynamics con-
tained in such processes; e.g. G

(4)
0 merely describes the independent propagation of

two non-interacting fields. We shall now show how to exclude such contributions
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and leave only connected processes.
To this end, we define a new generating functional Zc[J ] by

exp
{
iZc[J ]

}
:= Z [J ], (3.3.34a)

or equivalently
iZc[J ] := lnZ [J ]. (3.3.34b)

We then see that

iδnZc[J ]

δJ1δJ2 . . . δJn
=

1

Z [J ]

δnZ [J ]

δJ1δJ2 . . . δJn

−
{

1

Z [J ]

δZ [J ]

δJ1

1

Z [J ]

δn−1Z [J ]

δJ2 . . . δJn
+ perms

}

−
{

1

Z [J ]

δ2Z [J ]

δJ1δJ2

1

Z [J ]

δn−2Z [J ]

δJ3 . . . δJn
+ perms

}
− . . .

+

{
1

Z [J ]

δZ [J ]

δJ1

1

Z [J ]

δZ [J ]

δJ2

1

Z [J ]

δn−2Z [J ]

δJ3 . . . δJn
+ perms

}
+ . . . , (3.3.35)

where we have adopted the shorthand Jn :=J(xn). It is almost immediate that
in a free-field theory the only connected Green function is the two-point function.
To see this, let us express Zc[J ] as a power series, of which the coefficients should
now be connected Green functions:

iZc[J ] =
∞∑

n=0

in

n!

∫
d4x1 d

4x2 . . .d
4xn G

(n)
c (x1, x2, . . . , xn) J(x1)J(x2) . . . J(xn).

(3.3.36)

Note that, since we require e iZc[J ] |J=0=1 for a free-field theory, the n=0 term
(vacuum diagrams) vanishes, as too the n=1 term (so-called tadpole diagrams).
They have been retained, however, for complete generality.

Comparison of Eq. (3.3.34a) and Eq. (3.3.28) immediately leads to

Zc0[J ] = −1
2

∫
d4x d4y J(x)∆F(x− y) J(y) (3.3.37)

and thus
G
(2)
0 c (x1 − x2) = G

(2)
0 (x1 − x2) = i∆F(x1 − x2). (3.3.38)

Once we move over to the full interacting theory, there will also be connected
diagrams with n 6=2 external fields. Moreover, even the simple two-point function
will have higher-order contributions (quantum corrections) and removal of the
disconnected terms will then become important. We shall, however, postpone
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further examination of this question until later.
What may not be so obvious is that the terms following the first on the right-

hand side of Eq. (3.3.35) indeed have the function of removing the disconnected
contributions. We shall now demonstrate this. First let us comment on the Z [J ]
factors in the denominators. Although the free-field version of Z [J ] for J =0 is
unity, the interacting theory generates higher-order (in perturbation theory) con-
tributions. These are purely vacuum diagrams (bubbles), which are effectively an
overall renormalisation with no physical importance. Precisely the same sum of
bubble graphs appears multiplying all higher-order Green functions. The denom-
inator Z [J ] associated with each set of derivatives of Z [J ] in Eq. (3.3.35) then
simply cancels this irrelevant overall renormalisation factor in all cases.

The simplest proof of the connectedness of G
(n)
c proceeds via induction. We

shall therefore first examine the lowest-order derivatives:

iδZc[J ]

δJ1
=

1

Z [J ]

δZ [J ]

δJ1
, (3.3.39a)

iδ2Zc[J ]

δJ1δJ2
=

1

Z [J ]

δ2Z [J ]

δJ1δJ2
− 1

Z [J ]

δZ [J ]

δJ1

1

Z [J ]

δZ [J ]

δJ2

=
1

Z [J ]

δ2Z [J ]

δJ1δJ2
− iδZc[J ]

δJ1

iδZc[J ]

δJ2
. (3.3.39b)

The first of these shows that, apart from the renormalisation discussed above, the
connected and disconnected one-point functions are (rather obviously) identical.
The second explicitly displays cancellation of the possible disconnected two-point
contribution formed by the product of two (connected) one-point diagrams.

Exercise 3.3.1. Evaluate the third-order derivative, show explicitly by regrouping
of terms and substitution that the connected three-point function is the disconnected
three-point function with the three possible products of connected one- and two-point
functions together with the product of three one-point functions subtracted.

Consider now the n-th derivative of Eq. (3.3.34a): dividing out a factor of Z [J ],
we obtain

1

Z [J ]

δnZ [J ]

δJ1δJ2 . . . δJn
=

iδnZc[J ]

δJ1δJ2 . . . δJn
+

{
iδZc[J ]

δJ1

iδn−1Zc[J ]

δJ2 . . . δJn
+ perms

}

+

{
iδ2Zc[J ]

δJ1δJ2

iδn−2Zc[J ]

δJ3 . . . δJn
+ perms

}
+ . . .

+

{
iδZc[J ]

δJ1

iδZc[J ]

δJ2

iδn−2Zc[J ]

δJ3 . . . δJn
+ perms

}
+ . . . (3.3.40)
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By hypothesis, all of the first n−1 orders of derivatives appearing on the right-hand
side generate connected functions. The terms after the first on the right-hand side
thus generate all possible disconnected contributions to the n-point function. It
therefore follows that the first term generates the connected n-point contribution.
Since G

(1)
c and G

(2)
c have been shown explicitly to be connected, the inductive proof

is complete.

3.3.5 The effective action

We have

Z [J ] = e iZc[J ] =

∫
Dϕ exp

{
i

∫
d4y

[
L(ϕ, ∂µϕ) + J(y)ϕ(y)

]}
. (3.3.41)

Now, taking the first functional derivative of Zc[J ], we obtain

δZc[J ]

δJ(x)
=

1

Z [J ]

∫
Dϕϕ(x) exp

{
i

∫
d4y

[
L(ϕ, ∂µϕ) + J(y)ϕ(y)

]}
. (3.3.42)

This object is just the ground-state expectation value of ϕ(x) in the presence of the
source J(x). In other words, it is just the classical field (but more on this shortly).
The classical field so-defined has some importance, as we shall see later, when
discussing spontaneous symmetry breaking. Note though that it is a functional of
J(x). We therefore define

ϕc(x) :=
δZc[J ]

δJ(x)
, (3.3.43)

where the index c stands for classical on the left-hand side but connected on the
right-hand side. And writing Zc[J ]= 〈0|0〉J , we thus have

ϕc(x) =
〈0|ϕ(x)|0〉J

〈0|0〉J
, (3.3.44)

where |0〉 is used to indicate the vacuum or ground state.
Let us now perform a Legendre transform on Zc[J ]:

Γ[ϕc] := Zc[J ]−
∫

d4x J(x)ϕc(x). (3.3.45)

Such a transform is well-known in classical mechanics and statistical thermody-
namics; it is analogous here, e.g., to the relation F =E−TS relating the Helmholtz
free energy F to the entropy S.

Exercise 3.3.2. Take the functional derivative of Γ[ϕc] with respect to J(x) and
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thus show that Γ[ϕc] indeed only depends on ϕc(x) and not on J(x).

The symmetry of the equations is evident and J(x) can now be obtained by
taking a functional derivative of Γ[ϕc] with respect to ϕc(x):

J(x) = − δΓ[ϕc]

δϕc(x)
. (3.3.46)

The significance of the dual pair of equations (3.3.43 & 46) is that in the absence
of J (i.e. J =0) Eq. (3.3.43) gives precisely the true classical field, which in turn
is seen to extremise (usually minimise) the functional Γ[ϕc]. We shall thus be led
to interpret Γ[ϕc] as the effective action.

From the definition of ϕc, in the free-field case we have

ϕc(x) = −
∫

d4y∆F(x− y) J(y). (3.3.47)

Now, since ∆F(x−y) is precisely the Green function for the Klein–Gordon equa-
tion, ϕc(x) then satisfies

[
�+m2

]
ϕc(x) = J(x), (3.3.48)

which, indeed, is none other than the classical field equation in the presence of an
external source J(x).

With these definitions in hand, we may now proceed with the calculation of the
effective action Γ0[ϕc] for the free-field case. Let us first add one more definition
or shorthand for the Klein–Gordon operator (i.e. the same symbol as used earlier
but now having only one argument; so there should be no confusion):

K(x) := �x+m
2. (3.3.49)

We may start from Eq. (3.3.37) and use (3.3.48) to eliminate J(x):

Zc[J ] = −1
2

∫
d4x d4y J(x)∆F(x− y) J(y)

= −1
2

∫
d4x d4y [K(x)ϕc(x)]∆F(x− y) [K(y)ϕc(y)] . (3.3.50)

where the square brackets are used to delimit the action of the operator. Thus,

Γ0[ϕc] = −1
2

∫
d4x d4y [K(x)ϕc(x)]∆F(x− y) [K(y)ϕc(y)]

−
∫

d4x [K(x)ϕc(x)]ϕc(x)
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= +1
2

∫
d4xϕc(x) [K(x)ϕc(x)]−

∫
d4x [K(x)ϕc(x)]ϕc(x)

= −
∫

d4x 1
2

[
∂µ∂µϕc(x) +m2ϕc(x)

]
ϕc(x)

=

∫
d4x 1

2

[
∂µϕc(x) ∂µϕc(x)−m2ϕ2

c(x)
]

=

∫
d4x L0(ϕc, ∂µϕc), (3.3.51)

where in the various steps we have integrated by parts and exploited the relation
K
−1(x)=∆F(x). The final expression is just the classical action corresponding to

the classical free-field; hence the previous choice of the term effective action.
Such an interpretation takes on a particularly useful meaning in the full inter-

acting theory. While interactions generally render the theory insoluble in closed
form (owing to the induced quantum corrections), we may still perform a formal
functional expansion in powers of the field ϕc(x):

Γ[ϕc] =

∞∑

n=1

in

n!

∫
d4x1 . . .d

4xn Γ
(n)(x1, . . . , xn)ϕc(x1) . . . ϕc(xn). (3.3.52)

It will turn out that the coefficients Γ(n) correspond not only to n-point functions
that are connected, but that are also what are termed one-particle irreducible
(1PI); that is, they cannot be rendered disconnected by cutting just a single in-
ternal line. Some examples of 1PI and non-1PI functions are shown in Fig. 3.1.

(a) (b) (c) (d)

Figure 3.1: Examples of (a–c) 1PI and (d) non-1PI or one-particle reducible diagrams.

In the free-field case, as already shown, there is only one such non-vanishing
n-point 1PI function: that for n=2,

Γ
(2)
0 (x, y) = K(x) δ4(x− y). (3.3.53)

Just as for G(n), we may now perform a Fourier transform and define the momentum-
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space versions:

Γ(n)(p1, p2, . . . , pn) δ̄
4(p1 + p2 + · · ·+ pn)

:=

∫
d4x1 . . .d

4xn e i (p1·x1+···+pn·xn) Γ(n)(x1, x2, . . . , xn). (3.3.54)

The free-field two-point momentum-space 1PI function is then

Γ
(2)
0 (p,−p) = −(p2 −m2). (3.3.55)

One can also make a low-energy or Taylor expansion, which is equivalent to an
expansion in powers of momenta:

Γ[ϕc] =

∫
d4x

[
−V(ϕc) +

1
2
A(ϕc) ∂

µϕc ∂µϕc + . . .
]
, (3.3.56)

where now the coefficients V(ϕc), A(ϕc), . . . are simple functions of ϕc and hence
of x. The first term V(ϕc) is then called the effective potential. Note that in the
case where the classical field is space–time independent (so that only this term
survives), from Eq. (3.3.46) we have

∂V(ϕc)

∂ϕc(x)
= J(x). (3.3.57)

Setting J =0, we then see that the classical field configuration ϕc is that which
extremises∗ the effective potential. In other words, once we know V(ϕc), then we
can immediately obtain the vacuum expectation value of the field ϕc. Of course,
if ϕc is not constant, then we must minimise the full expression for Γ[ϕc].

We should perhaps remark here that one can show that higher derivatives of
Zc[J ] for J =0 are actually the n-point connected Green functions for the true
minimum; i.e. for the shifted field ϕ̃ :=ϕ−ν, where

ν :=
δZc[J ]

δJ(x)

∣∣∣∣
J=0

. (3.3.58)

That is, for ϕ̃ with vanishing vacuum expectation value. Note that, since the right-
hand side is translationally invariant, ν is necessarily space–time independent.

Exercise 3.3.3. By differentiating (3.3.42) with respect to J (remembering to

∗ Since one can show that V(ϕc) corresponds to an energy density, then the ground state (lowest-
energy state) must, in fact, evidently be a minimum.
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differentiate the denominator too) and then setting J =0, show, for example, that

δ2Zc[J ]

δJ(x1) δJ(x2)

∣∣∣∣
J=0

= i

∫
Dϕ ϕ̃(x1)ϕ̃(x2) e

i
∫
d
4
x L(x)

∫
Dϕ e i

∫
d
4
x L(x)

.

By induction, this can be extended to the general n-point function.

In general, as would appear natural from the foregoing observation, we shall use
the shifted fields to construct the quantum field theory. That is, we shall always
consider quantum fluctuations (or perturbations) around the ground state of the
theory. This becomes especially important in the presence of spontaneously broken
symmetries, whence fields may acquire non-vanishing vacuum expectation values
owing to the particular form of the potential occurring in the Lagrangian. It would
then be incorrect to perturb around the vacuum (zero-field) configuration as this
is unstable by construction. In such cases the shift must, however, be performed
by hand before the quantisation procedure.
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Chapter 4

Scattering Amplitudes and Feynman

Rules

In this chapter we shall build on what we have constructed so far and learn how to
calculate scattering amplitudes in a quantum field theory. Up to now what we have
directly shown how to calculate are vacuum transition amplitudes and vacuum
expectation values of products of fields. A scattering amplitude is, however, a
little more complex. The typical process we shall attempt to describe is that of
scattering between two particles (or fields) that at some time in the distant past
are sufficiently separated as to be considered effectively non-interacting (so-called
asymptotic states). The two particles will then approach one another and will
interact either directly via some local interaction simultaneously involving the two
or indirectly via the exchange of some “force” field (such as the photon). The
final-stare products (after any further decays or interactions) will then move apart
and at some point in the distant future will be sufficiently separated as to be again
considered effectively non-interacting. Naturally, we should also consider the other
physical possibility: namely, the decay of an unstable particle into two or more
final, lighter, states; there is, however, no substantial difference in the calculational
procedure.

4.1 Asymptotic states

As mentioned earlier, all the interactions we shall consider are local : that is,
they involve fields evaluated at precisely the same space–time point or, in other
words, they are truly point-like. The historic notion of action-at-a-distance is then
superceded by point-like interactions giving rise to the exchange of fields, which
may transport energy, momentum and quantum numbers between different space–
time points.

57
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After the interaction phase we may find that the two original particles are
no longer present and have been replaced by any number of new fields—this is
an essential difference with respect to quantum mechanics, where particle number
and type are always conserved. The final state must, however, be allowed to attain
the non-interacting regime; that is, the particles must all again become sufficiently
well separated as to be considered independent. We shall, in fact, see that in the
case of long range interactions such as QED this ideal situation is not strictly
attainable; it is, however, possible to make corrections for all residual effects.

An important, indeed central, aspect of such so-called asymptotic states is that
they obey the usual mass-shell condition:

p2 = m2, (4.1.1)

where m, the physical mass, need not necessarily correspond, for example, to the
parameter appearing in the m2ϕ2 term of the Lagrangian. Obviously, any resid-
ual interaction would invalidate such a condition owing to the contribution of the
interaction energy. In the canonical approach we should now derive the so-called
reduction formalism of Lehmann, Symanzik and Zimmermann (1955) to relate the
desired physical scattering amplitudes to the time-ordered field correlation func-
tions we have been studying; the path-integral approach adopted here allows a
somewhat more straight-forward derivation.

4.2 Scattering amplitudes

4.2.1 Scattering amplitudes in quantum mechanics

We shall first return to the simpler case of non-relativistic quantum mechanics.
So far, the configurations contributing to the path integral have been determined
by requiring that they satisfy some simple boundary conditions, such as ϕ(t,x)→
ϕ±(x) as t→±∞, where ϕ± may or may not be zero. Now, even if we should
decide to use fields that vanish in the distant past and future, there is no guarantee
that the above physical mass-shell condition be satisfied. Thus, our prescription for
computing scattering amplitudes must also encode this requirement independently.

Let us consider the simple case of non-relativistic quantum mechanics in one
space dimension. The generalised transition amplitude to pass from some initial
state |i〉 to some final state |f〉 is

Mfi(tf , ti) := 〈f |i〉 =

∫
dqi dqf 〈f |qf ,tf 〉〈qf ,tf |qi,ti〉〈qi,ti|i〉. (4.2.1)

Note that the initial and final states are not necessarily eigenstates of generalised
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position while the intermediate states used here are defined to be such. The first
and last bra–ket pairs represent the initial- and final-state wave-functions:

〈qi,ti|i〉 = φi(qi, ti) and 〈qf ,tf |f〉 = φf(qf , tf ). (4.2.2)

These may be expanded in terms of momentum eigenstates |p〉, in the Schrödinger
picture:

φa(q, t) =

∫
dp 〈q,t|p〉〈p|a〉

=

∫
dp 〈q|e− iHt |p〉 ca(p), (4.2.3)

where the Fourier coefficient is ca(p)≡〈p|a〉 for a= i,f .
The asymptotic condition may be most easily attained by requiring the scat-

tering potential to be short range; i.e., V (q)∼0 for |q|>∼ R0. The initial and final
wave-functions will thus be taken as only being non-zero for |qi,f |≫R0. We shall
also take the infinite limits of the initial and final times. Thus, the matrix elements
are

Mfi = lim
ti→−∞

tf→+∞

∫
dqi dqf φ

∗
f(qf , tf)〈qf ,tf |qi,ti〉φi(qi, ti). (4.2.4)

The wave-functions only appear for times such that they are localised in positions
effectively isolated from the scattering potential V and therefore only depend on
the free Hamiltonian. We thus have

〈q|e− iHt |p〉 ≃ 〈q|e− iP
2
t/2m |p〉

= e− ip
2
t/2m 〈q|p〉

= 1√
2π

e− ip
2
t/2m e ipq . (4.2.5)

Substituting this back into the wave-function, we may then write (a= i,f)

φa(qa, ta) = 1√
2π

∫
dp ca(p) e

− ip
2
ta/2m e ipqa . (4.2.6)

We may now make an asymptotic expansion of the wave function (i.e. for |t|
and therefore |q| large). Since the interaction is inoperative in this region, we may
assume that the momentum or velocity of the particle tends to some constant and
that the ratio q/t will thus tend asymptotically to some finite value. Now, the
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exponent above may be rewritten:

p2t

2m
− pq =

t

2m

(
p− mq

t

)2
− mq2

2t
. (4.2.7)

Defining then a rescaled momentum

k :=

( |t|
2m

)1/2 (
p− mq

t

)
, (4.2.8)

in the limit |t|→∞ we have

φa(q, t) = 1√
2π

( |t|
2m

)−1/2

e imq
2
/2t

∫
dk ca(p) e

iǫ(t)k
2

, (4.2.9)

where, inverting (4.2.8),

p =
mq

t
+

(
2m

|t|

)1/2
k (4.2.10)

and

ǫ(t) =

{
−1 for t < 0,
+1 for t > 0.

(4.2.11)

Performing a Taylor expansion of ca in the small quantity

(
2m

|t|

)1/2
k ≪ mq

t
, (4.2.12)

for |t|→∞, we have

ca(p) ∼ ca(mq/t)
[
1 +O(|t|−1/2)

]
. (4.2.13)

The integral in k may now be performed to give

φa(q, t) =

( |t|
2m

)−1/2

e imq
2
/2t ca(mq/t)

[
1 +O(|t|−1/2)

]
e− iǫ(t)π/4 (for |t| → ∞).

(4.2.14)
Keeping just the non-vanishing terms in the limit and substituting back into
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the expression for the transition matrix element, we have

Mfi = lim
ti→−∞

tf→+∞

im√
|titf |

∫
dqi dqf

× c∗f

(mqf
tf

)
e− imq

2
f/2tf 〈qf ,tf |qi,ti〉 ci

(mqi
ti

)
e+imq

2
i /2ti . (4.2.15)

The arguments of ci,f are to be substituted using

pa :=
mqa
ta

(for a = i, f), (4.2.16)

leading to

Mfi = lim
ti→−∞

tf→+∞

i
√

|titf |
m

∫
dpi dpf

× c∗f (pf) e
− ip

2
f tf/2m 〈pf tf

m
,tf |pitim ,ti〉 ci(pi) e+ip

2
i ti/2m . (4.2.17)

Thus, the asymptotic boundary condition on the path integral is now

q(t) ∼





pit

m
for t → −∞

pf t

m
for t → +∞,

(4.2.18)

which evidently corresponds to the equations of motion for a free particle of mass
m and therefore velocity v=p/m. This is in stark contrast with the earlier re-
quirement of constant boundary conditions on q and we shall now need to define
a new generating functional with just this asymptotic behaviour.

4.2.2 Scattering amplitudes in quantum field theory

We now generalise the foregoing argument to the case of a quantum field theory.
We have already know how to calculate the transition amplitude 〈ϕf (x),tf |ϕi(x),ti〉J
in quantum field theory, when the boundary conditions are some generic initial and
final field configurations. Now, however, it is necessary to impose conditions such
that the asymptotic states have free-field behaviour, that is, they must satisfy the
relevant free-field equation of motion (in our case just the Klein–Gordon equation).
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Thus, for

ϕ(t,x) ∼




ϕin(t,x) for t → −∞

ϕout(t,x) for t → +∞,
(4.2.19)

where ϕin,out(t,x) satisfy the free-field equation derived from the free Lagrangian:

[
�+m2

]
ϕin,out(t,x) = 0. (4.2.20)

Now, as discussed in the section on classical fields, the free field may be expressed
as a Fourier expansion:

ϕ0(x) =

∫
d̄3k

2k0

[
b(k) e− ik·x+b∗(k) e+ik·x

]
, (4.2.21)

subject to the mass-shell condition k2=m2. The asymptotic fields ϕin,out(t,x) are
then just special cases. We have seen in the foregoing that the initial state is
associated with the momentum wave-function ci(p) and thus we require

ϕin(t,x) =

∫
d̄3k

2k0
b(k) e− ik·x (4.2.22a)

and

ϕout(t,x) =

∫
d̄3k

2k0
b∗(k) e+ik·x . (4.2.22b)

That is, ϕin,out(t,x) are to be associated with the “positive” and “negative” energy
pieces respectively. In other words, for the initial state we need to “create” particles
from the vacuum (hence the positive energy) while for the final state we must
“destroy” all the states to return to the vacuum (hence the negative energy).

Such behaviour can be arranged via the already familiar “ iε” prescription: we
add a small imaginary part to the energy. This has the result of giving the states
effectively finite lifetimes since now

e± ik0t → e± ik0t e±εt → 0 for t → ∓∞. (4.2.23)

We thus obtain the desired behaviour:

ϕ0(x) ∼
{

ϕin(x) for t → −∞,

ϕout(x) for t → +∞.
(4.2.24)

In this case the asymptotic conditions may be simply rewritten as

ϕ(x) ∼ ϕ0(x) for |t| → ∞. (4.2.25)
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The next step is to discover the form of the generating functional for the rel-
evant scattering-matrix (or S-matrix) elements. Consider the path integral

S [J, ϕ0] :=

∫
Dϕ exp

{
i

∫
d4x

(
L+Jϕ

)} ∣∣∣∣
ϕ(|t|→∞)∼ϕ0

, (4.2.26)

where the argument ϕ0 indicates precisely the boundary conditions just defined.
We now wish to consider the full interacting theory and shall therefore separate
the Lagrangian as follows:

L = L0+LI . (4.2.27)

The first piece is just the kinetic contribution discussed in the free-field case,

L0 = 1
2

[
(∂µϕ)(∂µϕ)−m2ϕ2

]
, (4.2.28)

while LI is intended to contain all remaining interaction contributions. Two com-
mon example choices are

LI = − 1
3!
λϕ3 or − 1

4!
λϕ4. (4.2.29)

The first has a certain similarity to the interaction of quantum electrodynamics
but unfortunately pays the price of representing an inherently unstable potential
(i.e. not bounded from below) while the second is stable but somewhat peculiar in
only describing four-point interactions (similar to Fermi’s theory of the weak inter-
action). For the following derivation, however, it will fortunately not be necessary
to make any specific choice.

Recalling then the particular property of the path integral that it is expressed
in terms of classical (and therefore commuting) fields and not operators, we may
write it as

S [J, ϕ0] :=

∫
Dϕ exp

{
i

∫
d4x

[
L0+Jϕ

]}
exp

{
i

∫
d4x LI

} ∣∣∣∣
ϕ(|t|→∞)∼ϕ0

.

(4.2.30)
In the presence of a non-trivial interaction term, the functional integral cannot
generally be performed in closed form and one must either find some numerical
(non-perturbative) method or make a perturbative (power-series) expansion of the
interaction piece. We have no space here for a discussion of numerical methods,
which at the time of writing have yet to produce solid and reliable results in e.g.,
quantum chromodynamics (QCD). However, as and when such might become
available they would evidently represent a more complete (though hermetic) solu-
tion. In any case, we shall now turn to the perturbative approach. Before doing
so let us stress that such an approximation immediately implies an incomplete
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solution to the full quantum theory and the risk of missing important behaviour
and properties. It is, though, the only theoretically consolidated approach avail-
able a present and certainly the only approach allowing clear and unambiguous
comparison between theory and experiment, where applicable.

The idea is simply to expand the exponential of the interaction term as a power
series in the exponent:

exp

{
i

∫
d4x LI(x)

}
=

∞∑

n=0

1

n!

(
i

∫
d4x LI(x)

)n
. (4.2.31)

This is the heart of the perturbative expansion: it is evidently an expansion in
powers of the interaction potential, considered a small perturbation applied to the
free system. We have already learnt that the vacuum expectation value of powers
of fields may be generated from the free-field generating functional in the presence
of an external source J by taking derivatives with respect to J . Thus, inasmuch
as the perturbing term may be assumed expressible as simple products of fields,
we may write

LI

(
ϕ(x)

)
exp

{
i

∫
d4y J(y)ϕ(y)

}
= LI

(
− i

δ

δJ(x)

)
exp

{
i

∫
d4y J(y)ϕ(y)

}
.

(4.2.32)
Since the term in LI does not now depend explicitly on ϕ(x), we may extract it
from the functional integral in Eq. (4.2.30) and thus write

S [J, ϕ0] = exp

{
i

∫
d4x LI

(
− i

δ

δJ(x)

)}
S0[J, ϕ0], (4.2.33)

where we have defined the free-field generating functional in the presence of an
external source:

S0[J, ϕ0] :=

∫
Dϕ exp

{
i

∫
d4x

[
L0+J(x)ϕ(x)

]}
. (4.2.34)

We now make a shift in the field ϕ(x) and define

ϕ̃(x) := ϕ(x)− ϕ0(x). (4.2.35)

That is, ϕ̃(x)→0 asymptotically and thus represents the fluctuations around the
asymptotic solution. Substituting this into the expression for the free Lagrangian
plus source term, we have

L0(ϕ) + Jϕ = L0(ϕ̃) + Jϕ̃+ L0(ϕ0) + Jϕ0 + ∂µϕ̃ ∂
µϕ0 −m2ϕ̃ϕ0. (4.2.36)
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Integrating by parts and assuming surface terms to vanish, we obtain

L0(ϕ) + Jϕ = L0(ϕ̃) + Jϕ̃+ Jϕ0 − (ϕ0 + ϕ̃)E(ϕ0), (4.2.37)

where
E
(
ϕ0(x)

)
:=
[
�x+m

2
]
ϕ0(x) = 0, (4.2.38)

is a free-field equation-of-motion term. We can thus write

S0[J, ϕ0] =

∫
Dϕ̃ exp

{
i

∫
d4x

[
L0(ϕ̃) + J(x)ϕ̃(x)

]}
exp

{
i

∫
d4x J(x)ϕ0(x)

}
.

(4.2.39)
Here the functional integral, now over ϕ̃, is subject to the asymptotic boundary
condition ϕ̃(x)→0, which is just a special case of the type considered earlier in
Chap. 3. The functional integral in the above is therefore none other than the
free-field disconnected generating functional derived in Eq. (3.3.28) and we may
thus rewrite S0[J,ϕ0] as

S0[J, ϕ0] = Z0[J ] exp

{
i

∫
d4x J(x)ϕ0(x)

}
. (4.2.40)

Exercise 4.2.1. Perform explicitly the integration by parts and necessary algebraic
manipulations described to arrive at Eq. (4.2.39).

Differentiating Z0[J ] functionally with respect to J(x) once leads to

δZ0[J ]

δJ(x)
= −Z0[J ]

∫
d4y i∆F(x− y) J(y). (4.2.41)

The Feynman propagator, or two-point Green function, of the Klein–Gordon the-
ory may be written as an inverse Fourier transform:

∆F(x− y) =

∫
d̄4p e ip·(x−y) [p2 −m2 + iε]−1 (4.2.42)

and is just the inverse of Klein–Gordon operator, which we have called K(x,y).
Therefore, recalling Eq. (3.3.26), we have

[
�x+m

2
] δ

δJ(x)
Z0[J ] = iJ(x)Z0[J ], (4.2.43)

which may be applied repeatedly to provide a formula for any power of J . And
thus

S0[J, ϕ0] = exp

{∫
d4xϕ0(x)

[
�x+m

2
] δ

δJ(x)

}
Z0[J ]. (4.2.44)
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This then allows us to re-write the full interacting expression as

S [J, ϕ0] = exp

{∫
d4xϕ0(x)

[
�x+m

2
] δ

δJ(x)

}

× exp

{
i

∫
d4x LI

(
− i

δ

δJ(x)

)}
Z0[J ]. (4.2.45)

Exercise 4.2.2. One can now retrace the steps taken for S [J,ϕ0] but apply them
to Z [J ]—the only difference lies in the boundary conditions, which are irrelevant
for this purpose—and thus show that

Z [J ] = exp

{
i

∫
d4x LI

(
− i

δ

δJ(x)

)}
Z0[J ]. (4.2.46)

Finally then, we have

S [J, ϕ0] = exp

{∫
d4xϕ0(x)

[
�x+m

2
] δ

δJ(x)

}
Z [J ] (4.2.47)

which we may rewrite as

= exp

{∫
d4xϕ0(x) K(x)

δ

δJ(x)

}
Z [J ]. (4.2.48)

We have thus derived the ground-state-to-ground-state transition amplitude in the
presence of an external source. Of course, the physical amplitudes will be true
ground-state amplitudes and we shall therefore finally set J(x)=0 to give

S [ϕ0] = S [J, ϕ0]
∣∣∣
J=0

. (4.2.49)

The importance of expression (4.2.48) lies in the presence of the Klein–Gordon
operator K as a pre-factor. Once again, integrating by parts, we may allow it to act
on the field ϕ0(x), which leads to a factor (k2−m2) for each Fourier component.
Since, by choice, ϕ0(x) satisfies the Klein–Gordon equation and thus k2−m2=0,
this kills all contributions from Z [J ] except those containing a pole in (k2−m2). In
other words, the effect is to eliminate all off-shell contributions, leaving only those
satisfying the mass-shell condition. This is just the LSZ result, obtained in the ca-
nonical approach (Lehmann, Symanzik and Zimmermann, 1955), with Eq. (4.2.48)
taking the place of the so-called LSZ reduction formula. In practice, when eval-
uating the functional derivatives acting on Z [J ], we shall see that all external
propagators (i.e. those representing initial- or final-state particles) remain and
these then are truncated (or amputated) by the Klein–Gordon pre-factor.
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4.3 Feynman rules for λϕ4
theory

At this point we have all that is necessary to derive the Feynman rules for a simple
λϕ4 theory. From Eq. (4.2.48), we see that the principal object to be evaluated
is just Z [J ] (or, as one might suspect, the closely related Zc[J ]). As already
remarked, this cannot be achieved in a general closed form, except for the trivial
free-field case, and so we must resort to perturbative techniques.

4.3.1 Space–time formulation

For definiteness then, we now consider a scalar field theory with the following
interaction term in the Lagrangian:

LI = − λ

4!
ϕ4. (4.3.1)

The power-series expansion of Eq. (4.2.31) then becomes

exp

{
i

∫
d4x LI

}
= 1− iλ

4!

∫
d4x

δ4

δJ(x)4
+O(λ2), (4.3.2)

keeping just terms to first order in λ, which leads to

Z [J ] = Z0[J ]−
iλ

4!

∫
d4x

δ4Z0[J ]

δJ(x)4
+O(λ2). (4.3.3)

Recall that from Eq. (3.3.28) we have

δZ0[J ]

δJ(x)
= − i

∫
d4y∆F(x− y) J(y)Z0[J ]. (4.3.4)

It is then just a matter of applying this formula the four times necessary at this
order in the approximation:

Z [J ] =

{
1− iλ

4!

∫
d4x

[
3
[
i∆F(x− x)

]2

− 3! i∆F(x− x)

∫
d4x1 d

4x2 i∆F(x− x1) i∆F(x− x2) J(x1) J(x2)

+

∫
d4x1 d

4x2 d
4x3 d

4x4 i∆F(x− x1) i∆F(x− x2) i∆F(x− x3) i∆F(x− x4)

× J(x1) J(x2) J(x3) J(x4)

]
+O(λ2)

}
Z0[J ]. (4.3.5)



68 CHAPTER 4. SCATTERING AMPLITUDES AND FEYNMAN RULES

Recall Eq. (3.3.10), and the standard normalisation:

Z0[0] := 1. (4.3.6)

An immediate consequence is that the Green functions will now include new con-
tributions arising from the interaction. We thus see that already even the purely
vacuum term is non-trivial:

G
(0) = Z [0] = 1− 1

8
iλ

∫
d4x

[
i∆F(x− x)

]2
+O(λ2). (4.3.7)

Moving on to the first interesting Green function, we have

G
(2)(x, y) = G

(2)
0 (x, y)− 1

2
iλ

∫
d4z i∆F(x− z) i∆F(z − z) i∆F(z − y) +O(λ2),

(4.3.8)
where

G
(2)
0 (x, y) = i∆F(x− y) (4.3.9)

is just the free-field two-point Green function already derived (i.e. it is the Feynman
propagator).

Before examining the full interaction term or four-point function itself, let us try
to give a diagrammatic interpretation of the expansion thus far. We have already
suggested assigning a line to the free-field propagator or two-point function; we
now add to this a vertex, corresponding to the factor − iλ:

= − iλ. (4.3.10)

The first-order vacuum diagram for G(0) is then

1
8
×

x
, (4.3.11)

where x is just the integration variable above (we shall comment on the numerical
coefficient shortly). Up to first order, the two-point function is

G
(2)(x, y) = x y + 1

2
× x y

z
+O(λ2). (4.3.12)

The four-point function is

G
(4)(x1, x2, x3, x4) = G

(4)
0 (x1, x2, x3, x4)
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− 1
2
iλ

{
i∆F(x1 − x2)

∫
d4z i∆F(x3 − z) i∆F(z − z) i∆F(z − x4)

+ perms(x1, x2, x3, x4)

}

− iλ

∫
d4z i∆F(x1 − z) i∆F(x2 − z) i∆F(x3 − z) i∆F(x4 − z) +O(λ2). (4.3.13)

The first term G
(4)
0 is just the free-field four-point function already encountered

(recall that it contains three disconnected diagrams). The terms in braces cor-
responds to the free-field function with a loop correction attached to each of the
possible free propagators in turn (giving 3×2=6 diagrams). Finally, we have the
only connected diagram at this order, with four propagators attached to a single
four-point vertex. Diagrammatically this becomes

G
(4)(x1, x2, x3, x4) =

x2

x1

x4

x3

+ perms(x2, x3, x4)

+ 1
2



x2

x1

x4

x3

+ perms(x1, x2, x3, x4)





+

x2

x1

x4

x3

+O(λ2). (4.3.14)

Exercise 4.3.1. Derive these diagrammatic expressions and, in particular, exam-
ine the precise origin of the numerical factors in front of the diagrams containing
loops. In this way attempt to derive a general rule.

This is now a good point to discover the utility of the connected Green functions
derived from Zc[J ]:

iZc[J ] = lnZ [J ]. (4.3.15)

Using the approximation ln(1+ε)= ε+O(ε2) and the explicit expression for Z0[J ]
given in Eq. (3.3.28), we obtain

iZc[J ] = constant − 1
2

∫
d4x1 d

4x2 J(x1) i∆F(x1 − x2) J(x2)
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− 1
8
iλ

∫
d4x

[
i∆F(x− x)

]2

+ 1
4
iλ

∫
d4x d4x1 d

4x2 i∆F(x1 − x) i∆F(x− x) i∆F(x− x2) J(x1) J(x2)

− 1
4!
iλ

∫
d4x d4x1 d

4x2 d
4x3 d

4x4 i∆F(x− x1) i∆F(x− x2)

× i∆F(x− x3) i∆F(x− x4) J(x1) J(x2) J(x3) J(x4)

+O(λ2). (4.3.16)

The additive constant term, reflecting the overall normalisation, will vanish on
taking derivatives. The definition of the connected Green functions (3.3.36), gives

in G(n)
c (x1, x2, . . . , xn) = i

δnZc[J ]

δJ(x1) δJ(x2) . . . δJ(xn)

∣∣∣∣
J=0

. (4.3.17)

We see that, except for the zero-point function, vacuum diagrams are eliminated:

G
(0)
c = Zc[0] = 1− 1

8
iλ

∫
d4x

[
i∆F(x− x)

]2
. (4.3.18)

The first non-trivial connected function is the same as its disconnected version:

G
(2)
c (x, y) = G

(2)
0 (x, y)− 1

2
iλ

∫
d4z i∆F(x− z) i∆F(z − z) i∆F(z − y) +O(λ2)

= x y + 1
2
× x y

z
+ O(λ2). (4.3.19)

To this order the connected four-point function is now non-vanishing although only
the vertex term itself survives:

G
(4)
c (x1, x2, x3, x4) =

x2

x1

x4

x3

+O(λ2). (4.3.20)

Exercise 4.3.2. Show that the interaction generates a non-trivial connected six-
point function and derive its graphical representation.
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4.3.2 Momentum-space formulation

We have seen that, in general, the expressions for the n-point functions involve
convolutions of simpler pieces (e.g. propagators and lowest-order vertices). Thus, if
we make a Fourier transform to momentum space, we may expect these to become
simple products. This, coupled to the fact that the propagator has its simplest
form there, leads us to prefer the momentum-space formulation. The connected
Green functions are then

G
(n)
c (p1, p2, . . . , pn) δ̄

4(p1 + p2 + · · ·+ pn)

=

∫
d4x1 . . .d

4xn e i (p1·x1+···+pn·xn) G(n)
c (x1, x2, . . . , xn), (4.3.21)

where the energy–momentum conserving δ-function has again been explicitly fac-
torised.

Taking the Fourier transform of (4.3.19), we obtain

G
(2)
c (p,−p) = G

(2)
0 (p,−p)− 1

2
iλ

∫
d̄4k i∆F(p) i∆F(k) i∆F(p) +O(λ2)

=
p

+ 1
2
×

p
k

p
+O(λ2), (4.3.22)

where the momentum-space free-field two-point function is

G
(2)
0 (p,−p) = i∆F(p) =

i

p2 −m2 + iε
. (4.3.23)

We can now write down the momentum-space Feynman rules. The basic form
should now be obvious. A little examination reveals that the space–time integ-
ration at each vertex turns into a four-momentum conservation δ-function and
so a number of four-momentum integrations can then be performed immediately.
At the end, we shall find just a single, overall, four-momentum conservation δ-
function (already factored out in the definition of the Green functions) together
with a number of remaining unconstrained four-momentum integrals, one for each
closed loop. Note too that the above-defined Green functions automatically have
propagators associated with each external leg. These will then be truncated by
the corresponding Klein–Gordon operator associated with external particles in the
reduction formula (4.2.48) for the vacuum-to-vacuum transition amplitudes.

In short then, the Feynman rules are:

1. Internal lines, corresponding to propagators of momentum p, are represented
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as p
= i∆F(p) =

i

p2 −m2 + iε
. (4.3.24)

2. In ϕ4 theory vertices are represented as

p1

p2
p4

p3

= − iλ, (4.3.25)

with the constraint that
∑4

i=1pi=0.

2′. In ϕ3 theory vertices are represented as

p1

p2 p3
= − iλ, (4.3.26)

with a similar total-momentum constraint.

3. Each topologically distinct closed loop is associated with an unconstrained
four-momentum integral over d̄4k .

4. Symmetry factors are associated with equivalent internal propagators: n lines
that leave the diagram unaltered under interchange carry a factor 1/n! and
any propagator with both extremities connected to the same vertex carries
an additional factor 1/2.

We should note that these Feynman rules are specific to scalar theory and will
change quite substantially for theories describing fermions and/or spin-one bo-
sons. Evidently too, the loop-momenta integrals may and indeed often will lead
to infinities and thus require further study.

4.3.3 The loop expansion

To better understand the nature of the perturbative expansion, it will now be
useful to restore the factor ~ in the various expressions leading to the Feynman
rules. That is, we should start from an expression such as

Z [J ] = exp
{
iZc[J ]

}
=

∫
Dϕ exp

{
i

~

∫
d4x

[
L(ϕ, ∂µϕ) + J(x)ϕ(x)

]}
.

(4.3.27)
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Let us first rescale both ϕ(x) and J(x) in the following manner:

ϕ̃(x) := 1√
~
ϕ(x) (4.3.28a)

and
J̃(x) := 1√

~
J(x). (4.3.28b)

This has the effect of removing all trace of ~ from the free theory (i.e. from both
the free Lagrangian and the source term) while multiplying the interaction term
in, e.g., a λϕn theory by ~

n
2
−1. Since n>2, this is necessarily a non-vanishing,

positive power.
Consider then our model λϕ4 theory and take a generic diagram with L loops, E

external fields, I internal propagators (i.e. excluding those that will be amputated)
and V vertices. Since each propagator has two ends (either internal and attached
to vertices or external and unattached) and each vertex connects to four such ends,
we have

E + 2I = 4V. (4.3.29)

For the number of free loop-momenta integrations, we also find that

L = I − (V − 1) = 1 + V − E/2. (4.3.30)

Thus, for fixed initial and final states (i.e. fixed E), the number of free loop
integrations is directly determined by the number of vertices. Since each vertex
carries a factor ~, we may, in fact, view the loop or perturbative expansion (in
λ) as equivalently a quantum expansion. That is to say, while the leading-order
diagram (usually a tree diagram corresponding to the Born approximation) for a
given process may or may not (though, indeed, it most likely does) lead to a positive
power of ~ and thus may or may not already be considered a quantum-mechanical
effect, all higher-order contributions most certainly contain extra powers of ~ and
therefore do correspond to quantum effects or corrections.

4.3.4 1PI n-point functions

In Sec. 3.3.5 we introduced the effective action Γ[ϕc] as the generator of 1PI n-
point functions via their definition (3.3.52). Thus, in the presence of interactions,
Eq. (3.3.47) becomes

ϕc(x) :=
δZc[J ]

δJ(x)

= −
∫

d4y∆F(x− y) J(y)
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+ 1
2
λ

∫
d4y d4z i∆F(x− y) i∆F(y − y) i∆F(y − z) J(z)

− 1
3!
λ

∫
d4y d4z1 d

4z2 d
4z3 i∆F(x− y)

× i∆F(y − z1) i∆F(y − z2) i∆F(y − z3) J(z1) J(z2) J(z3)

+O(λ2). (4.3.31)

For the effective action, or the generator of 1PI n-point functions, Γ[ϕc], using
(4.3.16), we have then

iΓ[ϕc] := iZc[J ]− i

∫
d4x J(x)ϕc(x)

= constant + 1
2

∫
d4x d4y J(x) i∆F(x− y) J(y)

− 1
8
λ

∫
d4x

[
i∆F(x− x)

]2

− 1
4
λ

∫
d4x d4y d4z i∆F(x− y) i∆F(y − y) i∆F(y − z) J(x) J(z)

+ 1
8
λ

∫
d4y d4z1 d

4z2 d
4z3 d

4z4 i∆F(y − z1) i∆F(y − z2)

× i∆F(y − z3) i∆F(y − z4) J(z1) J(z2) J(z3) J(z4)

+O(λ2). (4.3.32)

The expression for ϕc(x) as a functional of J(x) may be inverted order-by-order
in perturbation theory. We first apply the Klein–Gordon operator to (4.3.31):

[
�+m2

]
ϕc(x) = J(x)− 1

2
λ

∫
d4z i∆F(x− x) i∆F(x− z) J(z)

+ 1
3!
λ

∫
d4z1 d

4z2 d
4z3 i∆F(x− z1) i∆F(x− z2) i∆F(x− z3) J(z1) J(z2) J(z3)

+O(λ2). (4.3.33)

To this order in λ, we may evidently substitute J =
[
�+m2

]
ϕc(x)+O(λ) in the

terms already multiplied by λ on the right-hand side (cf. the standard Dyson
expansion technique) and thus obtain

J(x) =
[
�+m2

]
ϕc(x) +

1
2
λ i∆F(0)ϕc(x) +

1
3!
λϕ3

c(x) +O(λ2), (4.3.34)

where an integration by parts has been performed, to turn the Klein–Gordon oper-
ators around to act on the Feynman propagators and thus also exploit Eq. (3.3.26).
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The equation derived differs from the classical equation of motion (2.4.4) on two
accounts. Firstly, having introduced a source term into the Lagrangian used to
construct the generating functional, we quite naturally find it here. Secondly,
there is a quantum correction, in the term containing ∆F(0). Indeed, had we re-
tained the ~ factors, as discussed earlier, we would have found such a term to be
proportional to a positive power of ~.

The expansion for J(x) may in turn be used to obtain a perturbative expansion
for the effective action as an explicit functional of ϕc(x):

iΓ[ϕc] = constant − 1
8

∫
d4x

[
i∆F(0)

]2 − 1
2

∫
d4xϕc(x)

[
�+m2

]
ϕc(x)

− 1
4
λ i∆F(0)

∫
d4xϕ2

c(x)− 1
4!
λ

∫
d4xϕ4

c(x) +O(λ2). (4.3.35)

And from this we may derive the one-particle irreducible Green functions, which
in momentum space are (the first term is the inverse propagator)

iΓ(2)(p,−p) = i
[
p2 −m2

]
− 1

2
iλ i∆F(0) +O(λ2)

= −
[ p ]−1

+ 1
2
×

p p
(4.3.36a)

and

iΓ(4)(p1, p2, p3, p4) =

p2

p1

p4

p3

, (4.3.36b)

where now the external lines do not have an associated propagator—the Green
function has been effectively amputated by the Klein–Gordon operator associated
with each external particle in (4.2.48)

4.3.5 S-matrix elements

We have already shown that the functional S [ϕ0] in (4.2.48) generates the scatter-
ing amplitudes:

S [ϕ0] = exp

{∫
d4xϕ0(x) K(x)

δ

δJ(x)

}
Z [J ]

∣∣∣∣
J=0

. (4.3.37)
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Recall that Z [J ] is the generating functional for disconnected Green functions:

G
(n)(x1, . . . , xn) := (− i )n

δnZ [J ]

δJ(x1) . . . δJ(xn)

∣∣∣∣
J=0

= 〈0|T
[
ϕ(x1)...ϕ(xn)

]
|0〉, (3.3.10)

Performing now an operator expansion:

exp

{∫
d4xϕ0(x) K(x)

δ

δJ(x)

}
=

∞∑

n=0

1

n!

∫
d4x1 . . .d

4xn ϕ0(x1) . . . ϕ0(xn)

×K(x1) . . .K(xn)
δn

δJ(x1) . . . δJ(xn)
, (4.3.38)

we obtain the following expansion for S [ϕ0] in terms of n-point Green functions:

S [ϕ0] =
∞∑

n=0

in

n!

∫
d4x1 . . .d

4xn ϕ0(x1) . . . ϕ0(xn)

×K(x1) . . .K(xn)G
(n)(x1, . . . , xn). (4.3.39)

We thus see explicitly, as mentioned earlier, that for each of the n external particles
associated with G

(n)(x1,... ,xn) there is a corresponding Klein–Gordon operator.
The effect is to amputate each of the external legs and replace them with a free field
ϕ0, which will then have the role of creating (destroying) an incoming (outgoing)
state in the distant past (future).

Physical processes studied in the laboratory usually involve plane-wave states
(incoming beams and outgoing, detected, particles); moreover, as already noted,
it is easier computationally to work in momentum space. We shall therefore now
move over to the momentum-space representation. Inverting the Fourier transform
(3.3.31), we have

G
(n)(x1, . . . , xn) =

∫
d̄4p1 . . . d̄

4pn δ̄
4(p1 + · · ·+ pn)

× e i (p1·x1+···+pn·xn) G(n)(p1, . . . , pn). (4.3.40)
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Inserting this into the previous expression for S [ϕ0] leads to

S [ϕ0] =
∞∑

n=0

in

n!

∫
d4x1 . . .d

4xn ϕ0(x1) . . . ϕ0(xn) K(x1) . . .K(xn)

×
∫

d̄4p1 . . . d̄
4pn δ̄

4(p1 + · · ·+ pn) e
i (p1·x1+···+pn·xn) G(n)(p1, . . . , pn)

=

∞∑

n=0

in

n!

∫
d̄4p1 . . . d̄

4pn δ̄
4(p1 + · · ·+ pn)

× (m2 − p21) · · · (m2 − p2n)G
(n)(p1, . . . , pn)

×
∫

d4x1 . . .d
4xn ϕ0(x1) . . . ϕ0(xn) e

i (p1·x1+···+pn·xn) . (4.3.41)

The last set of integrals above are nothing other than products of Fourier trans-
forms of the free field ϕ0:

∫
d4x e ip·x ϕ0(x) =

∫
d4x e ip·x

∫
d̄3k

2k0

[
b(k) e− ik·x+b∗(k) e+ik·x

] ∣∣∣∣
k
2
=m

2

=

∫
d̄3k

2k0

[
b(k) δ̄4(p− k) + b∗(k) δ̄4(p+ k)

] ∣∣∣∣
k
2
=m

2

. (4.3.42)

Applying the identity

d̄3k

2k0

∣∣∣∣
k
2
=m

2

≡ d̄4k δ̄
(+)

(k2 −m2), (4.3.43)

where δ̄
(+)

(k2−m2) is a short-hand for θ(k0) δ̄(k
2−m2), this becomes

∫
d4x e ip·x ϕ0(x) =

[
b(p) + b∗(−p)

]
δ̄
(+)

(p2 −m2). (4.3.44)

Here we see the origin of the Feynman interpretation: creation of a particle
with four-momentum pµ is equivalent to the destruction of a particle∗ with four-

∗ Note that we do not yet have antiparticles; simple scalars are their own antiparticles.
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momentum −pµ and vice versa. Finally then, we obtain

S [ϕ0] =

∞∑

n=0

1

n!

∫
d̄4p1 . . . d̄

4pn δ̄
4(p1 + · · ·+ pn) Ĝ

(n)
(p1, . . . , pn)

×
n∏

i=1

[
b(pi) + b∗(−pi)

]
δ̄
(+)

(p2i −m2), (4.3.45)

where the so-called amputated n-point Green function,

Ĝ
(n)

(p1, . . . , pn) :=

n∏

i=1

[
− i (p2i −m2)

]
× G

(n)(p1, . . . , pn), (4.3.46)

has been introduced to explicitly perform the cancellations between the pre-factors
− i (p2i −m2) and the propagators for the external legs in G

(n). We thus see that
either a particle with energy–momentum +pµ is created by b(p) or with −pµ is des-
troyed by b∗(p), but in any case the mass-shell condition p2=m2 is guaranteed by

the presence of the δ̄
(+)

(p2i −m2) factors. Note also that overall energy–momentum
conservation is guaranteed by the factor δ̄4(p1+ · · ·+pn), which also implies that
at least one of the pµi ’s has negative energy, i.e. is outgoing, and, likewise, that at
least one of the Ei’s is positive, i.e. incoming.

Let us now construct the S-matrix element or scattering amplitude Sfi for a
process involving n external fields, of which m are initial (or incoming) and n−m
final (or outgoing). All momenta must satisfy mass-shell conditions p2i =m

2 and
we must also have

p1 + · · ·+ pm = pm+1 + · · ·+ pn. (4.3.47)

Note that, in writing this constraint, we have explicitly flipped the sign in front of
the outgoing momenta and thus too in all the following expressions. The particular
matrix element we wish to single out from the generating functional S [ϕ0] then
involves m factors of b(pi) and n−m factors of b∗(pi). We therefore take the
following set of functional derivatives:∗

Sfi =
δnS [ϕ0]

δb(p1) . . . δb(pm) δb
∗(pm+1) . . . δb

∗(pn)

∣∣∣∣
b=0=b

∗

, (4.3.48)

Note that b and b∗ must be set to zero after the derivatives in order that only the
required n-point contribution should survive. Using (4.3.45) and performing the

∗ The Lorentz-covariance pre-factor appearing in, e.g., Bailin and Love (1993) is absent here as
we shall use a more explicitly covariant definition of the matrix element.
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functional derivatives we obtain

Sfi = Ĝ
(n)

(p1, . . . , pm,−pm+1, . . . ,−pn) δ̄4(p1+· · ·+pm−pm+1−· · ·−pn). (4.3.49)

We thus discover that the Feynman rules for calculating scattering amplitudes
are just those already derived by considering the connected n-point Green func-
tions, with the exception that external lines here have no associated propagator
and are also constrained to lie on their mass shell. Moreover, here we see that all
diagrams, both connected (one-particle reducible and not) and disconnected must
be included. This is because real physical processes do not distinguish the paths
by which the final states are reached. We shall usually be interested in processes
with, however, just one or two particles in the initial state. And for those in which
there are two initial particles, we shall usually require that either the energies and
momenta in the final state be different or that the particles themselves should
have undergone some change (e.g. e+e−→µ+µ−). The case of decay amplitudes
trivially satisfies such requirements. Therefore, the disconnected diagrams will, in
general, be excluded on physical grounds. The question of one-particle irreducibil-
ity will become important in dealing systematically with quantum corrections and
the ensuing problem of renormalisation.

4.3.6 Cross-sections

As the last task in this chapter, we shall now turn the Feynman rules just described
into a complete calculation of a physical scattering cross-section. Our somewhat
elementary λϕ4 toy model does not allow for any particularly exotic processes
(although with sufficient energy, more particles could be produced, e.g. in 2→n
processes with n>2). We shall thus consider the simplest process: namely, 2→2.
That is, two initial particles having momenta pµ1,2 scattering into a final state with
momenta pµ3,4, satisfying

pµ1 + pµ2 = pµ3 + pµ4 . (4.3.50)

The relevant S-matrix element is then

Sfi = Ĝ
(4)
(p1, p2,−p3,−p4) δ̄4(p1 + p2 − p3 − p4). (4.3.51)

The (amputated) diagrams contributing to Sfi are

Ĝ
(4)
(p1, p2,−p3,−p4) =

p2

p1

p4

p3

+ perms(p2, p3, p4)
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+ 1
2



p2

p1

p4

p3

+ perms(p1, p2, p3, p4)





+

p2

p1

p4

p3

+O(λ2). (4.3.52)

There are thus ten diagrams in total. However, the first nine are excluded once
we require non-trivial scattering, i.e. that all individual initial and final momenta
be different.

We thus have the rather simple result that the transition amplitude is

Sfi = − iλ δ̄4(p1 + p2 − p3 − p4). (4.3.53)

As usual, the transition probability is given by the squared modulus of the amp-
litude:

Pfi = |Sfi|2 = λ2 δ̄4(p1 + p2 − p3 − p4) δ̄
4(0). (4.3.54)

The apparently infinite factor δ̄4(0) arises from an integral of the following type:

∫
d4x e iP ·x

∣∣∣∣
P=0

. (4.3.55)

This may be regulated, as in the derivation of Fermi’s golden rule, by limiting the
integration four-volume to a finite box of, say, time interval T and three-volume
V . We then have

δ̄4(0) → V T. (4.3.56)

Thus, since we really require the transition probability per unit volume per unit
time, we divide Pfi by V T to obtain the transition rate

Rfi = Pfi/V T = λ2 δ̄4(p1 + p2 − p3 − p4). (4.3.57)

Now, the flux of particles scattered into a given element of solid angle dΩ by
a single target particle is given by

dNfi =: Φdσfi , (4.3.58)

where Φ is the beam flux and the differential cross-section dσfi is defined precisely
by this equation. Let us first calculate the incident flux. It is easiest to consider
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a fixed target (particle 1, say), and to work in its rest frame (often called the
laboratory frame); we may boost to, say, the centre–of–mass frame later.∗ In the
target rest frame the incident flux is simply given by the product of the beam
density and velocity.

We make the natural choice of the covariant three-momentum integration meas-
ure already given in (4.3.43). And so the states must be normalised as

〈p|p′〉 = 2p0 δ̄
3(p− p′), (4.3.59)

which is equivalent to 2p0 particles per unit volume. The incident flux is thus

Φ = 2E2 v2. (4.3.60)

We must also divide dNfi by 2E1 to obtain the transition probability per target
particle, giving

dNfi =
1

2E1

λ2 δ̄4(p1+ p2−p3−p4) d̄
4p3 δ̄

(+)

(p23−m2) d̄4p4 δ̄
(+)

(p24−m2), (4.3.61)

Rewriting this all to give the differential cross-section, we have

dσfi =
1

2E1 2E2 v2
λ2 δ̄4(p1 + p2 − p3 − p4) d̄

4p3 δ̄
(+)

(p23 −m2) d̄4p4 δ̄
(+)

(p24 −m2),

(4.3.62)
We can now combine the flux factor with the target-density factor, calculated in
the target rest frame, and rewrite them in a manifestly covariant form exploiting
the relation p1·p2=mE2, which leads to

2E1 2E2 v2 = 4m|p2| = 4

√
m2(E2

2 −m2) = 4

√
(p1·p2)2 −m4. (4.3.63)

One of the four-momentum integrals may be performed using the δ-function and
the other may be directly reduced to a three-momentum integral using (4.3.43):

dσfi =
λ2

4
√
(p1·p2)2 −m4

δ̄
(+) (

(p1 + p2 − p3)
2 −m2

) d̄3p3

2E3

, (4.3.64)

Transforming now to the centre–of–mass frame for simplicity, we may write

p1 = (E,+p) and p2 = (E,−p). (4.3.65)

∗ In fact, our explicitly Lorentz-covariant formulation make such considerations superfluous.
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The three-momentum integral over p3 may be rewritten as

d̄3p3

2E3

=
|p3|2
2E3

d̄|p3| d̄2Ω =
|p3|
16π3 dE3 d

2Ω , (4.3.66)

where the scattering angles subsumed in d̄2Ω are measured with respect to to the
direction of particle 1. In the centre–of–mass frame

(p1 + p2 − p3)
2 −m2 = (p1 + p2)

2 − 2(p1 + p2)·p3 + p23 −m2

= s− 4EE3, (4.3.67)

where s :=(p1+p2)
2=4E2. The remaining δ-function may thus be used to elimin-

ate the integration in E3 to finally obtain

dσfi
dΩ

=
λ2

64π2s
. (4.3.68)

The full set of (invariant) so-called Mandelstam variables are defined as follows:

s := (p1 + p2)
2 ≡ (p3 + p4)

2, (4.3.69a)

t := (p1 − p3)
2 ≡ (p2 − p4)

2, (4.3.69b)

u := (p1 − p4)
2 ≡ (p2 − p3)

2, (4.3.69c)
and satisfy

s+ t + u = 4m2. (4.3.70)

Exercise 4.3.3. Derive Eq. (4.3.70), find t in terms of s and the centre–of–mass
angle θCM, and determine the kinematical limits on t.

Exercise 4.3.4. Integrate out the azimuthal angle φ and substitute t as the second
independent variable in place of cosθ (where θ is the usual scattering angle), to
show that we may recast the two-body differential cross-section in the following
Lorentz-invariant form:

dσfi
dt

=
λ2

16πs2
. (4.3.71)

Exercise 4.3.5. Explicitly evaluate the second-order, i.e. O(λ2), perturbative con-
tributions to Z [J ] and Zc[J ]. Using the results, verify that the Feynman rules
already outlined are indeed correct to this order.

Exercise 4.3.6. Explicitly evaluate the O(λ2) contributions to the two- and four-

point Green functions G
(2)(p,−p) and G

(4)(p1,p2,p3,p4). In particular, obtain the
numerical multiplicative factors and verify their designation as symmetry factors
according to the Feynman rules given earlier.
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Chapter 5

Renormalisation

5.1 The need for renormalisation

As we have already begun to see, an effect of quantisation is to “correct” the values
of classical functions or variables and to shift or renormalise them with respect
to to their naïve values. The first examples encountered were the bubble or loop
diagrams for the vacuum and two-point functions shown in (4.3.11 & 12). In fact,
analogous effects have already been encountered in perturbation theory applied to
non-relativistic quantum mechanics.∗ In particular, we know that the position of
the propagator pole is shifted in the complex plane. That is, the physical mass is
shifted by a real amount and may also acquire an imaginary contribution, which
corresponds to a finite width or decay rate. There should be no mystery in such
effects: having introduced an interaction, the free-field mass, for example, gains a
contribution due to the (self-) interaction energy.

More specifically, if we examine the perturbative expansion for the effective
action in Eq. (4.3.35), the new term quadratic in ϕc,

− 1
4
λ i∆F(0)

∫
d4xϕ2

c(x), (5.1.1)

should evidently be interpreted as precisely a shift in the mass of the particle. The
same may be deduced from the quantum-corrected equation of motion (4.3.34)
with the external source term set to zero:

0 =
[
�+m2

]
ϕc(x) +

1
2
λ i∆F(0)ϕc(x) +

1
3!
λϕ3

c(x) +O(λ2). (5.1.2)

∗ See, for example, the previous course on advanced quantum mechanics by the same author.

85
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We are thus led to the following identification:

m2
R = m2 + 1

2
λ i∆F(0) +O(λ2), (5.1.3)

where the subscript “R ” stands for renormalised. In fact, m2
R is what we shall

call the physical mass, since it corresponds to the mass that would be measured
experimentally (e.g. as the position of a Breit–Wigner resonance pole) while m2

is therefore simply a dummy parameter having no real physical significance in the
full interacting theory. Henceforth, we shall also indicate such so-called “bare”
quantities with the subscript “B ”.∗

Indeed, the entire Lagrangian (including its parameters and variables), from
which we have so far derived the Feynman rules, should be denoted as bare:

LB = 1
2

[
(∂µϕB)(∂µϕB)−m2

Bϕ
2
B

]
− 1

4!
λBϕ

4
B. (5.1.4)

Moreover, all quantities so far constructed, such as the Green functions of the
theory, should be termed bare since they are calculated in terms of the bare para-
meters. Proceeding further, we shall find a similar phenomenon of renormalisation
of the coupling constant λ. And, since the factor 1/2 multiplying the derivative
and mass terms is, in fact, arbitrary, we should also expect to find that the field
ϕ itself is renormalised by quantum effects.† Finally, the self-interactions of our
scalar theory may even lead to the generation of effective couplings of higher-order
in the number of external fields.

We are therefore faced with the problem that the (bare) quantities appearing in
the Lagrangian are not the actual parameters that can be measured and therefore
do not have any intrinsic meaning while, on the other hand, the quantum theory
generates the physical (renormalised) quantities via what are known as quantum
corrections, which we shall soon discover are often functions of kinematical vari-
ables, such as the centre–of–mass energy or the external field momenta. We shall
thus need to define, say, the physical coupling constant as, e.g., the value of the
renormalised four-point function G

(4)
B (p1,p2,p3,p4) for some specific values of the

momenta p1, . . . , p4. This quantum-induced energy or scale dependence of the
coupling constant (and all other physical parameters) is perhaps the single most
important aspect of a quantum field theory. Indeed, the very expression coupling
constant will immediately reveal itself to be a misnomer.

This apparently simple fact has repercussions of profound importance. Con-
sider for a moment a massless theory, i.e. one that contains no reference to any mass
or energy scale. The classical theory then possesses a symmetry known as con-

∗ When no ambiguity should ensue, we shall omit either or both of the new subscripts.
† Recall indeed that in non-relativistic perturbation theory the normalisation of the states has
to be recalculated.



5.1. THE NEED FOR RENORMALISATION 87

formal invariance; that is, apart from the natural (dimensional) scale dependence
arising from the dimensionality of, say, cross-sections or other measurable quant-
ities, there should be no variation if we rescale all the momenta in the process by
some common factor. However, quantisation of the theory induces such a scale
dependence through the renormalisation just discussed. In massless, two-body
scattering, the only truly independent dimensional parameter is the Mandelstam
variable s but the coupling λ is dimensionless. It can therefore only be a function
of other dimensionless quantities. The renormalisation process will be found then
to introduce a new scale: the so-called renormalisation scale. This phenomenon,
i.e. the mechanism by which a dimensionless parameter is transformed into a di-
mensional (physical) parameter, is known as dimensional transmutation. This is
perhaps the first example of what is usually known as an anomaly, that is the
breaking of a classical symmetry by quantum effects.

The immediate consequence is that while we write the Lagrangian in terms
of bare or unrenormalised quantities (including the fields themselves), all phys-
ical quantities, such as cross-sections or decay rates must eventually be expressed
purely in terms of physical or renormalised quantities. The systematic theoretical
procedure constructed to achieve this reparametrisation is called renormalisation,
the subject of the present chapter. At this point one might justifiably question the
necessity of a systematic procedure. After all, the previous equations provide the
connection between the renormalised and bare parameters of the theory. However,
there are two important observations:

1. The new terms, e.g. as in Eq. (5.1.2), generally turn out to be infinite and
thus so too must the bare quantities be if the physical parameters are to
remain finite.

2. The quantum corrections may effectively generate new, again apparently
infinite, effective couplings and thus new parameters.

The first difficulty absolutely demands attention and we shall see in the course
of the next few lessons how to deal with it. The second turns out to provide a
discriminating criterion in the choice of theories that may be seriously consider as
fundamental.

In our toy ϕ4 theory it turns out that the number of new couplings increases
with increasing perturbation order and thus one needs ever more measured pro-
cesses to determine them—this severely limits the predictive power of some the-
ories to the point of rendering them essentially useless. As we shall see, QED and
QCD, for example, belong a class of theories that do not suffer this limitation: the
(gauge) symmetries they possess protect against such proliferation of couplings and
renders them renormalisable. This term is reserved for precisely those theories that
do not generate new (infinite) parameters as we move to higher perturbative orders
and which can therefore be entirely defined in term of a finite number of physical
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parameters. Electrodynamics is the paradigm: the theory describing the electron
and its electromagnetic interactions requires just two physical renormalised para-
meters, corresponding to the electron mass me and the fine-structure constant α.
In addition, the electron wave-function is also renormalised, but the new renorm-
alisation constants Ze is entirely determined by the other two via the requirements
of gauge invariance. Even this is not the complete problem: gravity may be de-
scribed by a zero-mass field, the graviton, but owing to its essential non-linearity,
the quantum theory of gravitation is non-renormalisable. Indeed, to date no fully
consistent quantum theory of gravitation has been constructed.

5.2 Divergences in loop diagrams

As a first step, let us examine the nature of the infinities already encountered. In
the momentum-space representation we see that the infinities are simply the result
of an unlimited integration over a loop four-momentum. For example, the mass
correction above is given by

λB ∆F(0) =
p

k
p

= λB

∫
d̄4k(

k2 −m2
B + iε

) . (5.2.1)

The presence of the “ iε ” term shifts the pole in the propagator away from the real
axis and thus we immediately see that the pole singularity is not the cause of the
infinity (which would be what is called an infrared divergence). The problem lies
in the ultraviolet behaviour.

To calculate the integral, we first separate the energy and three-momentum
components. Consider the energy integral in the complex k0 plane. For ε=0+ the
poles in k0 appear below (above) the real axis to the right (left) of the imaginary
axis, see Fig. 5.1. We may therefore rotate the k0 contour from the real to the
imaginary axis (the arcs contribute zero at infinite radius). This is equivalent to
the substitution k0→ ik4 with the space part unchanged and the variable becomes
Euclidean k→kE:

1
2
iλB∆F(0) = 1

2
iλB

∫
i d̄4kE(

−k2E −m2
B

) , (5.2.2)

where now k2E=k2+k24. It is evident that, while there is actually then no singu-
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Imk0

Rek0×
×

Figure 5.1: The Wick rotation to the complex k0 plane; the poles lie at the two points
k0=±[

√
(k2+m2

B)− iε], indicated × in the figure.

larity for small values of |kE|,∗ the integral diverges as |kE|→∞. In this particular
case, writing d̄4kE =k3Ed̄kE dΩ4 (where dΩ4 is the Euclidean four-space solid-angle
element), we see that the integral diverges quadratically. That is, if we introduce
a cut-off |kE|<Λ for some very large scale Λ, then the integral is proportional to
Λ2.

Using the same approach, let us examine one more case before attempting to
generalise. Consider the one-loop, order λ2B, correction to the four-point Green

function, G
(4)
B shown in Fig. 5.2.† The Feynman rules lead to the following integral

k

p2

p1

p3

p4

Figure 5.2: A one-loop, order λ2B , correction to the four-point Green function, G
(4)
B . To

this must be added the same diagram with the other two possible permutations of the
connections between the momenta p2,3,4.

− ( iλB)
2

∫
i d̄4kE[

−k2E −m2
B

] [
−(pE − kE)

2 −m2
B

] , (5.2.3)

∗ We have though a hint of the infrared (IR) problems to be expected in the case of massless field
theories.

† Note that while the subscript “B ” attached to parameters indicates those of the original Lag-
rangian, in the case of derived quantities it means those expressed in terms of the bare para-
meters and which therefore do not necessarily correspond immediately to physical quantities.
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where pE is the Euclidean version of p :=p1+p2. In this case the ultraviolet beha-
viour of the integrand is such that using a cut-off as before leads to a logarithmic
divergence.

Higher-order Feynman diagrams generally lead to integrals over products of
propagators. The degree of divergence of a single integral is evidently 4−2I where
I is the number of internal lines contributing to the integral. The case I=1
leads to a quadratic divergence, I=2 a logarithmic divergence and I >2 will be
convergent. We can thus define the “naïve” or superficial degree of divergence of
an entire, multiloop diagram (with L loops) as

D := 4L− 2I. (5.2.4)

We say naïve or superficial since it is only a sort of average divergence and the
various sub-integrals may be relatively more or less divergent.

As already noted, there exist relations between L, V (the number of vertices)
etc., such as L=1−V +I and E+2I=4V , thus (for a λϕ4)

D = 2I − 4(V − 1) = 4−E. (5.2.5)

Remarkably then, we find that the superficial degree of divergence only depends on
the number of external legs and not on the number of loops or vertices. The actual
value of D depends on the particular form of the theory and would be different for,
say, λϕ3 or a theory describing fermions etc. However, the important consequence
is that only a finite and very limited number of Green functions are superficially
divergent (for any given theory). In our case we see that only G

(0), G(2) and G
(4)

are superficially divergent (there are no odd n-point functions in a ϕ4 theory).
However, we have termed this “superficial” degree of divergence for a good reason:
it is easy to imagine diagrams that are superficially convergent but have at least
one divergent sub-diagram. On the other hand, if D<0 for the entire diagram and
for each and every sub-diagram, then it is convergent (Weinberg, 1960)

Exercise 5.2.1. By considering theories with a single fundamental N-point ver-
tex and thus generalising the previous discussion, show that the requirements of
renormalisability determine the restriction N ≤4.

The simplest example, in our theory, of a superficially convergent diagram that
nevertheless diverges is given in Fig. 5.3. The right-hand loop is convergent while
that on the left diverges. However, it is also evident that the divergence of the
left-hand loop is intimately related to the divergence already encountered in the
four-point function at a lower order in perturbation theory. This leads almost
directly to the idea that lies at the heart of the concept of renormalisability: if
we can cure the divergence in, e.g. the one-loop four-point, then we might hope
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Figure 5.3: The simplest, two-loop, order λ4B, divergent correction to the six-point

scalar-field Green function G
(6)
B .

that the related divergence will be automatically removed from all higher-order
diagrams in which it appears as a sub-diagram. More precisely, a theory will be
renormalisable if (and only if) all of the divergences, to all orders in perturbation
theory, may be removed by simple redefinitions of the parameters present in the
bare theory. That this occurs is by no means guaranteed a priori for any given
classical theory and must be verified explicitly for each new construction.

One further observation is that any given diagram (and therefore the corres-
ponding Green function) may have a true degree of divergence inferior to the value
given in Eq. (5.2.5). This can be for a variety of reasons; the common denomin-
ator though is almost always a symmetry. The effect may be to entirely exclude
certain diagrams or to ensure cancellations between different diagrams. The clas-
sic and most important example is the gauge symmetry possessed by QED and
QCD. Indeed, we shall find that the gauge principle is central to the construction
of renormalisable theories. It must be stressed that renormalisability is not merely
a fanciful mathematical requirement. A theory that is not renormalisable will
usually generate new effective interactions at higher orders. That is, new coupling
constants that were not present at the classical level will need to be determined. In
general, with increasing perturbative order, the number of new parameters grows
rapidly and without bound. In this case, to achieve higher accuracy, ever more dis-
tinct experimentally measurable quantities are needed simply to define the theory,
which therefore inevitably loses true predictive power. An example of such a case
is the effective theory describing the nucleon–nucleon interaction via exchange of
a pseudoscalar field representing the pion. If low precision is sufficient, then one
can obtain real predictions, but as soon as higher precision and therefore higher
orders are required, the number of independent data available are insufficient to
determine all the new parameters introduced.

5.3 Regularisation prescriptions

In order to proceed, we now need a practical regularisation prescription for per-
forming the ill-defined or divergent integrals. The idea is that by the time we
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arrive at the expression for a physical quantity (such as a cross-section) all of the
divergences will have been eliminated in favour of the finite physical parameters.
Whatever method has been adopted, the regularisation may then be removed to
provide the final unambiguous result.

5.3.1 Cut-off regularisation

The conceptually simplest method of renormalisation is to place an upper bound
or cut-off on the (Euclidean) momentum-space integrals, thus: k2E<Λ2, where Λ
is some very large mass or energy scale. This is what has already been suggested
in previous sections and it allows us to define the concept of degree of divergence.
For the case of a ϕ4 theory, this is quite sufficient and once we have prescribed a
subtraction procedure for the resulting Λ2 and lnΛ terms, then the theory may be
rendered finite and well-behaved. Obviously, the final step here is to let Λ→∞.
Such a procedure has, however, serious drawbacks: it manifestly lacks Lorentz
invariance and also turns out to violate any gauge symmetry present. Thus, for
example, in those situations where relativistic invariance or, more typically, gauge
symmetry is vital, we can expect problems.

5.3.2 Pauli–Villars regularisation

As already noted, the superficial divergence of a diagram or set of diagrams nay
be cured by the presence of a symmetry that leads to cancellations among such
diagrams. This leads to the idea of another simple method of regularisation, due
Pauli and Villars (1949). We introduce a new field with very similar properties
the original, but such that the propagator takes on the following form (note the
minus sign):

i∆F(p) = − i

p2 − Λ2 + iε
. (5.3.1)

For each internal loop then there will be two contributions, leading to terms of the
following form

i

p2 −m2 + iε
− i

p2 − Λ2 + iε
=

i(m2 − Λ2)

(p2 −m2 + iε)(p2 − Λ2 + iε)
. (5.3.2)

The effect is to introduce an extra factor of p2 into the denominator in the high-
energy limit. An equivalent procedure would be to simply multiply all divergent
diagrams by a suitable power of −Λ2/(p2−Λ2+ iε).

The field introduced is, of course, very non-physical. The propagator and
therefore the kinetic and mass terms have the “wrong” sign. However, at the end
of the calculations, when again we let Λ→∞, the extra field is essentially excluded
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or decoupled from the theory as it becomes infinitely massive. While this approach
fully respects Lorentz invariance, it still manifestly violates any gauge symmetry
present—a fake massive photon must be introduced to regularise divergent photon
loops.

5.3.3 Dimensional regularisation

The method most widely adopted today is based on varying the number of space–
time dimensions in the loop integrals. Consider the logarithmically divergent in-
tegral d4kE/k

4
E in the ultraviolet (UV) limit, but now replace the number of space–

time dimensions with D=4−2ε<4, where ε is a positive, infinitesimal quantity
(the choice of the coefficient 2 is merely for later convenience). The behaviour is
evidently rendered less divergent and, in fact, the integral will now converge. Such
a method turns out to be not only to respect gauge symmetries, when present in
the classical theory, but also relatively simple to implement. While our λϕ4 theory
does not possess gauge symmetry and indeed any method would work equally well,
we shall, for didactic purposes, apply the dimensional method immediately and for
all calculations in this volume. We shall also see that this method automatically
regularises even quadratically divergent integrals.

Before examining any specific integrals, there is one further highly non-trivial
consideration to be made. The dimensional method consists, in principle, of vary-
ing the number of space–time dimensions in all aspects of the theory, at least until
the renormalisation procedure has been completed. The path-integral formula-
tion is based on the principle of stationary action and thus on expressions of the
form exp{ i

∫
d4xL(x)}. Now, if we simply change the dimensionality of the integ-

ral, then the action will no longer be dimensionless. Therefore, to maintain the
action dimensionless, we must also modify the continuation to a D-dimensional
space–time measure:∗

d4x → µD−4 dDx . (5.3.3)

Correspondingly, we must define the continuation to a D-dimensional energy–
momentum measure as

d̄4k → µ4−D d̄Dk , (5.3.4)

where µ is an arbitrary mass parameter.
We thus see that a new scale (µ in dimensional regularisation or Λ in the pre-

vious two methods) is always introduced even in theories that possess no natural
scale at the classical level, such as our massless λϕ4 theory. We shall see that this
occurrence has deep and far-reaching repercussions for all quantised field theories.

∗ Note that this modification is often presented in the form of a modification of the coupling
constant alone: λ2→µ4−Dλ2. While it is indeed always present in the divergent integrals with
the same power, the definition presented here appears more generally self-consistent.
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5.3.4 A first integral in dimensional regularisation

Let us now examine the simplest of divergent integrals: the mass correction derived
earlier,

∫
d̄4k[

k2 −m2
B + iε

] → I(D; 1) :=

∫
µ4−Dd̄Dk[

k2 −m2
B + iε

]

→
∫

µ4−D i d̄DkE[
−k2E −m2

B

] , (5.3.5)

where in the second line the standard Wick rotation has been applied to continue
over to Euclidean space. The integrand has no angular dependence and therefore
the integral may be evaluated in spherical polar coordinates using

d̄DkE =
|kE|D−1d|kE| dΩD

(2π)D
, (5.3.6)

where dΩD is a (D−1)-dimensional integral over the D-dimensional Euclidean-
space solid angle. Now, ∫

dΩD =
πD/2

Γ(1 +D/2)
, (5.3.7)

where the Euler Gamma function, Γ(m+1)=m!, has singularities for m a negative
integer. Next, substitute |kE|2=m2

Bx; then, provided D<4, the integral is well-
defined and gives just a so-called beta function, or product of Gamma functions,
and we obtain

I(D; 1) = − i

(4π)D/2
µ4−DmD−2

B Γ(1−D/2). (5.3.8)

In fact, we see that, provided D 6=4 (or any larger integer), the integral is well-
defined and finite. The dimensional regularisation procedure thus regulates all
possible UV-divergent integrals.

We shall, of course, need to separate out the singularity; we therefore expand
the Gamma function around D=4 (or equivalently ε=0):

Γ(1−D/2) =
Γ(3−D/2)

(1−D/2)(2−D/2)

=
Γ(1 + ε)

(ε− 1)ε
= −

(
1− γEε

1− ε

)
1

ε
, (5.3.9)
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where the Euler–Mascheroni constant is γE≃0.5772157. Since there is a pole at
ε=0, we must take care to expand all terms involving D. Putting this all back
into the one-loop two-point correction and then expanding in ε, we finally have

∆F(0) = I(D; 1) = im2
B

1

(4π)2

[
4πµ2

m2
B

]ε(
1− γEε

1− ε

)
1

ε

= im2
B

1

(4π)2

[
1

ε
+ 1 + ln 4π − γE + ln

µ2

m2
B

+O(ε)

]
. (5.3.10)

Comments are now in order on some of the terms in the previous expression:

The 1/ε pole

The singularity of the integral has been simply and conveniently transformed into
a pole in ε, which we note is constant, i.e. independent of the specific details
of the process considered. We shall later show that this allows us to remove it
systematically by absorption into a redefinition of the (unphysical) bare mass.
Note too that, at one loop, all orders of divergence (e.g. quadratic and logarithmic
alike) manifest themselves as simple poles in ε.

The finite constant terms

There are also a few finite terms that are constant with respect to ε, of which some
are again independent of the details of the process. These too may be reabsorbed
although, since the combination (ln4π−γE) is recurrent and is associated with the
D-dimensional extension of the measure, it is often more convenient to redefine
the measure so as to avoid it. Moreover, the term lnµ2/m2

B may be eliminated by
the choice µ2=m2

B, for the arbitrary parameter introduced.

The O(ε) terms

Finally, there are terms of higher order in ε. However, provided there are no
further poles in the diagram, these may safely be neglected as they will vanish in
the limit ε→0, to be taken at the end of the calculation.

We should also comment that all simple integrals, such as that evaluated above,
are well-known and tabulated in many textbooks dealing with the calculation
of Feynman diagrams (see, for example, Bailin and Love, 1993, p. 81). Let us
just provide one warning: the change in the number of space–time dimensions
has numerous repercussions and great care must be taken when first using this
technique. For example, the metric tensor now has trace gµµ=D. There will also
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be differences in the Dirac algebra relevant for spinor fields and the matrix γ5
presents particular problems.

5.4 Evaluation of loop diagrams

The loop diagram just evaluated represents the simplest possible case. We shall
now examine a more general type of diagram, in order to pave the way to calcula-
tion of the renormalisation constants applicable to a quantised field theory. The
particular simplicity of the previous calculation lay in the presence of just a single
Feynman propagator. In general, loop integrals involve more than one propagator.
However, except in rather extreme theories, divergent diagrams do not involve
more than three propagators at the one-loop level. The three-propagator case is
rather particular and occurs in the so-called triangle diagram. Since it has special
importance in gauge theories, we shall examine it closely later in the volume.

So, for the time-being the most we shall have to tackle is a two-propagator dia-
gram such as that occurring in the one-loop correction to the four-point function,
see Fig. 5.2. The integral to evaluate was given in Euclidean space in Eq. (5.2.3):

I(D; 1, 1) :=

∫
µ4−Dd̄Dk[

k2 −m2
B + iε

] [
(p− k)2 −m2

B + iε
]

=

∫
iµ4−Dd̄DkE[

−k2E −m2
B

] [
−(pE − kE)

2 −m2
B

] . (5.4.1)

A trick, due to Feynman, allows the two denominators to be combined into one.
Consider the following identity:

1

a b
≡
∫ 1

0

dx
1

[ax+ b(1− x)]2
. (5.4.2)

Exercise 5.4.1. Show that this identity can be generalised to an arbitrary product
of arbitrary powers of denominators:

m∏

i=1

a−nii =
Γ
(∑m

i=1 ni
)

∏m
i=1 Γ(ni)

∫ 1

0

m∏

i=1

[
dxi x

n1−1
i

]
δ

(
1−

m∑

i=1

xi

)[ m∑

i=1

aixi

]−∑m
i=1 ni

.

(5.4.3)

We then have (rearranging the denominator slightly)

I(D; 1, 1) =

∫
iµ4−Dd̄DkE

∫ 1

0

dx
[
(kE − xpE)

2 + x(1 − x)p2E +m2
B

]−2
. (5.4.4)
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Since the integrals converge, we may interchange the order and then also make a
shift in the momentum variable to k′E=kE−xpE to obtain

I(D; 1, 1) =

∫ 1

0

dx

∫
iµ4−Dd̄Dk′E

[
k′ 2E + x(1− x)sE +m2

B

]−2
, (5.4.5)

where we have also introduced sE=p
2
E , the Euclidean version of the standard

Mandelstam variable s=p2. It is easy to see that the momentum integral here
may be obtained by differentiating the previous single-propagator integral with
respect to m2

B, thus:

∫
iµ4−Dd̄Dk′E

[
k′ 2E +M2

]−2
= − d

dM2

∫
iµ4−Dd̄Dk′E

[
k′ 2E +M2

]−1

=
d

dM2

{
iM2

(4π)2

[
1

ε
+ 1− γE + ln

4πµ2

M2 +O(ε)

]}

=
i

(4π)2

[
1

ε
− γE + ln

4πµ2

M2 +O(ε)

]
. (5.4.6)

We then set M2=x(1−x)sE+m2
B and insert this result into the expression for

I(D;1,1) to obtain

I(D; 1, 1) =
i

(4π)2

∫ 1

0

dx

[
1

ε
− γE + ln

4πµ2

x(1 − x)sE +m2
B

+O(ε)

]

=
i

(4π)2

∫ 1

0

dx

[
1

ε
+ ln 4π − γE + ln

µ2

m2
B

− ln

(
1− x(1 − x)

s

m2
B

)
+O(ε)

]
, (5.4.7)

where in the last line we have returned to Minkowski space for the external mo-
mentum p and variable s.

To perform the final integral in x, we must now specify whether s is greater
or less than 4m2

B. In the latter case, since 4x(1−x)≤1, the integral may be
performed as-is to give

I(D; 1, 1) =
i

(4π)2

[
1

ε
+ ln 4π − γE + ln

µ2

m2
B

+ 2

− 2

(
4m2

B

s
− 1

)1/2
arccot

(
4m2

B

s
− 1

)1/2
+O(ε)

]
. (5.4.8)
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Exercise 5.4.2. Calculate the final integral for I(D;1,1) in the case s>4m2
B.

Hint: split the x integration into two regions given by x(1−x)s≶m2
B and use the

fact that ln(−1)= iπ.

The physical origin of the difference between the two cases s≶4m2
B lies in the

fact that for s<4m2
B the intermediate two-particle state is constrained to be off-

shell and is therefore always virtual while for s>4m2
B the intermediate pair may go

on-shell and thus propagate indefinitely. The latter case will provide an imaginary
or so-called absorptive contribution to the amplitude and indeed corresponds to
an imaginary shift in the physical mass of an unstable particle. We shall discuss
this more in depth later.

Before concluding this section let us make one more important observation.
The expressions derived also remain well-defined and finite in the infrared region.
This would not have been the case for a massless theory, as should be obvious
from the expressions obtained. The reason can be traced to the fact that the
probability, or amplitude, for emission of a real particle is inversely proportional
to the its energy. Evidently though, a real, massive particle cannot be emitted with
zero energy. In many cases, it is sufficient to include a (fictitious) non-zero mass for
the purposes of performing calculations, with the certainty that once the complete
expression for a physical quantity is obtained the IR behaviour will have been
tamed. Unfortunately, in general, the procedure is not so simple: even a fictitious
mass violates gauge symmetry and therefore such a trick cannot be easily applied
to any of the standard theories. This is another problem we shall examine in more
detail later. We might just mention though that dimensional regularisation can
deal with the IR problem too: if we consider D>4 in the Feynman parameter
integral, i.e. after the UV-divergent integrations, then again the divergences are
transformed into (extra) simple ε poles.

5.5 One-loop renormalisation

Having performed the singular but regularised integrals and having thus identified
the divergences, we must now set about defining the procedure by which they
are absorbed into redefinitions of the bare, unphysical, parameters of the theory.
As already suggested, this may or may not involve the introduction of new bare
parameters to cancel divergent higher-order effective couplings generated by the
quantum corrections.

5.5.1 Definition of the renormalisation constants

The idea then is to define a set of physical renormalised parameters, in terms
of which all physical quantities (such as cross-sections, decay rates etc.) may be
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expressed with no singular ε poles appearing. Experience shows that all such
renormalisation effects are essentially multiplicative; we shall therefore begin by
defining the so-called renormalisation constants:

√
Zϕ ϕR = ϕB, (5.5.1a)

Z−1ϕ Zm m2
R = m2

B, (5.5.1b)

Z−2ϕ Zλ λR = λB. (5.5.1c)

The reason Zϕ appears on the left-hand side of the second a third lines is to
explicitly take into account the renormalisation of the wave-function associated
with the mass and coupling terms appearing in the Lagrangian. These may be
rewritten as

Zϕ = 1 + δZϕ, (5.5.2a)

Zmm
2
R = m2

R + δm2
R, (5.5.2b)

Zλ λR = λR + δλR. (5.5.2c)

The next step is to define a renormalised Lagrangian via

LB = L+δL, (5.5.3)

where L has the form of the original, classical, Lagrangian expressed though in
terms of renormalised quantities (here and henceforth, when unnecessary, we omit
the subscript “R ” as superfluous):

L := 1
2

[
(∂µϕ)(∂µϕ)−m2ϕ2

]
− 1

4!
λϕ4. (5.5.4)

Naturally, LB is the same, but expressed in terms of the bare quantities. Thus, δL
is just the difference and contains what are commonly known as counter terms:

δL = 1
2

[
δZϕ(∂

µϕ)(∂µϕ)− δm2ϕ2
]
− 1

4!
δλϕ4. (5.5.5)

The trick will now be to treat all of δL as an interaction contribution (i.e., qua-
dratic terms included).

Exercise 5.5.1. Verify that the definitions given above for the renormalised quant-
ities do indeed lead to the form of the counter-term Lagrangian shown here.

5.5.2 Counter-term Feynman rules

The Feynman rules to be derived will now arise from two different sources: VR
and δL. They will have precisely the same form as before but in the former
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case they contain only renormalised quantities and in the latter represent counter
terms, which will be chosen so as to cancel the divergences. However, as already
mentioned, the counter-term piece will be interpreted as contributing only to the
interaction potential. It will thus be treated perturbatively, giving rise to a set of
new vertices. In other words, we shall write

LI = − 1
4!
λϕ4 + 1

2

[
δZϕ(∂

µϕ)(∂µϕ)− δm2ϕ2
]
− 1

4!
δλϕ4. (5.5.6)

From the procedure already followed to derive the Feynman rules, it is easy to see
that the extra set will be just:

5. A two-point vertex, represented as

p p
= i(δZϕ p

2 − δm2). (5.5.7)

6. In ϕ4 theory, a four-point vertex, represented as

p1

p2

p4

p3

= − iδλ, (5.5.8)

with the usual constraint that
∑4

i=1pi=0.

6′. In ϕ3 theory, a three-point vertex, represented as

p1

p2 p3
= − iδλ, (5.5.9)

with the same overall momentum constraint.

Exercise 5.5.2. Following the standard procedure, derive the Feynman rules given
above arising for the new counter-terms.

5.5.3 Calculation of the renormalisation constants

If we were to switch off the interaction (i.e. by setting λ=0), then evidently all
the counter terms should vanish. It is therefore reasonable to write perturbative
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expansions for all three of the renormalisation constants:

δZϕ =

∞∑

n=1

c(n)ϕ λn, (5.5.10a)

δm2

m2 =

∞∑

n=1

c(n)m λn, (5.5.10b)

δλ

λ
=

∞∑

n=1

c
(n)
λ λn. (5.5.10c)

Note that the series for δλ must evidently begin at O(λ2) and this has been taken
into account by the explicit factor λ−1 on the left-hand side. Likewise, we shall find,
as already mentioned, that renormalisation is multiplicative and thus δm2∝m2;
again, this has been rendered explicitly. Our task now is to calculate the perturb-
ative coefficients c

(n)
i . In reality, we have already calculated the necessary Feynman

diagrams; what has now to be found is a definition of reference physical quantit-
ies that will determine the so-called subtraction procedure and thus determine the
parameters.

The 1PI two-point Green function

Consider first the 1PI two-point Green function:

iΓ(2)(p,−p) = i
[
p2 −m2

]
− 1

2
iλ i∆F(0) + i

[
δZϕ p

2 − δm2
]
+O(λ2)

= −
[ p ]−1

+ 1
2
×

p p

+
p p

+O(λ2) (5.5.11)

Regrouping the various contributions according to type (mass, momentum etc.)
and using the expansion in perturbative coefficients, we have

Γ(2)(p,−p) = p2
[
1 + c(1)ϕ λ

]
−
[
m2 + δm2 + 1

2
λ i∆F(0)

]
+O(λ2)

= p2
[
1 + c(1)ϕ λ

]
−m2

[
1 +

(
c(1)m + 1

2
c∆

)
λ
]
+O(λ2), (5.5.12)

where we have introduced c∆ defined by

iλ∆F(0) = λc∆. (5.5.13)
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Using the result of the one-loop correction to the propagator already obtained in
(5.3.10), we have

c∆ = − 1

(4π)2

[
1

ε
+ 1 + ln 4π − γE − ln

m2

µ2 +O(ε)

]
. (5.5.14)

The precise values of the two constants c(1)ϕ and c(1)m will be fixed by the chosen
boundary conditions on the two-point function itself, which is effectively a physical
observable. This choice is what defines the so-called renormalisation scheme. The
main point though is that the pole pieces must evidently cancel between the two
terms c(1)m and 1

2
c∆ while c(1)ϕ must immediately be finite. In other words, we require

that

c(1)m =
1

2

1

(4π)2
1

ε
+ finite constant. (5.5.15)

The finite constant here is entirely arbitrary and, together with the other remaining
constant terms, will be fixed precisely by the chosen renormalisation or so-called
subtraction scheme. One possibility is merely to cancel the poles and leave all
constant pieces as calculated, a second possibility is to choose specific (finite)
values for the relevant subset of n-point Green functions for some specific set of
values of the external momenta. Different choices will lead to different values for
the constant terms. However, we shall find that the arbitrariness disappears when
calculating any physical quantity. The various possibilities will be examined in
some detail shortly.

The 1PI four-point Green function

Let us now examine the case of the 1PI four-point Green function (all momenta
are taken as ingoing):

iΓ(4)(p1, p2, p3, p4) =

p2

p1

p3

p4

+

p2

p1

p3

p4

+

k

p2

p1

p3

p4

+ perms(p2, p3, p4) +O(λ3). (5.5.16)
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The diagrams in the first row are O(λ) and are the leading-order (or zeroth-order∗)
contributions. The remaining terms are order λ2 or higher. Thus, the second row
(containing three diagrams) constitutes the first-order correction. Note that since
the diagrams are amputated, we do not have to consider bubbles attached to the
external legs and the loop diagram shown (together with its permutations) is the
only first-order contribution.

We have already, in effect, performed the integrals arising in these loop dia-
grams. Of course, only one need actually be calculated, the others being obtained
by suitable exchange of the external momenta, or more easily, the Mandelstam
variables. We thus obtain

Γ(4)(p1, p2, p3, p4) = −λ− c
(1)
λ λ2 +

λ2

32π2

[
3

ε
+ 3(ln 4π − γE)− 3 ln

m2

µ2

+ A(s, µ2) + A(t, µ2) + A(u, µ2)

]
+O(λ3), (5.5.17)

where the amplitudes A(P 2,µ2) for P 2= s, u and t represent the three different
loop diagrams with “incoming” momenta giving s, u and t respectively.† They are
calculated to be

A(P 2, µ2) = 2(1− β arccot β), with β =

(
4m2

P 2 − 1

)1/2

, (5.5.18)

where, as usual,

s := (p1 + p2)
2 ≡ (p3 + p4)

2, (5.5.19a)

t := (p1 + p3)
2 ≡ (p2 + p4)

2, (5.5.19b)

u := (p1 + p4)
2 ≡ (p2 + p3)

2 (5.5.19c)

Note the signs: the momenta are all considered as incoming. Let us remark that
once again we see the ubiquitous term ln4π−γE. Note also the lnµ2 accompanying
the ε pole—they are indeed strictly related. Finally, note the problem already
encountered of needing to decide whether 4m2≶P 2.

As before, we shall determine the counter terms in order to cancel (at least)

the ε poles and thus render Γ(4) finite. In other words, we shall require

c
(1)
λ =

1

32π2

3

ε
+ finite constant (5.5.20)

∗ We shall always use the expression zeroth-order to indicate the leading effect and thus a first -
order effect will be the lowest-order correction

† The symmetry under interchange of external legs is generally known as crossing symmetry.
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And, as before, the finite constant, being arbitrary, will be fixed by the boundary
conditions chosen for the four-point function.

We have already seen that Γ
(2)
B and Γ

(4)
B are the only two divergent bare Green

functions at one-loop order in a ϕ4 theory. On the other hand, we have also seen
how the counter terms, introduced via redefinition of the Lagrangian, render finite
the corresponding renormalised or physical functions. It is thus interesting to
relate them.

First of all, note that if we wish to add source terms to both sides of Eq. (5.5.3),
then we are also forced to renormalise the source JB(x): since we require

JB(x)ϕB(x) = J(x)ϕ(x), (5.5.21)
we therefore take

JB(x) = Z
−1/2
ϕ J(x). (5.5.22)

The generating functionals ZB[JB] and Z [J ] of the bare and renormalised theories
respectively can thus be related. Naturally, the bare functional is that already
defined, written now in terms of LB, ϕB and JB; the renormalised functional is
that written using L+δL as the Lagrangian together with ϕ and J . Then, since
we have

LB +JB(x)ϕB(x) = L+δL+J(x)ϕ(x), (5.5.23)
we see that

ZB[JB] = Z [J ]. (5.5.24)

From this it immediately follows that

G
(n)(p1, . . . , pn) =

(
Z
−1/2
ϕ

)n
G
(n)
B (p1, . . . , pn). (5.5.25)

Exercise 5.5.3. Verify the previous relation between bare and renormalised Green
functions.

Following the same procedure, we may relate the bare and renormalised one-
particle irreducible generating functionals. Given Eq. (5.5.24), one evidently has

Zc[J ] = ZcB[JB], (5.5.26)

which leads to

ϕc(x) :=
δZc[J ]

δJ(x)
= Z

−1/2
ϕ

δZcB[JB]

δJB(x)
= Z

−1/2
ϕ ϕcB(x) (5.5.27)

and therefore
Γ[ϕc] = ΓB[ϕcB]. (5.5.28)
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Finally, from the expansion of Γ[ϕc] in terms of the one-particle irreducible Green
functions, we have

Γ(n)(p1, . . . , pn) =
(
Z

1/2
ϕ

)n
Γ
(n)
B (p1, . . . , pn). (5.5.29)

For the two-point function, setting n=2, the right-hand side is

Zϕ Γ
(2)
B (p,−p)

= Zϕ

{
p2 −m2

B +
λBm

2
B

32π2

[
1

ε
+ 1 + ln 4π − γE + ln

µ2

m2
B

+O(ε)

]
+O(λ2B)

}
,

(5.5.30)

which is the Γ(2) calculated earlier. In other words, as promised, the divergences
have all been absorbed into redefinitions or renormalisations of the bare parameters
of the theory. This constitutes a verification, to one-loop order, that the ϕ4 theory
is renormalisable. It is indeed possible to prove renormalisability to all orders (see,
for example, Itzykson and Zuber, 1980; Abers and Lee, 1973). However, the proof
is not simple and we shall not go further into this aspect.

Exercise 5.5.4. Compare Eq. (5.5.30) with the previous calculation and verify
that the divergence has indeed been cancelled.

5.5.4 Renormalisation schemes

As already mentioned, we need to specify the precise manner in which the renor-
malisation constants are to be determined order-by-order in perturbation theory.
The particular procedure is known as the renormalisation scheme. A particularly
obvious scheme consists of simply removing or subtracting the ε pole and nothing
else. This is what is commonly called the minimal subtraction (MS) scheme. We
have already seen, however, that there are also two omnipresent constant terms.
These can be removed order-by-order by suitably redefining the continuation of
the measure to D dimensions. For example:

d̄4k → µ4−D

Γ(1 + ε) (4π)ε
d̄Dk . (5.5.31)

Often one quite simply defines the subtraction procedure to include the common
constant pieces. That is, we subtract a term proportional to

(
1
ε
+ln4π−γE

)
.

Evidently, in any case, this has to be refined order-by-order. Such a scheme is
usually denoted modified minimal subtraction (MS).
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To be more precise, we have seen that the application of dimensional regular-
isation replaces the divergences arising in the loop integrals by inverse powers of ε.
Whatever scheme we choose, these must be removed by subtraction of the counter
terms, which may also be expanded in inverse powers of ε:

δZϕ = a(0)ϕ (λ, µ/m, ε) +
∞∑

n=1

a(n)ϕ (λ, µ/m) ε−n, (5.5.32a)

δm2

m2 = a(0)m (λ, µ/m, ε) +

∞∑

n=1

a(n)m (λ, µ/m) ε−n, (5.5.32b)

δλ

λ
= a

(0)
λ (λ, µ/m, ε) +

∞∑

n=1

a
(n)
λ (λ, µ/m) ε−n. (5.5.32c)

The zeroth-order term in each series contains all the non-singular dependence on
ε while the higher-order terms render explicit possible multiple poles. Note, of
course, that each of the coefficients a

(n)
i also possesses an expansion in powers of

λ, as defined earlier. It should also be evident that order-by-order in perturbation
theory the inverse powers of ε are limited: at one-loop order a massive ϕ4 theory
only has simple poles, at two-loop order double poles appear and so on.

A further observation on the coefficients is that they have been deliberately
defined so as to be dimensionless. This means that they can in turn only be
functions of dimensionless quantities. Thus, in particular, for n≥1 they can only
depend on the coupling constant λ and the dimensionless ratio µ/m, as explicitly
indicated.

If we limit ourselves to the MS scheme then, by definition, we have

a(0)ϕ = a(0)m = a
(0)
λ = 0. (5.5.33)

On the other hand, in the MS scheme and according to the method of implementa-
tion they may be non-zero, but simply proportional to the combination ln4π−γE.
Moreover, the coefficients of the singular terms turn out to be independent of the
dimensionless ratio µ/m and are therefore mass independent:

a(n)ϕ (λ, µ/m) = a(n)ϕ (λ) etc. (for n ≥ 1). (5.5.34)

We have already seen this at first perturbative order, see Eq. (5.5.17):

δλ

λ

∣∣∣∣
MS

=
3λ

32π2

[
1

ε
+ ln 4π − γE

]
+O(λ2), (5.5.35a)

implying
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a
(1)
λ

∣∣∣
MS

=
3λ

32π2 +O(λ2). (5.5.35b)

Similarly, for the other renormalisation constants, from Eq. (5.5.14), we have

δϕ

ϕ

∣∣∣∣
MS

= O(λ2) and
δm2

m2

∣∣∣∣
MS

=
λ

32π2

[
1

ε
+ ln 4π − γE

]
+O(λ2), (5.5.36a)

leading to

a(1)ϕ

∣∣∣
MS

= O(λ2) and a(1)m

∣∣∣
MS

=
λ

32π2 +O(λ2). (5.5.36b)

The evident absence of mass-parameter dependence here simplifies the dimensional
or so-called renormalisation-group analysis of the scale breaking introduced by the
renormalisation procedure and embodied in the appearance of the new scale µ.
We shall discuss this important concept in more detail later.

Once the counter terms have been determined and the ε poles have been sub-
tracted, since the remaining expressions for the Green functions will then be finite,
we may take the limit ε→0. Putting everything together, in the MS scheme we
obtain

Γ
(2)

MS
(p,−p) = p2

{
1 +O(λ2)

}
−m2

{
1− λ

32π2

[
1− ln

m2

µ2

]
+O(λ2)

}
,

(5.5.37a)

Γ
(4)

MS
(p1, p2, p3, p4) = −λ

{
1− λ

32π2

[
−3 ln

m2

µ2 + A(s,m2) + A(t,m2) + A(u,m2)

]

+O(λ2)

}
, (5.5.37b)

where A is defined as in Eq. (5.5.18).
Among other things, it should be noticed that to first order in λ (in this par-

ticular theory) there is no renormalisation of the wave-function. Furthermore, and
more importantly, we see how the energy or scale dependence has crept in: the
effective renormalised coupling constant will no longer be constant owing to the
momentum dependence acquired by the 1PI four-point function, with which it will
be defined operationally.

In the MS and MS schemes the subtraction terms are defined independently of
the particular n-point Green function considered. However, alternative renormal-
isation schemes exist (and are often used) in which the counter terms are determ-
ined by imposing boundary conditions on a sufficient number of Green functions,
naturally taken to be Γ(2) and Γ(4). Since there are three renormalisation con-
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stants, we evidently need three conditions. Given that the two-point function
actually contains two functionally independent pieces (p2 and m2), we may define

two conditions on Γ(2) (e.g. one on Γ(2) and one on its derivative with respect to

p2) and a third on Γ(4).
One such scheme, known as the momentum subtraction (MOM) scheme, ap-

plies the conditions for chosen values of the external momenta; i.e. by setting the
values of the Green functions at the (non-singular) point p2=−µ2

R, where µ2
R is as

arbitrary external momentum scale. The fact that this is an unphysical point is
irrelevant for the present purpose. It thus takes advantage of the momentum scale
already introduced, but sets the conditions at a Euclidean point, i.e. well away
from the natural propagator pole. The conditions on the two-point function are
then

Γ(2)(p,−p)
∣∣∣
p
2
=−µ2R

= −m2 − µ2
R (5.5.38a)

and ∂

∂p2
Γ(2)(p,−p)

∣∣∣
p
2
=−µ2R

= 1. (5.5.38b)

This implies
Γ(2)(p,−p) = p2 −m2 +O

(
(p2 + µ2

R)
2
)
. (5.5.39)

In terms of the renormalisation constant δZϕ and δZm, this becomes

δZϕ = O(λ2) (5.5.40a)
and

δZm =
λ

32π2

[
1

ε
+ (ln 4π − γE)− ln

m2

µ2

]
O(λ2). (5.5.40b)

Similarly, δλ is fixed here by placing a boundary condition on Γ(4). If we require
a symmetric condition, i.e. that does not privilege any of the external legs, then
we should first set

p2i = −µ2
R (i, j = 1, . . . , 4), (5.5.41)

just as for the external legs in Γ(2). Moreover, since this implies s+ t+u=−4µ2
R,

a symmetric condition is
s = t = u = −4

3
µ2
R. (5.5.42)

Again, this is an unphysical point, but this is not important here. The condition
on Γ(4) can then be written as

Γ(4)(p1, p2, p3, p4) = −λ for pi·pj = µ2
R

(1− 4δij)

3
(i, j = 1, . . . , 4). (5.5.43)
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We therefore have

δZλ =
λ

32π2

[
3

ε
+ 3(ln 4π − γE)− 3 ln

m2

µ2 + 3A(−4
3
µ2
R, m

2)

]
+O(λ2). (5.5.44)

Finally then, in the MOM scheme, sending ε→0, for generic values of the external
momenta, leads to

Γ(2)(p,−p) = p2 −m2 +O(λ2) (5.5.45a)
and

Γ(4)(p1, p2, p3, p4) = −λ
{
1− λ

32π2

[
A(s,m2) + A(t,m2) + A(u,m2)

− 3A(−4
3
µ2
R, m

2)
]
+O(λ2)

}
. (5.5.45b)

We immediately notice that in this scheme the dependence on µ has disappeared
from the n-point Green functions. However, upon examining Eqs. (5.5.40b) and
(5.5.44), we see that the counter terms are now manifestly mass and therefore µ
dependent.

The last scheme we shall examine is the so-called “on-shell” subtraction scheme.
It is in this scheme that the parameters m and λ actually assume their canonical
physical significance of particle mass and coupling constant. It is important to
realise that this was not true for the arbitrary definitions of the subtractions in
the previous schemes. Here instead they will acquire the values that might be
directly measured experimentally.

For the mass, we simply take the position of pole in the two-point Green
function G

(2), or equivalently the zero in Γ(2). The conditions to be applied are
then

Γ(2)(p,−p)
∣∣∣
p
2
=m

2
= 0 (5.5.46a)

and ∂

∂p2
Γ(2)(p,−p)

∣∣∣
p
2
=m

2
= 1. (5.5.46b)

So far this is just equivalent to MOM with subtraction point µ2
R=−m2. In other

words, we may calculate the Green functions by simply taking those defined in
MOM and making the previous substitution.

Again, examining Eqs. (5.5.40b) and (5.5.44), bearing in mind that µ2
R=−m2,

we see that the counter terms are mass dependent in this scheme too. However,
all mass dependence is encoded in m, the now physical mass. Indeed, since, by
definition, all renormalisation schemes must render the Green function finite, the
effective difference between any two schemes must be finite. Moreover, one can
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derive a table of correspondence to permit the translation from any given scheme
to another—the coefficients being always finite.

Finally, note that there is no scheme in which the momentum dependence in
G
(4) may be removed and thus too λR will always have momentum dependence,

which must then be characterised by some extra scale, µR say, as λR itself is
adimensional. This observation leads to an important basis for analysis of the
general scaling behaviour, known as the renormalisation group.
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Chapter 6

Spinor and Gauge Fields

If we wish to describe the interactions of the matter that makes up the visible
universe, then we are forced to include spin-half fields such as electrons, muons
and quarks etc. Moreover, their interactions will be described by exchange gauge
fields such as the photon. Let us then open this chapter by highlighting the
fundamental differences with respect to the simple scalar field theory studied in
the previous chapter.

The obvious differences regard the spin and the mass of the fields involved.
However, as we shall see, the nature of the charge of the gauge fields, Abelian or
non-Abelian, is also of great relevance. In any case, the introduction of a spin-half
field requires a construction capable of incorporating the Fermi statistics it must
obey. As to the inclusion of gauge fields, we shall find that the gauge symmetry,
which has the effect of reducing the number of physical degrees of freedom from
the three normally associated with a massive vector field down to two, requires
careful treatment and some additional techniques.

6.1 Spinor-field quantisation

6.1.1 Spinor path integrals

It was already shown in Sec. 2.4.2 that the correct formulation of a spinor field
theory requires the introduction of anticommuting or Grassmann variables. This
implies that we now need to deal with Feynman path integrals over such objects.
Using the results given in the appendix for a discrete set of Grassmann variables,
we can immediately write down the corresponding result for a continuum of com-

113
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ponents, in other words, for a Grassmann field ψ(x) and A anti-Hermitian:

∫
Dψ exp

{
−1

2

∫
d4x d4y ψ(x)A(x, y)ψ(y)

}
=
[
detA

]1/2
= exp

{
1
2
Tr lnA

}
,

(6.1.1)
where for the moment we consider a field ψ(x) over a simple one-dimensional space.
Note that it is not yet a spinor. Once again, since we shall also need to include
source terms, the extension to include a linear term in the exponential is useful:

∫
Dψ exp

{
−1

2

∫
d4x d4y ψ(x)A(x, y)ψ(y) +

∫
d4xσ(x)ψ(x)

}

= exp
{

1
2
Tr lnA

}
exp

{
−1

2

∫
d4x d4y σ(x)A−1(x, y) σ(y)

}
. (6.1.2)

Extending this to a complex field, we have

∫
DψDψ∗ exp

{
−
∫

d4x d4y ψ∗(x)A(x, y)ψ(y)

}
= detA = exp

{
Tr lnA

}
.

(6.1.3)
And the inclusion of linear source terms gives

∫
DψDψ∗ exp

{
−
∫

d4x d4y ψ∗(x)A(x, y)ψ(y)

+

∫
d4x

[
σ∗(x)ψ(x)− ψ∗(x) σ(x)

]}

= exp
{
Tr lnA

}
exp

{
−
∫

d4x d4y σ∗(x)A−1(x, y) σ(y)

}
. (6.1.4)

Note the necessary sign difference between the two linear terms.
However, our general formulation has always led to path integrals in which

the exponent is i
∫
d4xL in Minkowski space. Therefore, we shall be interested in

integrals of the form

∫
DψDψ∗ exp

{
i

∫
d4x d4y ψ∗(x)B(x, y)ψ(y)

+i

∫
d4x

[
σ∗(x)ψ(x) + ψ∗(x) σ(x)

]}

= exp
{
Tr ln( iB)

}
exp

{
− i

∫
d4x d4y σ∗(x)B−1(x, y) σ(y)

}
, (6.1.5)
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where now the operator B is Hermitian to compensate the explicit factor “ i ” in
front of the integrals and there is no longer a sign difference between the two source
terms.

6.1.2 The spinor generating functional

In analogy with the scalar case, the natural choice for the generating functional to
quantise a free spinor field is

Z0[σ, σ] ∝
∫

DψDψ exp

{
i

∫
d4x

[
L+σψ + ψσ

]}
, (6.1.6)

where now ψ and σ are intended to be a spinor field and source respectively; as
usual, ψ :=ψ†γ0 and σ :=σ†γ0. The normalisation of Z0[σ,σ] is chosen, as always,
to be such that it is unity for σ=0=σ. We cannot use the iε trick here owing
to the anticommuting nature of the objects involved and we shall simply resort to
inserting it by hand into the final propagators.

The spinor Green functions are defined by

G
(2n)(x1, . . . , xn; y1, . . . , yn) = 〈0|T

[
ψ(x1)...ψ(xn)ψ(y1)...ψ(yn)

]
|0〉, (6.1.7)

where the time ordering must now also introduce a minus sign for every pair-wise
commutation of fermion fields. Conservation of fermion number is made explicit
by inserting the same number of fields ψ(xi) and ψ(yi). These are indeed the
only non-vanishing products. As usual, the Green functions are generated by
functionally differentiating Z0[σ,σ] a suitable number of times:

i 2n G(2n)(x1, . . . , xn; y1, . . . , yn) =
δ2nZ0[σ, σ]

δσ(x1) . . . δσ(xn) δσ(y1) . . . δσ(yn)
. (6.1.8)

First of all, note that it is no longer necessary to set σ=0=σ explicitly since
at most only linear terms are present in Z0[σ,σ]. Moreover, owing to the an-

ticommutation of any individual pair of derivatives, G
(2n)(x1,... ,xn;y1,... ,yn) is

antisymmetric under pair-wise interchange of the coordinates {xi,yj}, as required
by Fermi–Dirac statistics.

6.1.3 The free-field Dirac propagator

Since the free-field generating functional is quadratic, we can, as usual, evaluate it
exactly. The relevant Lagrangian has already been encountered, see Eq. (2.4.31).
Henceforth, we shall suppress the explicit unit Dirac matrix 1. We thus substitute
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the following operator into (6.1.5)

B(x, y) = δ4(x− y)
[
i /∂x −m

]
. (6.1.9)

Using this and our new results on Gaussian functional integrals, we obtain

Z0[σ, σ] = exp

{
− i

∫
d4x d4y σ(y) B−1(x, y) σ(x)

}
. (6.1.10)

We now rewrite the inverse of B(x,y) in the following suggestive form:

B−1(x, y) = SF(x− y), (6.1.11)

the Feynman propagator for a fermion field. From the definition of B, we have

B(x, y) =

∫
d̄4p e− ip·(x−y) [

/p−m+ iε
]
, (6.1.12)

from which it immediately follows that

B−1(x, y) = SF(x− y) =

∫
d̄4p e− ip·(x−y) [

/p−m+ iε
]−1

. (6.1.13)

We can now easily move over to the momentum-space representation and write

SF(p) =
1

/p−m+ iε
=

/p +m

p2 −m2 + iε′
, (6.1.14)

where, since ε′=2mε and m is constant, the prime is irrelevant.

6.1.4 Renormalisability

We can now address the question of renormalisability. Consider a theory involving
both boson and fermion fields with vertices attached to NB boson and NF fermion
lines. The form of the fermion propagator just derived, taken together with that
for bosons derived earlier leads to the following superficial degree of divergence for
an L-loop diagram with IB (IF ) internal boson (fermion) propagators:

D = 4L− 2IB − IF (6.1.15)
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If a diagram contains V (NB,NF ) vertices with NB (NF ) boson (fermion) legs and
EB (EF ) external boson (fermion) legs, then

EB + 2IB =
∑

NB, NF

NB V (NB, NF ) (6.1.16a)

and
EF + 2IF =

∑

NB, NF

NF V (NB, NF ). (6.1.16b)

The total numbers of internal and external lines and vertices are

I = IB + IF , (6.1.17a)

E = EB + EF , (6.1.17b)

V =
∑

NB , NF

V (NB, NF ) (6.1.17c)

and it is still true that
L = 1− V + I. (6.1.18)

Putting all this together we have

D = 4−EB − 3
2
EF +

∑

NB, NF

(NB + 3
2
NF − 4) V (NB, NF ). (6.1.19)

If the coefficient multiplying V (NB,NF ) in the sum above is positive, then the
degree of divergence grows with growing perturbation order and the theory will
not be renormalisable. We therefore require

NB + 3
2
NF ≤ 4. (6.1.20)

For NF =0, this is just the condition derived in the previous chapter. We can
exclude NF =1 on the grounds of angular-momentum conservation and thus we
need only consider NF =2 with NB=0 or 1. The case NB=0 is uninteresting since
it corresponds to a non-interacting purely fermionic theory. Note that in this way
we have excluded the famous Fermi theory of nuclear β-decay. Indeed, its non-
renormalisability is symptomatic of incompleteness; once the weak gauge bosons
are included in the correct manner, there are no fermionic four-point functions and
the theory is renormalisable. Note too that we have not considered vertices with
derivative terms since these would have an even poorer degree of convergence and
thus no chance of being renormalisable.
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6.1.5 Yukawa theory

The only tenable theory is then that containing fermion–boson (three-point) ver-
tices. This corresponds (for a spin-zero boson) to the theory developed by Yukawa
to explain the strong nuclear interaction. Such a theory was intended to describe
the interactions between nucleons as mediated by pions. There are just two pos-
sible couplings or interaction terms:

LI = −g ϕψ Γψ with Γ = 1 or γ5. (6.1.21)

In fact, the pion turns out to be a pseudoscalar particle and therefore the second
is the correct form in this case. We shall write the full Lagrangian keeping the
interaction term separate from the free part:

L = L0+LI(ϕ, ψ, ψ). (6.1.22)

The generating functional will then naturally take the following form

Z [J, σ, σ] ∝
∫

DϕDψDψ exp

{
i

∫
d4x

[
L+Jϕ+ σψ + ψσ

]}
, (6.1.23)

with L depending on both ϕ and ψ. For the free-field case Z0 factorises into
separate scalar and fermion pieces and has therefore already been covered in the
previous discussions; we have

Z0[J, σ, σ] = exp

{
−1

2
i

∫
d4x d4y J(x)∆F(x− y) J(y)

}

× exp

{
− i

∫
d4x d4y σ(x)SF(x− y) σ(y)

}
. (6.1.24)

In the full interacting theory the path integral may be factorised as follows:

exp

{
i

∫
d4x

[
L+Jϕ+ σψ + ψσ

]}

= exp

{
i

∫
d4x LI

}
exp

{
i

∫
d4x

[
L0 +Jϕ+ σψ + ψσ

]}
. (6.1.25)

Note that the presence of Grassmann variables in pairs is crucial for this factorisa-
tion. To expand the resulting interaction exponential as a power series in ϕ, ψ and
ψ, we shall need the following functional derivatives with respect to the external
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spinor sources:

δ

δσ(x)
exp

{
i

∫
d4y

[
L0+Jϕ+ σψ + ψσ

]}

= − iψ(x) exp

{
i

∫
d4y

[
L0+Jϕ+ σψ + ψσ

]}
, (6.1.26a)

δ

δσ(x)
exp

{
i

∫
d4y

[
L0+Jϕ+ σψ + ψσ

]}

= iψ(x) exp

{
i

∫
d4y

[
L0+Jϕ + σψ + ψσ

]}
. (6.1.26b)

Note the difference in sign between the two cases.
Putting this all together, we have

LI

(
ϕ, ψ, ψ

)
exp

{
i

∫
d4y

[
L0 +Jϕ+ σψ + ψσ

]}

= LI

(
− i

δ

δJ
,− i

δ

δσ
, i

δ

δσ

)
exp

{
i

∫
d4y

[
L0+Jϕ+ σψ + ψσ

]}
, (6.1.27)

from which we obtain

Z [J, σ, σ] = exp

{
i

∫
d4x LI

(
− i

δ

δJ
,− i

δ

δσ
, i

δ

δσ

)}
Z0[J, σ, σ]. (6.1.28)

The functional derivative of Z0[J,σ,σ] with respect to to J has already been derived
in (4.2.41); the two new cases are:

δZ [J, σ, σ]

δσ(x)
= Z [J, σ, σ]

∫
d4y σ(y) iSF(x− y) (6.1.29a)

and
δZ [J, σ, σ]

δσ(x)
= −Z [J, σ, σ]

∫
d4y iSF(x− y) σ(y). (6.1.29b)

We now have all the necessary definitions to proceed with the derivation of the
Feynman rules. Steps analogous to those taken in the scalar case lead to a new
propagator, a new vertex and a new antisymmetry factor:

1. Internal lines, corresponding to fermion propagators of momentum p, are
represented as

p
= iSF(p) =

i(/p+m)

p2 −m2 + iε
. (6.1.30)
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2. In a theory with scalar fields there are Yukawa vertices, represented as

p1

p2 p3
= − igΓ (Γ = 1 or γ5), (6.1.31)

with the constraint p1−p2=p3.

3. Unconstrained loop four-momenta k are integrated over d̄4k .

4. A fermion loop leads to a trace of the Dirac matrices involved.

5. Any closed fermion loop carries an additional factor −1.

None of the symmetry factors associated with scalar fields apply to fermions in
this theory. We shall explain the −1 for closed fermion loops shortly. Note that
the matrix multiplications associated with the fermion propagators and vertices
are to be taken in the reverse direction with respect to the propagator arrows.

The purely scalar vertices are as already derived in the previous chapter. Note,
however, that even if we start with a scalar field having only a Yukawa interaction
with the fermions in the theory and no explicit cubic or quartic term ion the Lag-
rangian, loop diagrams such as that in Fig. 6.1 will generate higher-order effective
self-couplings.

Figure 6.1: An effective quartic scalar interaction term generated at one-loop order via
Yukawa interaction with a fermion field.

Let us now examine the case of closed fermion loops. Note first that, since
fermion fields are neither created nor destroyed individually, but only in pairs,
then any diagram will contain a number of continuous fermion lines. There are
just two possibilities for each line: it is either open, i.e. it represents a particle (or
antiparticle) entering the diagram and in some other point leaving; or it is a closed
loop (representing a virtual state). The simplest case of the latter is the one-loop
correction to the scalar two-point function. The relevant diagram is shown in
Fig. 6.2. Identifying the corresponding term in the expansion of Z [J,σ,σ], we have
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Figure 6.2: A fermion-loop diagram correction to the scalar two-point function.

(as already stated, Γ=1 or γ5):

Z [J, σ, σ] = . . .

+
i 2

2!

∫
d4x d4y

[(
− i

δ

δJ(x)

)(
i

δ

δσ(x)

)(
− igΓ

)(
− i

δ

δσ(x)

)]

×
[(

− i
δ

δJ(y)

)(
i

δ

δσ(y)

)(
− igΓ

)(
− i

δ

δσ(y)

)]
Z0[J, σ, σ]

+ . . . (6.1.32)

And, suppressing the scalar part (since it causes no problems with respect to anti-
commutation), the relevant term in the expansion of Z0[J,σ,σ] to be differentiated
is

1

2!

{
− i

∫
d4z1 d

4z2 σ(z1)SF(z1 − z2) σ(z2)

}

×
{
− i

∫
d4z3 d

4z4 σ(z3)SF(z3 − z4) σ(z4)

}
. (6.1.33)

Notice first of all that the expressions in braces in both Eqs. (6.1.32 & 32)
may be reordered without incurring sign changes as they contain even numbers of
Grassmann variables. Consider differentiating the sources at z1 and z4 with the
derivatives at x; the ordering is already correct and no minus sign is introduced and
thus the sign difference between Eqs. (6.1.29a & b) leaves one overall minus sign.
This leaves the sources at z2 and z3 to be differentiated with the derivatives at y;
the ordering is wrong here and a minus sign is introduced, which is then cancelled
by the sign difference between Eqs. (6.1.29a & b). It should not be difficult to
convince oneself that for any number of similarly connected propagators, none of
the source derivatives but those acting on the outermost pair (e.g. z1 and z4 above)
introduce minus signs, leaving just one overall change of sign due to this last pair
if derivatives. Moreover, in the case of open fermion lines, which, as remarked
above, is the only other case, this never happens since precisely the outermost pair
of derivatives is then absent.

To complete the rules for calculation of full scattering amplitudes, we should
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construct the analogue of S [J,ϕ0], also including the fermion fields and their
sources. Following the procedure already established it is not difficult to see that
the following new rules apply to external fermionic legs:

6. With each incoming or outgoing fermion line with momentum p and spin s
we associate a factor u(p,s) or ū(p,s) respectively; for antifermions we use
v(p,s) or v̄(p,s).

7. There is an additional factor −1 between diagrams that differ by exchange
of external identical fermion (or antifermion) legs.

A few cautionary words are in order. Some care must be exercised with massless
fermions, such as the standard model neutrino. Although in general they can be
taken to have the same propagator as derived here with the mass simply set to
zero, in some cases this may lead to the appearance of “wrong” helicity states.
Such problems can be avoided by use of Weyl spinors.

We shall not pursue Yukawa’s theory further here. We now know that neither
the nucleons nor the pions may be treated as elementary states (except in some
low-energy approximation) and such an approach is of little practical use nowadays.
For more discussions on the details of Yukawa’s theory and examples of calculations
performed, see Bjorken and Drell (1965). We now turn to what is considered the
paradigm of elementary particle interactions, QED.

6.2 Gauge-field quantisation

All modern-day fundamental theories of particle interactions are based on the
notion of gauge symmetry, which rests on the masslessness of the spin-one field
it describes. It turns out that such a symmetry guarantees, above all, renorm-
alisability. The prime example of a gauge theory is QED, which describes the
electromagnetic interactions of electrons (spin-half, fermions) via the exchange of
(spin-one, massless) photons. In its most elementary form then it contains just two
fields and a single charge. With the advent of the unified theory of the electroweak
interaction and also the fundamental theory of the strong interaction QCD, this
basic notion has been extended to the case of a multiple charges with more com-
plex gauge symmetries based on non-Abelian groups. We shall start with the easier
Abelian case of QED.

6.2.1 Abelian gauge fields

To construct the fermion Lagrangian in the presence of a gauge field we apply
the well-known principle of minimal coupling to the basic Lagrangian describing
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a single fermion, which requires the following change

∂µ → Dµ := ∂µ + igAµ(x), (6.2.1)

where Aµ(x) is the gauge field and g the charge of the fermion. The pure gauge
part of the Lagrangian can be constructed from

F µν := ∂µAν − ∂νAµ = (ig)−1
[
Dµ, Dν

]
, (6.2.2)

which is manifestly covariant. The full Lagrangian is then

L = ψ
(
i /D −m

)
ψ − 1

4
F µνFµν . (6.2.3)

From this it is easy to see that a mass term, which can only be −1
2
m2AµAµ, would

violate gauge invariance, i.e. invariance under the following transformation:

ψ(x) → e− igΛ(x) ψ(x) (6.2.4a)
and

Aµ → Aµ + ∂µΛ(x), (6.2.4b)

for any scalar function Λ(x).

6.2.2 Non-Abelian gauge fields

Let us now suppose that we wish to introduce a new conserved multi-valued
quantum number (e.g. colour) and that we wish to gauge it, i.e. render local
the global symmetry implied by conservation.∗ In this case we shall have, say,
p fermion fields, where p is the number of different charges. Note that we do
not merely wish to have p copies of the Abelian theory previously described—this
would hardly be interesting. The point here is that there should be complete sym-
metry between the different charges and that there should only be a single charge
strength, say, g. In other words, we require symmetry under the following more
general infinitesimal transformation:

δψi(x) = − ig δΛa(x)Taij ψj(x) (i, j = 1, . . . , p), (6.2.5)

where the usual summation convention over repeated indices is understood, the
infinitesimal functions δΛa(x) are arbitrary and the form of the matrices T

a (for,
say, a=1,... ,r) is to be determined. If the matrices T

a were merely multiples of
the identity matrix then all we would have would be the case just mentioned: p

∗ Such a case was first consider by Yang and Mills (1954) and such theories are therefore often
denoted with their names.



124 CHAPTER 6. SPINOR AND GAUGE FIELDS

Abelian theories each with a possibly different charge strength.
The situation will be more interesting if the matrices are non-trivial. Evidently

though, there are some restrictions they must satisfy. Let us introduce the natural
extension of the covariant derivative to a p×p matrix (which may then act on the
p-valued field ψi):

Dµ := ∂µ + igTaAaµ(x), (6.2.6)

where the term ∂µ is understood to be multiplied by the unit p×p matrix. The
infinitesimal transformation of ∂µψi(x) may be written as

δ(∂µψi(x)) = − ig Taij δΛ
a(x) ∂µψj(x)− ig Taij ψj(x) ∂

µδΛa(x). (6.2.7)

As usual, it is the appearance of the second term on the right-hand side that
requires the introduction of a field Aaµ(x) with specific transformation properties.
If we write the more general

δAaµ(x) = ∂µ δΛa(x) + gfabcδΛb(x)Acµ(x), (6.2.8)

where the constants fabc are to be determined, then the necessary cancellations
will take place if and only if

[
T
aδΛa(x),TbAbµ(x)

]
= ifabc TaδΛb(x)Acµ(x). (6.2.9)

Since both Λa(x) and Abµ(x) are arbitrary functions, this implies

[
T
a,Tb

]
= ifabc Tc. (6.2.10)

We thus see that the matrices T
a form a representation of the (non-Abelian) Lie

algebra defined by the structure constants fabc. Hence, we refer to this as a non-
Abelian gauge-field theory or Yang–Mills (YM) theory (Yang and Mills, 1954).

Exercise 6.2.1. Derive the commutation relation in Eq. (6.2.9), as suggested
above, by explicitly considering the effect of a gauge transformation on Dµψ.

To construct a suitable kinetic term for the gauge-field Lagrangian, it is easiest
to follow the same approach as used in (6.2.2) above. Define first

Aµ(x) := T
aAaµ(x), (6.2.11)

so that Aµ(x) is now implicitly a matrix in the new space. The non-Abelian field
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strength may then be defined naturally as

F µν := ( ig)−1
[
Dµ, Dν

]
= ∂µAν − ∂νAµ + ig

[
Aµ, Aν

]
(6.2.12)

or, more explicitly,

F aµν = ∂µAaν − ∂νAaµ − gfabcAbµAcν , (6.2.13)

where the last term is a non-linear term, which will lead to the self-interactions
characteristic of non-Abelian theories. We can thus finally construct the full
gauged Lagrangian:

L = ψ
(
i /D −m

)
ψ − 1

4
F aµνF a

µν . (6.2.14)

Again, it is manifestly impossible to maintain gauge invariance and at the same
time insert a mass term, −1

2
m2AaµAaµ, for the field Aaµ(x). Later on we shall

discuss a mechanism to bestow the gauge field a non-vanishing effective mass via
interaction with another field. Note that if the gauge group is a simple (i.e.
irreducible) Lie algebra, then there is only one coupling constant; however, if it
is semi-simple (i.e. a product of subgroups), then there may be as many different
couplings as there are distinct subgroups. In the case of the electroweak theory,
for example, the group is SU(2)×U(1) and there are two independent couplings.

We shall now examine the problem of quantising general gauge theories, both
Abelian and non-Abelian. While the problem of quantising Abelian theories is
somewhat simpler, the clearest and most intuitive approach is that which is gener-
ally applied to non-Abelian theories. We shall therefore jump in at the deep end
and consider non-Abelian quantum field theories from the start.

6.2.3 Difficulties in gauge-field quantisation

Let us first consider the case of a pure gauge theory; i.e. not coupled to a fermion
field as in full QED or QCD. If we naïvely follow the practice so far developed and
consolidated, then we immediately arrive at the following form for the generating
functional:

Z0[J
aµ] ∝

∫
DA exp

{
i

∫
d4x

[
L0(A

aµ) + Jaµ A
aµ
]}

, (6.2.15)

where DA implies a path integral running over space–time coordinates and charges
(i.e. over all the indices of Aaµ) and L0 is just the gauge-field kinetic term∗ in the
Lagrangian (6.2.14), or

L0 = −1
4
F aµνF a

µν . (6.2.16)

∗ As we have seen, in the case of Yang–Mills (YM) (i.e. non-Abelian) theories, it is not, however,
purely quadratic and contains higher-order interaction terms.
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We shall now see that this is insufficient, owing principally to the gauge symmetry
of the field and the fact that this property induces a reduction in the three natural
degrees of freedom of a massive vector field down to the two transverse states of,
say, a photon.

To first glimpse the nature of the problem, let us imagine performing the in-
tegral of the part quadratic in the fields Aaµ (i.e. just the QED-like piece) in the
standard manner to arrive at an exact form for the generating functional:

Z0[J ] = exp

{
−1

2
i

∫
d4x d4y Jaµ(x)Dab

Fµν(x, y) J
bν(y)

}
, (6.2.17)

whereDab
µν(x,y) should be the Feynman propagator or inverse of what we might call

the Maxwell operator (the equivalent of the Klein–Gordon or Dirac operators in the
scalar or spinor cases already discussed). First we make explicit the conservation
of the charge:

Dab
Fµν(x, y) = δabDFµν(x, y). (6.2.18)

Next we define the Fourier transform:

DFµν(x, y) =

∫
d̄4q e− iq·(x−y)DFµν(q). (6.2.19)

From the Maxwell equations (2.4.45a), we see that in momentum space the inverse
propagator (or Maxwell operator) is

D−1Fµν(q) = −q2 gµν + qµqν . (6.2.20)

We now require the gauge-field propagator or inverse of the previous expression.
The most general expression possible is

Dµν
F (q) = q2 gµνA(q2) + qµqνB(q2). (6.2.21)

The only other tensor available εµνρσ is antisymmetric and is therefore excluded
in this case. We thus simply require

Dµν
F (q)D−1Fνρ(q) = δµρ . (6.2.22)

Now, it is not difficult to see that there is, in fact, no solution to this equation.

Exercise 6.2.2. Define the transverse and longitudinal projection operators

P µν
T (q) := gµν − qµqν/q2, (6.2.23a)

P µν
L (q) := qµqν/q2 (6.2.23b)
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and use these to show that since D−1Fµν(q) has zero longitudinal component, its
inverse Dµν

F (q) would have an infinite longitudinal component.

Note that the projection operators defined in Ex. 6.2.2 have the following prop-
erties:

P µρ
X (q)P ν

Xρ (q) ≡ P µν
X (q) for X = T,L (6.2.24a)

and
P µν

T (q) + P µν
L (q) ≡ gµν (the identity operator). (6.2.24b)

In other words, the operator Dµν
F (q) is itself a projector onto the transverse com-

ponents of Aµ. This implies, in particular, that in the Euclidean formulation the
Gaussian integrals along the longitudinal directions are not damped and therefore
do not converge.

We see then that the problem lies with the longitudinal components. Indeed,
we might have expected such a problem since the functional measure, DA, used
implies a product of path integrals over each of the four space–time components
of the gauge field Aaµ. In other words, the full integral runs over subspaces of field
configurations that are equivalent under gauge transformation. Each gauge tra-
jectory in this equivalence space has infinite length and the Lagrangian is invariant,
i.e. constant, therefore the contribution to the path integral is infinite.

The situation might be likened to attempting minimisation with respect to
redundant or dummy variables. Intuitively, one might resolve such a problem by
inserting a δ-function to select one particular (arbitrary) value of each redundant
variable. In the path-integral this would mean restricting the region to a hyper-
surface of (arbitrary) constant gauge. This, in essence, is the technique developed
by Fadde’ev and Popov (1967). Note that one could, in principle, fix the gauge
from the start and avoid such a problems (for example, see Abers and Lee, 1973,
p. 76).∗ However, gauge covariance would then be evidently lost; indeed, for many
choices of the gauge-fixing condition, even Lorentz covariance would no longer be
manifest. The obvious difficulty is the definition of the required gauge δ-functional.

6.2.4 Fadde’ev–Popov ghosts

Consider the full purely Yang–Mills action

S[A] =

∫
d4x L0(A). (6.2.25)

By construction, this is gauge invariant; that is, it does not vary for fields lying
along the trajectory U(λ)Aaµ where Aaµ is some arbitrary fixed reference point, λ an

∗ This would also be closer to the canonical approach to gauge-field quantisation.



128 CHAPTER 6. SPINOR AND GAUGE FIELDS

element of the gauge group G and U(λ) the corresponding gauge-transformation
operator. That is,

S[Aλ] = S[A], (6.2.26)
where

Aλµ ≡ T
aAaλµ = U(λ)

[
T
aAaµ + (ig)−1U−1(λ)∂µ U(λ)

]
U
−1(λ). (6.2.27)

Such behaviour evidently makes nonsense of the stationary-phase condition, as
implemented so far.

The idea is now to fix a gauge via a δ-functional and thus limit the path integral
to a hypersurface in the manifold of field configurations. That is, we shall apply a
condition of the type

F
a(Aµ) = 0, (a = 1, . . . , N), (6.2.28)

where N is the dimension of the gauge group. For this to single out just one point
on each gauge trajectory, the equation

F
a(Aλµ) = 0, (6.2.29)

must have a unique solution in λ for any given Aaµ. The condition corresponding,
e.g., to the Coulomb gauge would be

F
a(Aµ) = ∇·Aa. (6.2.30)

In the neighbourhood of the identity a general gauge transformation may be
parametrised with

U(λ) ≃ 1− igTaΛa(x). (6.2.31)

And an invariant measure dλ may be defined over the gauge group such that

dλ ′ = d(λλ′) (6.2.32)

and it may always be written locally as

dλ = dΛ , (λ ≈ 1). (6.2.33)

Consider now the path integral

1 = ∆F[A]

∫
Dλ δ[F(Aλ)], (6.2.34)

where δ[F(Aλ)] is the δ-functional alluded to previously. This equation simply
defines the normalisation factor ∆F[A]. Let us insert this into the standard path
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integral for the vacuum-to-vacuum amplitude:

Z [J ]|J=0 ∝
∫

DA∆F[A]

∫
Dλ δ[F(Aλ)] exp

{
i

∫
d4x L(A)

}
. (6.2.35)

We now can perform a gauge transformation on the integrand:

Aaµ → Aa(λ
−1

)
µ . (6.2.36)

Observe though that not only is L(A) invariant, but so too is ∆F[A]. To see the
latter invariance, write

∆−1F [A] :=

∫
Dλ′′ δ[F(Aλ

′′

)] =

∫
D(λλ′) δ[F(Aλλ

′

)]

=

∫
D(λ′) δ[F(Aλλ

′

)] = ∆−1F [Aλ]. (6.2.37)

We thus obtain

Z [J ]|J=0 ∝
∫

DA∆F[A]

∫
Dλ δ[F(A)] exp

{
i

∫
d4x L(A)

}
, (6.2.38)

in which the integrand is now manifestly gauge invariant. This is precisely the
observation of Fadde’ev and Popov: namely, that

∫
Dλ is just a constant factor

(albeit infinite) that is now independent of the fields and that may therefore be
separated out and absorbed into the normalisation. We may thus write

Z [J ]|J=0 ∝
∫

DA∆F[A] δ[F(A)] exp

{
i

∫
d4x L(A)

}
. (6.2.39)

One can show that the inclusion of source terms involving conserved currents does
not change this result.

We now have the task of evaluating ∆F[A]. The integral already contains the
δ-functional and so we may evaluate ∆F for fields satisfying the gauge condition
(6.2.28). We may therefore restrict ourselves to gauge transformations in the
neighbourhood of the identity and write

Dλ = DΛ = DF det

(
δΛa

δFb

) ∣∣∣∣
F
b
=0

. (6.2.40)

We thus finally have

∆−1F [A] =

∫
Dλ δ[F(Aλ)] = det

(
δΛa

δFb

) ∣∣∣∣
F
b
=0

, (6.2.41)
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the inverse of which is

∆F[A] = det

(
δFb

δΛa

)∣∣∣∣∣
F
b
=0

. (6.2.42)

All that remains is to find useful representations of both the determinant and
δ-functional. The solution is to convert them to exponential (Gaussian) form.

The δ-functional δ[F(A)]

A typical choice for the gauge-fixing condition might be

F
a(A) = ∂µAaµ(x)− fa(x) = 0 (6.2.43)

for some set of arbitrary functions fa(x). (We shall examine a further possibility
shortly.) Now, the following path integral is evidently just a constant:

constant =

∫
Df exp

{
− i

2ξ

∫
d4x [fa(x)]2

}
, (6.2.44)

where summation over the index a is understood in [fa(x)]2. We can therefore
insert it into the previous expression for the vacuum-to-vacuum amplitude:

Z [J ]|J=0 ∝
∫

Df exp

{
− i

2ξ

∫
d4x [fa(x)]2

}

×
∫

DA∆F[A] δ[F(A)] exp

{
i

∫
d4x L(A)

}

=

∫
DA exp

{
− i

2ξ

∫
d4x [∂µAaµ(x)]

2

}

×∆F[A] exp

{
i

∫
d4x L(A)

}
, (6.2.45)

where the last equality is obtained by interchanging the order of integration and
using the δ-functional to perform the path integral in Df . The result is none other
than the technique of Lagrange multipliers applied to path integrals.

The functional determinant det(δΛa/δFb)

Noting that we have a determinant raised to a positive power, we recall that
just such an object was previously obtained as the result of path integration over
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complex Grassmann variables, see Eq. (6.1.3). Thus, we may write

∫
DθDθ∗ exp

{
i

∫
d4x d4y θa∗(x)Mab(x, y) θb(y)

}
∝ det(−M), (6.2.46)

where gauge invariance requires that the complex scalar Grassmann fields belong
to the adjoint representation, in addition a factor “ i ” has been introduced into the
right-hand side for correct damping in the integral representation to be introduced
next. If we now set

Mab(x, y) = −δF
a(x)

δΛb(y)
, (6.2.47)

then we may write

det

(
δFa

δΛb

)
∝
∫

DθDθ∗ exp

{
i

∫
d4x d4y θa∗(x)

δFa(x)

δΛb(y)
θb(y)

}
. (6.2.48)

From the infinitesimal form of the gauge transformation given in Eq. (6.2.8)
we immediately have

δAaµ(x)

δΛb(y)
=
[
δab ∂µx + gfabcAcµ(x)

]
δ4(x− y) (6.2.49)

and
δFa(x)

δΛb(y)
= ∂yµ

{[
δab ∂µx + gfabcAcµ(x)

]
δ4(x− y)

}
. (6.2.50)

Inserting this into the exponential in the Grassmann path integral for the determ-
inant gives

∫
d4x d4y θa∗(x)

δFa(x)

δΛb(y)
θb(y)

=

∫
d4x ∂µθa∗(x)

[
∂µθ

a(x) + gfabcθb(x)Acµ(x)
]
. (6.2.51)

Finally, putting all this together in the full generating functional, we have

Z0[J
a
µ] ∝

∫
DADθDθ∗

× exp

{
i

∫
d4x

[
L0(A) + LGF(A) + LFP(A, θ, θ

∗) + Jaµ A
aµ
]}

, (6.2.52)

where

L0(A) = −1
4
F µν Fµν , (6.2.53a)
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LGF(A) = −1
2
ξ−1

(
∂µAaµ

)2
, (6.2.53b)

LFP(A, θ, θ
∗) = ∂µθa∗(x)

[
∂µθ

a(x) + gfabcθb(x)Acµ(x)
]
. (6.2.53c)

The first term is just the original Yang–Mills Lagrangian, the second is a gauge-
fixing term while the third contains the so-called Fadde’ev–Popov ghosts. The
purpose of these last is quite simply to cancel the unwanted extra degree of freedom
of the gauge field (hence their Grassmannian nature). Note that the second and
third term go hand-in-hand and cannot be considered as independent.∗

Indeed, inspecting the ghost-field term, we see that there is a quadratic contri-
bution, which will lead to Feynman rules corresponding to an anticommuting scalar
with therefore a minus sign for each ghost loop. There is also an interaction term
involving the gauge field itself. However, we immediately see that for an Abelian
gauge theory (for which effectively fabc=0) the ghosts actually decouple. That is,
they do not contribute to any physical process and may therefore be ignored. In a
non-Abelian theory, with this choice of gauge, they are necessary. Note, of course,
that they only contribute as internal propagators and never appear as physical
states.

One might wonder if there is a gauge choice that simply avoids the spurious
degrees of freedom and thus too such unphysical fields. There do indeed exists
such physical (or axial) gauges, but there is a price to be paid. The required gauge
condition is

F
a(A) = nµAaµ(x)− fa(x) = 0, (6.2.54)

where nµ is some arbitrary external four-vector. An immediately obvious draw-
back is the loss of manifest Lorentz invariance (due to the introduction of an
external vector). Of course, Lorentz invariance is only lost in individual diagrams;
in any final physical quantity all reference to the vector nµ must (and does) dis-
appear. However, a further problem is that while the ghosts then decouple even
in a non-Abelian theory, the gauge-field propagator takes on a rather complicated
form. It may be simplified to some extent by a suitable choice of gauge-fixing
parameter ξ and of a light-like vector for nµ. Such a physical gauge is vital in cer-
tain applications; for example, those in which a diagram-by-diagram probabilistic
interpretation is desired.

Exercise 6.2.3. Derive the form of the generating functional corresponding to
the gauge choice (6.2.54) and show that, even for a non-Abelian gauge theory, the
ghosts do indeed decouple.
∗ In principle, in order to derive the Feynman rules, a ghost source term should also be added.
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6.3 Feynman rules for QED and YM theories

To the Lagrangian (6.2.53c) given towards the end of the last section we may also
add a minimally coupled fermion contribution:

LF = ψ
(
i /D −m

)
ψ, (6.3.1)

with the covariant derivative defined by

Dµ := ∂µ + igTaAaµ(x). (6.3.2)

The Abelian case is obtained by replacing the fundamental representation matrices
T
a with a single unit matrix—while still allowing for possible copies of the fermion

field.∗ We can now move directly to the derivation of the Feynman rules corres-
ponding to such a Lagrangian.

6.3.1 Gauge-field propagator

Carrying out the path integral on the entire quadratic part in Aaµ leads to the
usual exact form for the free-field generating functional (6.2.17) with now

Dab
Fµν(q) = δabDFµν(q) (6.3.3a)

and
D−1Fµν(q) = −q2 gµν + (1− ξ−1) qµqν , (6.3.3b)

which, rewritten in terms of the transverse and longitudinal projectors defined in
Eqs. (6.2.23), is

= −q2
[
PT(q) + ξ−1PL(q)

]
. (6.3.3c)

This can now be readily inverted to give

Dµν
F (q) = −(q2 + iε)−1

[
P µν

T (q) + ξ P µν
L (q)

]

= (q2 + iε)−1
[
−gµν + (1− ξ) qµqν/q2

]
. (6.3.4)

The gauge-fixing parameter ξ is arbitrary and may be suitably chosen so as to
simplify calculations. Two common choices are due to Feynman ξ=1 and to
Landau ξ=0. Note that while the propagator is at its absolute simplest for the
Feynman choice, in the Landau gauge the propagator is purely transverse.

∗ That is, for example, to admit a number of different lepton and/or quark flavours—distinguished
via a global quantum number.
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Exercise 6.3.1. Find the explicit Lorentz structure of Dµν
F (q) for the Landau gauge

ξ=0 in the reference frame for which the gauge-field momentum is qµ∝ (1,0,0,1).

Exercise 6.3.2. Derive the form of the propagator in the case of an axial gauge
and examine the possible simplifications due to specific choices of external vector
and gauge-fixing parameter.

The Feynman rule for the propagator for an Abelian field (e.g. the photon) is
traditionally represented with a wavy line, thus:

q
µ ν = iDµν

F (q). (6.3.5)

In contrast, a gluon (or YM) propagator is usually represented with a curly line:

q
a, µ b, ν = iδabDµν

F (q). (6.3.6)

In both cases an arrow is only really necessary if the momentum flow in the diagram
is ambiguous.

6.3.2 The gauge-field vertices

There are now a number of vertices. First of all, there is a cubic gauge-field term
in the Lagrangian:

∫
d4x L(Acubic) = − igfabc

∫
d̄4p d̄4q d̄4r δ̄4(p+q+r) pν gµσ Aaµ(p)A

b
ν(q)A

c
σ(r).

(6.3.7)
Remembering that the fields Aaµ etc. will be replaced by functional derivatives of the
corresponding source or current and that these will act in all possible permutations,
the previous expression may rendered more manifestly symmetric with respect to
the incoming legs by suitably cycling the colour and space–time indices (exploiting
both the symmetry of gµσ and the antisymmetry of fabc):

− igfabc pµ gνσ =̂ − 1
3!
igfabc

[
(p− r)ν gµσ + (q − p)σ gνµ + (r − q)µ gσν

]
. (6.3.8)

Note that all three momenta are understood to be incoming. This then leads to
the following Feynman rule:

p

q

r
a, µ

b, ν

c, σ

= − ig fabc
[
(p−r)ν gµσ+(q−p)σ gνµ+(r−q)µ gσν

]
, (6.3.9)
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with the constraint p+q+r=0.
Next, there is a quartic gauge-field term in the Lagrangian:

∫
d4x L(Aquartic) = −1

4
g2fabef cde

∫
d̄4p d̄4q d̄4r d̄4s δ̄4(p + q + r + s)

gµρ gνσAaµ(p)A
b
ν(q)A

c
ρ(r)A

d
σ(s). (6.3.10)

Again, the functional derivatives of the corresponding source (or current) will act
in all possible permutations and thus the previous expression may be rendered
more manifestly symmetric:

− 1
4
g2fabef cdegµρ gνσ =̂ − 1

4!
g2
[
fabef cde(gµρ gνσ − gνρ gµσ) + cyclic perms.

]
.

(6.3.11)
As before, all four momenta are understood to be incoming. This then leads to
the following Feynman rule:

p

s

q

r

a, µ

d, σ

b, ν

c, ρ

= −g2
[
fabef cde(gµρ gνσ − gνρ gµσ) + cyclic perms.

]
,

(6.3.12)
with the constraint p+q+r+s=0.

Finally, we note that the related Abelian theory is recovered by simply setting
the structure constants fabe to zero. In which case we see that both the cubic and
quartic self-interaction terms disappear. Turning this the other way around, we
also see that, in contrast to all the theories studied so far, a free-field version of a
non-Abelian theory does not exist. In other words, a non-Abelian or Yang–Mills
theory is inevitably non-trivial: one might imagine bound states constructed purely
from the gauge field itself. In QCD these are known as glueballs and although there
are no known states that can be identified as such with 100% confidence, there
exist several states that are probably at least superpositions of a glueball and some
qq̄-like object.

6.3.3 The Fadde’ev–Popov ghost rules

We now turn to the remaining terms in the interaction Lagrangian. The quadratic
term in the Lagrangian for the Fadde’ev–Popov ghosts is the same as that already
derived for a scalar (with no mass term) and the corresponding propagator is
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usually indicated with a dotted line:

q
a b = i∆F(q) = δab

i

q2 + iε
. (6.3.13)

Here the arrow is always necessary as the vertex has explicit momentum depend-
ence.

The ghost fields have an interaction term connecting them to the gauge field:

∫
d4x L(Aghost) = igfabc

∫
d̄4p d̄4q d̄4r pµ θa∗(p) θb(q)Acµ(r) δ̄4(q + r − p),

(6.3.14)
where we have chosen to explicitly express one of the ghost lines as outgoing. The
corresponding Feynman rule is as follows:

r

q

p

c, µ

b

a

= −g fabc pµ, (6.3.15)

with the constraint that now q+r=p.
The fermion propagator is almost the same as before, with just the minor

addition of colour conservation:

p
i j = iδji SF(p). (6.3.16)

The fermion–gauge-field interaction term leads to the following Feynman rule:

r

q

p

a, µ

j

i

= − ig (Ta)ij γ
µ, (6.3.17)

with the constraint p+r= q. For an Abelian theory one merely replaces the T
a

with a unit matrix. Note that the matrix structure (in both Dirac and colour
space) implies multiplication from left to right starting from an outgoing (incom-
ing) fermion (antifermion), or simply running backwards in a fermion loop, where
again a trace is then taken.

In order to calculate scattering amplitudes, we also need to represent possible
external gauge fields (recall that ghosts obviously never appear as external physical
states). From Eqs. (2.4.55) and (2.4.63), considering the functional derivatives with
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respect to a(k,λ) and a∗(k,λ), we immediately derive the following factors εµ(k,λ)
and ε∗µ(k,λ) for incoming and outgoing states respectively, where λ indicates either
a specific helicity or linear polarisation state.

Exercise 6.3.3. From the form of the generating functional corresponding to the
gauge choice (6.2.54), derived in a previous exercise, extract the related Feynman
rules. Consider the possible choices of gauge-fixing parameter and vector that sim-
plify the expression.

Exercise 6.3.4. Consider the choice ξ=0 and nµ light-like, use the reference frame
in which the gauge-field momentum is qµ∝ (1,0,0,1) and also nµ∝ (1,0,0,−1).
Find the explicit Lorentz structure of Dµν

F (q) and compare it to the case of the
Landau gauge.

6.4 Renormalisation in QED and YM theories

In this section we turn our attention to the question of renormalisation in gauge
theories, such as QED and Yang–Mills. Since the technicalities are very much the
same, we shall continue to concentrate on the discussion on the more general case
of Yang–Mills. It will, however, be interesting to compare the specific results in
both Abelian and non-Abelian theories.

6.4.1 Renormalisability

Following the previous arguments on superficial degrees of divergence and noting
that the high-momentum behaviour of the gauge propagator is the same as for a
scalar field, we can derive a renormalisability condition for vertices in the gauge
theories discussed in the previous section:

NB + 3
2
NF +ND ≤ 4, (6.4.1)

where the additional term ND reflects the number of derivatives associated with
the interaction (or vertex). Considering the vertices just derived, we see that a
gauge theory is, in general, just renormalisable (that is, the previous inequality is
precisely saturated for all vertices).

Note, however, that even in the pure gauge theory (i.e. with no fermions) there
are two vertices involving the same coupling constant g and the ghost fields (for
certain gauge choices) imply a third. Moreover, the addition of fermions leads
to a fourth. At first sight it, would thus seem that there is a risk of different
renormalisation constants for the single coupling, arising from consideration of
the different vertices. Fortunately, it can be shown, to all orders in perturbation
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theory that this does not happen and that the gauge symmetry somehow protects
the coupling by guaranteeing that, whichever vertex we choose to consider, the
renormalisation is the same (this is partially discussed in Sec. 7.3). That is, only a
single subtraction constant is necessary. One can, of course, also verify explicitly
that this is indeed true order-by-order in perturbation theory.

6.4.2 Counter terms

The full Lagrangian for the general case of a non-Abelian gauge theory based on
a simple Lie group and coupled to Nf fermion fields∗ is

L = ψ
(
i /D −m

)
ψ − 1

4
F aµνF a

µν − 1
2
ξ−1

(
∂µAaµ

)2
+ ∂µθa∗

(
∂µθ

a + gfabcθbAcµ
)
.

(6.4.2)
As before, we now wish to rewrite this as

LB = L+δL, (6.4.3)

where the bare and renormalised lagrangians (LB and L) should have exactly
the same form, with the first being simply written in terms of bare quantities;
δL contains only counter terms, which must remove all infinities and may also
subtract (irrelevant) constant terms. The objects to be renormalised are then the
three fields ψ, Aaµ and θa (the ghosts); the coupling constant g; the fermion mass
m and finally too the gauge-fixing parameter ξ.

The counter-term Lagrangian will then take the following form:

δL = δZψ ψ i /∂ψ − g δZ2 ψ T
a /Aaψ −mδZm ψψ

− 1
4
δZA

(
∂µAν − ∂νAµ

) (
∂µAν − ∂νAµ

)
− 1

2
δZξ ξ

−1 (∂µAaµ
)2

+ g δZ3 f
abc
(
∂µA

a
ν

)
AbµAcν − 1

4
g2 δZ4 f

abcfadeAbµAcνAdµA
e
ν

+ δZθ ∂
µθa∗ ∂µθ

a + g δZ1f
abc ∂µθa∗θbAcµ. (6.4.4)

These counter terms imply the following relations between the bare and renorm-
alised quantities:

AaµB = Z
1/2
A A

aµ, (6.4.5a)

θaB = Z
1/2
θ θ

a, (6.4.5b)

∗ In the case of more than one fermion, the possibility arises for a mixing matrix between fermion
states since the eigenstates of mass need not necessarily correspond to those of the interaction.
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ψB = Z
1/2
ψ ψ, (6.4.5c)

ξ−1B = Zξ Z
−1
A ξ−1, (6.4.5d)

mB = Zm Z
−1
ψ m, (6.4.5e)

gB = Z1 Z
−1
θ Z

−1/2
A g, (6.4.5f)

= Z2 Z
−1
ψ Z

−1/2
A g, (6.4.5g)

= Z3 Z
−3/2
A g, (6.4.5h)

g2B = Z4 Z
−2
A g2, (6.4.5i)

where, as usual, we have defined Zi :=1+δZi for i=A,θ,ψ,ξ,m,1,... ,4. In the
case of the last four of the previous relations gauge symmetry then implies the
following relations between the renormalisation constants:

Z1

Zθ
=

Z2

Zψ
=

Z3

ZA
=

√
Z4√
ZA

. (6.4.6)

6.4.3 Calculating the renormalisation constants

6.4.4 Gauge-field propagator

The first renormalisation constant we shall examine is that of the gauge-field
propagator ZA—also known as the vacuum polarisation.∗ This is calculated from
the one-loop correction to the two-point Green function for the gauge field:

q q
a, µ b, ν = +

+ +

∗ The expression vacuum polarisation, introduced in the early 1930’s by Dirac, is used in analogy
with the corresponding effect in a dielectric medium, where the presence of charges alters
the electromagnetic field; here the charges are e+e− and YM gauge-boson pairs produced
spontaneously in the vacuum.
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+ + . (6.4.7)

The first term is just the bare propagator, the second with the cross is the counter
term, the third term contains a fermion loop. The first three are common to
both Abelian and non-Abelian theories. The fourth and fifth terms are ghost and
gauge-field loops while the sixth is a so-called tadpole diagram or gauge-field loop
on a single vertex. These last three only appear in non-Abelian theories.

The sixth diagram is similar to one already calculated in a scalar theory. The
result, given in Eq. (5.3.10), shows that it is proportional to the square of the boson
mass (the extra gauge structure does not alter this) and since the gauge-field mass
vanishes, so too does this diagram. Note that this is a case where the Pauli–Villars
technique, if applied naïvely , would fail, since it introduces a fictitious mass, and
extra ad hoc counter terms are required.

We shall now calculate just the ε-pole pieces for each of the other diagrams.
These are precisely the pieces to be subtracted in the case of the MS scheme and
(at one loop) are sufficient to determine the MS subtractions.

Fermion loop

We shall start with the fermion loop. We are only interested in the UV ε-pole
terms and so may immediately set the fermion mass to zero. We have thus to
calculate the following diagram:

q

k + q

k
qa

µ
b
ν = −g2

(
µ2
)ε
Nf Tr[T

a
T
b]

∫
d̄Dk Tr[γµSF(k)γ

νSF(k + q)],

(6.4.8)
where the momentum flow follows the fermion arrow and the factor Nf is the
number of fermion species; it arises because we must sum over all possible fermions
running around the loop. The colour-matrix trace is given in Eq. (A.21). Since we
are not interested in non-pole terms, we may now set D=4 (or ε=0) everywhere
except in the integration measure d̄Dk . The Dirac-matrix trace is then

Tr[γµ/kγν(/k + /q)] = 4
[
kµ(k + q)ν + kν(k + q)µ − k·(k + q)gµν

]
. (6.4.9)

The integral is readily obtained from those already performed and, retaining just
the pole term, we find

fermion loop =
ig2NfC1 δ

ab

32π2

1

ε

8

3

(
−q2gµν + qµqν

)
. (6.4.10)
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Note that, had we kept the fermion mass different from zero, we would have
found this contribution to be suppressed for masses larger than the natural energy
scale in the Green function considered. Thus, the sum over fermion species is
understood to include only those energetically accessible.∗ Note too that it is
transverse—had it not been so, then the quantisation procedure would have broken
the gauge symmetry. We shall find the same behaviour for the other contributions,
when combined. Indeed, one can show that this must be the case, provided the
regularisation procedure respects gauge invariance (i.e. does not introduce spurious
mass terms).

Gluon loop

The gluon contribution to the self-energy is

q

k + q

←k
q

= 1
2
g2
(
µ2
)ε
facdf dcb

∫
d̄Dk Iµν(k, q), (6.4.11)

where

Iµν(k, q) =
[
−(q + 2k)µgρσ + (k − q)σgρµ + (2q + k)ρgµσ

]
Dστ

F (q + k)Dλρ
F (k)

×
[
−(q + 2k)νgλτ + (k − q)τgλν + (2q + k)λgντ

]
(6.4.12)

and facdf dcb=CAδ
ab (see App. A.2); CA=N for SU(N). The integral then leads

to the following pole term:

gluon loop =
ig2CA δ

ab

32π2

1

ε

{
−
(

25
6
− ξ
)(

−q2gµν + qµqν
)
−
(

3
2
− ξ
)
qµqν

}
.

(6.4.13)

∗ A theorem, due to Appelquist and Carazzone (1975), states that all fields heavier than the
relevant energy scale effectively decouple from the theory. This may be understood in terms
of time scale: to be important, intermediate virtual states should have lifetimes comparable to
(i.e. not much smaller than) the time scale of the process under consideration and therefore
their masses should be comparable to (i.e. not much larger than) the process energy scale
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Ghost loop

The ghost contribution to the self-energy is

q

k + q

k
q

= 1
2
g2
(
µ2
)ε
facdf dcb

∫
d̄Dk

(k + q)µkν

[(k + q)2 + iε](k2 + iε)
. (6.4.14)

The pole term in the integral is then

ghost loop =
ig2CA δ

ab

32π2

1

ε

{
−1

6

(
−q2gµν + qµqν

)
+ 1

2
qµqν

}
. (6.4.15)

Gathering the contributions (for just the pole pieces), we can equate these to
the gauge-field and gauge-parameter counter terms:

iδZA

(
−q2gµν + qµqν

)
− iξ−1δZξ q

µqν

=
ig2

32π2

1

ε

{[(
−13

3
+ ξ
)
CA + 8

3
NfC1

] (
−q2gµν + qµqν

)
− (1− ξ)CA q

µqν
}
,

(6.4.16)

from which we obtain

δZA = − g2

32π2

1

ε

[(
−13

3
+ ξ
)
CA + 8

3
NfC1

]
, (6.4.17a)

and

δZξ = − g2

32π2

1

ε
ξ(1− ξ)CA. (6.4.17b)

First of all, notice that choice of the Feynman gauge, or ξ=1, eliminates the
renormalisation of the gauge parameter itself at this order, as would too the choice
ξ=0. Secondly, note that the contribution of the gauge-field and related ghost
loops give a combined contribution of opposite sign with respect to the fermion
loop. This is a first signal of the antiscreening that is characteristic of non-Abelian
gauge theories. That is, while the vacuum polarisation in QED tends to cancel any
applied field, in pure Yang–Mills theories precisely the opposite happens. This has
far-reaching and profound implications for the applicability of perturbation theory
in strong interactions. It is also particularly important in relation to to grand
unification, where the different running of the coupling constants allows them to
be the same at some (very high) energy scale. We shall discuss further the effects
of the vacuum polarisation shortly.
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6.4.5 Ghost and fermion propagators

The same calculations can be performed for the ghost and fermion propagators.
We simply list the results:

δZθ = − g2

32π2

1

ε

(
3
2
− 5

2
ξ
)
NfC1, (6.4.17c)

δZψ = − g2

32π2

1

ε
2 ξ CF, (6.4.17d)

δZm = − g2

32π2

1

ε
2 (3 + ξ)CF. (6.4.17e)

Notice how in the Landau gauge (ξ=0) the fermion wave function is not renormal-
ised. In fact, an important point to note is that the individual renormalisations are
not gauge independent, but then neither are they physical quantities. It will only
be when combined in physical quantities that the gauge dependence will disappear.

6.4.6 Coupling constant

There now only remains the coupling constant to renormalise. As already re-
marked, gauge invariance implies that it is sufficient to calculate the loop con-
tributions to any single one of the three three-point Green functions or to the
four-point gluon function. The simplest to calculate is that labelled Z2, i.e. the
fermion–gauge vertex. The diagrams to consider are as follows:

p

q

p+ q

a, µ

= +

+ + (6.4.18)

The first term is just the bare vertex, the second (with the cross) is the counter
term and the third represents a gauge-field correction. The first three are common
to both Abelian and non-Abelian theories. The fourth term involves a three-point
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gauge-field vertex and therefore only appears in non-Abelian theories. The result
of the calculation is

δZ2 = − g2

32π2

1

ε

{
2CFξ + CA

(
3
2
+ 1

2
ξ
)}
. (6.4.19)

Once again, we see that the answer is gauge dependent. Note too the presence of
both Casimir constants, CF and CA. That is, there are both fermion- and gauge-
like contributions here (it is easy to see that all vertices have both fermion- and
gauge-loop corrections).
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Chapter 7

Advanced Topics

7.1 The renormalisation group

7.1.1 The renormalisation group equation

A fundamental aspect of renormalisation is the inevitable introduction of a new
mass scale. In the previous chapter we saw how in dimensional regularisation (for
any subtraction scheme) we are forced to introduce a parameter µ as a dimensional
object to maintain the correct dimensionality of the action. After the renormalisa-
tion procedure is performed, dependence on this parameter remains in the Green
functions of the theory. Evidently though, as it is not a physical parameter and is
indeed arbitrary, no physical quantity may depend on µ.

It is however interesting to examine the dependence of the renormalised Green
functions on µ. Since the bare Green functions have no knowledge of µ, the
dependence in the renormalised functions is encoded in the renormalisation con-
stants. We shall denote a generic n-point renormalised Green function, having nA
external gauge legs and nψ fermion legs (n=nA+nψ), by

Γ(n)({pi}, g, ξ,m, µ), (7.1.1)

where {pi} (i=1,... ,n) are the external momenta, g and ξ remain dimension-
less parameters and m, the renormalised fermion mass, is the only dimensional
parameter in the bare theory. We have already shown, see Eq. (5.5.29), that the
relation between renormalised and bare Green functions is

Γ(n)({pi}, g, ξ,m, µ) = Z
1
2
nA

A Z
1
2
nψ

ψ Γ
(n)
B ({pi}, gB, ξB, mB), (7.1.2)

where ZA and Zψ are the gauge- and fermion-field renormalisation constants,
defined in Eqs. (6.4.5a & c).
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Let us now take the logarithmic derivative of (7.1.2) with respect to µ. First
though, we move all the factors involving ZA and Zψ to the left-hand side, thus
leaving a right-hand side that is entirely independent of µ. The important point
to realise is that Γ(n) contains µ dependence not only explicitly, but also implicitly
through the renormalised parameters g, ξ and m. We may thus write

[
µ
∂

∂µ
+ β

∂

∂g
+ γξ

∂

∂ξ
+ γmm

∂

∂m
− nAγA − nψγψ

]
Γ(n)({pi}, g, ξ,m, µ) = 0,

(7.1.3)
where the dimensionless coefficients introduced are: the so-called β-function,

β := µ
∂g(µ)

∂µ
, (7.1.4a)

and the various so-called anomalous dimensions of the theory,

γξ := µ
∂ξ(µ)

∂µ
, (7.1.4b)

γm :=
µ

m(µ)

∂m(µ)

∂µ
, (7.1.4c)

γA :=
µ

Z
1/2
A (µ)

∂Z
1/2
A (µ)

∂µ
, (7.1.4d)

γψ :=
µ

Z
1/2
ψ (µ)

∂Z
1/2
ψ (µ)

∂µ
, (7.1.4e)

Naturally, for each parameter differentiated in the above, it is understood that the
others are held constant. Equation (7.1.3) is known as the renormalisation group
equation (RGE); it is based on the almost trivial observation that the bare Green
functions cannot depend on µ, but sill embodies the scale dependence of the Green
functions and all parameters of the theory.

The coefficients (the β-function and anomalous dimensions γi) evidently have
perturbative expansions and therefore naturally depend on g. However, in a sub-
traction scheme with no external scale dependence, such as MS or MS, since they
therefore do not depend on µ (by definition, they only contain ε poles and at most
finite constants), they cannot depend on m either. In general schemes, this is
not the case (cf. the MOM scheme), but it is an important simplification to be
exploited.

In any case, we have already performed the necessary calculations to extract
the one-loop coefficients. Indeed, recalling that the ε pole is always accompanied
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by a factor
(
µ2
)ε

, we see that the β-function and anomalous dimensions γi may
be read off directly from the renormalisation coefficients just calculated. We thus
find:

β = − g3

16π2

[
11
3
CA − 4

3
NfC1

]
, (7.1.5a)

γξ =
g2

16π2

[(
13
3
− ξ2

)
CA − 8

3
Nf C1

]
ξ, (7.1.5b)

γm = − g2

16π2 6CF, (7.1.5c)

γA = − g2

16π2

[(
13
3
− 1

2
ξ
)
CA − 4

3
NfC1

]
, (7.1.5d)

γψ =
g2

16π2 ξ CF, (7.1.5e)

where we have considered the simple case of Nf replicas of a fermion field all
belonging to the same representation; should there be fermions in different repres-
entations, then the term NfC1 would be substituted by a weighted sum over the
relevant Casimir constants. The first important point to note is the sign of the β-
function. The contributions are negative for non-Abelian gauge fields (an Abelian
gauge field makes no contribution) while they are positive for fermions. Note too
that while the various anomalous dimensions start at O(g2) the first non-zero term
in the β-function is O(g3).

Exercise 7.1.1. Using the results obtained earlier for the renormalisation con-
stants Zi (i=ψ, Aaµ, g), calculate the β-function given above.

7.1.2 Asymptotic freedom

The β-function describes the scale variation of the coupling constant. Let us write
to one-loop order

β = µ
∂g(µ)

∂µ
≃ −β(0) g3(µ). (7.1.6)

The coefficient β(0) is positive (negative) for non-Abelian (Abelian) theories. This
equation can be solved rather easily by changing variable to t := ln(µ/µ0), whence

∂g(t)

∂t
≃ −β(0) g3(t) (7.1.7)

and therefore

g2(t) ≃ 1

β(0) t
=

1

β(0) ln(µ/µ0)
, (7.1.8)
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where the constant of integration has been absorbed into the definition of µ0. Note
that the sign of β(0) determines the region of validity of the above solution: for
β(0)>0 (β(0)<0) we must take µ>µ0 (µ<µ0).

Indeed, one thus sees that for β(0)>0, g(t) decreases as t (or µ) grows. This
gives rise to the notion of asymptotic freedom. That is, the theory tends to a free-
field theory at high energy. Conversely, as t→0 or µ→µ0 the coupling explodes
and at some point perturbation theory will therefore no longer be valid. This point
is known as the Landau pole (Landau and Pomeranchuk, 1955).∗ The regions of
validity for the two types of theory are then low-energy (below the Landau pole)
for QED – and any other Abelian theory – but high energy (sufficiently larger than
µ0 in the case of YM or non-Abelian theories.

Now, in QED the Landau pole occurs at very high energy indeed, well beyond
the Planck scale, and is therefore only of academic interest since quantum gravity
would presumably make itself felt first. However, the coupling remains perfectly
finite (and small) as we go to lower and lower scales. For a Yang–Mills theory the
coupling tends to zero for growing energy and thus perturbation theory is applic-
able in the high-energy regime. However, at low energies the perturbative coupling
grows without bound thus invalidating the perturbative approach at some point.
Note, moreover, that for a Yang–Mills theory the one-loop β-function changes sign
(i.e. the theory becomes QED-like) for 11

3
CA= 4

3
NfC1, which occurs in SU(3) for a

number of fermion species Nf =17. Presumably then, one can safely say that QCD
is asymptotically free—at least in the energy range so far probed.† Indeed, the
β-function in QCD is now known to four-loop order (van Ritbergen et al., 1997;
Czakon, 2005) and all coefficients are positive.

Exercise 7.1.2. Solve the β-function equation for the QED case and show, indeed,
that the singular point for the QED coupling constant lies at energies well above
the Planck scale.

7.1.3 Scaling behaviour

To see how the RGE (7.1.3) describes scale dependence, consider the behaviour
of a generic n-point Green function when the external momenta p1, . . . , pn are
rescaled by some common dimensionless factor λ. In D-dimensional space–time
the Green function has energy dimensions

d
Γ
= D − 1

2
(D − 2)nA − 1

2
(D − 1)nψ. (7.1.9)

∗ This asymptotic behaviour generates a second pole in the propagator, located at very large p2,
which implies the existence of another state in the spectrum, known as the Landau ghost.

† There is reasonable experimental indications that the number of fermion generations is limited
to three and that there are therefore only six quark flavours.
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Now, since Γ(n) is homogeneous and of degree d
Γ

in the parameters p1, . . . , pn, m
and µ, we have

[
λ
∂

∂λ
+m

∂

∂m
+ µ

∂

∂µ

]
Γ(n)({λpi}, g, ξ,m, µ) = d

Γ
Γ(n)

(
{λpi}, g, ξ,m, µ

)
.

(7.1.10)
We can now use the RGE (7.1.3) to eliminate the term in µ:

[
− λ

∂

∂λ
+ β

∂

∂g
+ γξ

∂

∂ξ
− (1− γm)m

∂

∂m
− nAγA − nψγψ + d

Γ

]

× Γ(n)
(
{λpi}, g, ξ,m, µ

)
= 0. (7.1.11)

This equation may be solved with aid of a so-called running mass m̃(µ) and gauge
parameter ξ(µ), defined in a similar manner to the coupling g(µ):

∂ξ(t)

∂t
= γξ

(
g(t), ξ(t)

)
, (7.1.12a)

∂m̃(t)

∂t
= −

[
1− γm

(
g(t), ξ(t)

) ]
m̃(t). (7.1.12b)

Note that the running mass m̃(t) so defined is not now the physical mass. The
solution may then be expressed as

Γ(n)
(
{λpi}, g(µ), ξ(µ), m(µ), µ

)

= λdΓ exp

{
−
∫ λ

1

dλ′

λ′

[
nA γA

(
g(λ′µ), ξ(λ′µ)

)
+ nψ γψ

(
g(λ′µ), ξ(λ′µ)

)]}

× Γ(n)
(
{pi}, g(λµ), ξ(λµ), m̃(λµ), µ

)
. (7.1.13)

Exercise 7.1.3. Verify by explicit substitution that this is indeed a solution to the
previous equation.

Now, we see that, with all the parameters running, the expressions are likely to
become rather complicated. A useful simplification is obtained by setting ξ(µ)=0
(the Landau gauge); from the equation governing its scale dependence, we see that
if ξ vanish for some scale then it vanishes at all scales, i.e. γξ=0. Moreover, such
a choice also sets γψ=0. Thus, we shall continue assuming this choice of gauge
and omit the parameter from all expressions. Finally, we see from the differential
equations and the anomalous dimensions that m̃(λµ), as defined here, decreases
as a power of λ while g only falls logarithmically. To a reasonable approximation,
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we may thus also set m̃=0. The Green function is then approximately

Γ(n)
(
{λpi}, g(µ), µ

)
≈ λ

d
Γ exp

{
−nA

∫ λ

1

dλ′

λ′
γA
(
g(λ′µ)

)}
Γ(n)

(
{pi}, g(λµ), µ

)
.

(7.1.14)
The integral on the right-hand side may be re-expressed as follows:

∫ λ

1

dλ′

λ′
γA
(
g(λ′µ)

)
=

∫ g(λµ)

g(µ)

dg(λ′µ)
1

λ′
∂λ′

∂g(λ′µ)
γA
(
g(λ′µ)

)

=

∫ g(λµ)

g(µ)

dg
γA(g)

β(g)
. (7.1.15)

For an explicit solution, we may insert the one-loop expression for γA into the
last integral:

γA = −γ(0)A g2(λµ), (7.1.16)

which, together with the one-loop β-function from Eq. (7.1.6), gives

∫ g(λµ)

g(µ)

dg
γA(g)

β(g)
=

γ
(0)
A

β(0)

∫ g(λµ)

g(µ)

dg

g

=
γ
(0)
A

β(0)
ln

[
g(λµ)

g(µ)

]
. (7.1.17)

The Green function we are considering is then

Γ(n)
(
{λpi}, g(µ), µ

)
≈ λdΓ

[
g(λµ)

g(µ)

]−nA γ
(0)
A

β
(0)

Γ(n)
(
{pi}, g(λµ), µ

)
, (7.1.18)

where now all quantities should be considered in the one-loop approximation. Here
we see the full power of the RGE and the significance of asymptotic freedom.
The right-hand side has factored the principal scale dependence out of the Green
function. In an asymptotically free theory at high energies (large λ) this last may
be expanded around the point g(λµ)=0 and is therefore described in the free-field
approximation.

The significance of this is that a physical quantity, a cross-section say, may be
calculated or even measured experimentally at some relatively low energy scale µ
and then predicted at a higher energy scale λµ simply through multiplication by
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something similar to the above pre-factor

λ
d
Γ

[
g(λµ)

g(µ)

]− γ(0)
β
(0)

, (7.1.19)

where the first factor is given by the naïve dimensionality of the quantity and the
remaining correction is determined by the relevant anomalous dimension γ. If ne-
cessary, with a little complication, one can systematically reinstate the mass terms
and consider other gauges. Note moreover that, provided the coupling constant is
small, the approach is also useful for non-asymptotically free theories. The point
is that the anomalous-dimension factor gathers all the dominant corrections, i.e.
those that contain possibly large logarithms, greatly simplifying the expressions
for various cross-sections as functions of energy scale. Indeed, nowadays such tech-
niques are often even used in the treatment of radiative corrections to QED in, for
example, high-energy e+e− and ep colliders.

7.2 spontaneous symmetry breaking

In this section we shall briefly describe the mechanism by which it is possible to
retain a gauge symmetry (with all the consequent benefits) while allowing the
physical gauge bosons to acquire significant masses. The concept of a broken
symmetry, with the consequent generation of massless states was first discussed
by Goldstone (1961).

Spontaneously broken symmetries (i.e. symmetries of the Lagrangian not re-
spected by the vacuum or ground state) had already been discussed by Nambu
(1960) in the context of superconductivity. That they could circumvent the Goldstone
theorem and thus avoid the existence of massless states was proposed by Anderson
(1963). Nambu and Jona-Lasinio (1961) then successively adapted the ideas to
provide an effective theory of the nucleon, in which the pions emerge as so-called
"would-be" Goldstone bosons. The spontaneous breaking of a gauge symmetry
within the context of quantum field theory and resultant mass generation, known
as the Higgs (or Higgs–Kibble) mechanism, was first discussed by Higgs (1964),
Englert and Brout (1964) and Guralnik, Hagen and Kibble (1964). Though not
covered in these notes, the the developments described here culminated in the
unified theory of the electroweak interactions due to Glashow (1961), Salam et al.
(1964) and Weinberg (1967).
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7.2.1 A real scalar field

The simplest case is the scalar ϕ4 theory with a mass term of the “wrong” sign:∗

L = 1
2
(∂µϕ)(∂µϕ) +

1
2
µ2ϕ2 − 1

4!
λϕ4. (7.2.1)

The potential
V (ϕ) = −1

2
µ2ϕ2 + 1

4!
λϕ4 (7.2.2)

has the form shown in Fig. 7.1 and is evidently symmetric under the discrete
transformation ϕ→−ϕ. The point ϕ=0 is no longer the minimum and there are

ϕ

V (ϕ)

Figure 7.1: The form of the potential in the case of a negative mass term for a single
real scalar field.

now two equivalent minima at ϕ=±
√

6µ2/λ. The vacuum or ground state of the

theory may be one or the other, but not both, and will therefore break the original
symmetry.

As found in Ex. 3.3.3, the Green functions are to be calculated for perturba-
tions around the minimum. We must therefore shift to ϕ′ :=ϕ−υ, where for the

purposes of example we shall take υ=
√
6µ2/λ. The Lagrangian then takes the

form
L = 1

2
(∂µϕ′)(∂µϕ

′)− µ2ϕ′2 − 1
3!
λϕ′3 − 1

4!
λϕ′4, (7.2.3)

where an irrelevant constant term has been eliminated. Thus, the true physical
state of the theory has (bare) mass m=

√
2µ and a cubic interaction has also

appeared.

∗ Note that it is the term that has the “wrong” sign and not the mass parameter itself.
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7.2.2 A complex scalar field

Now, the case of a continuous symmetry is rather more interesting. Consider a
complex field ϕ with the following Lagrangian:

L = (∂µϕ∗)(∂µϕ) + µ2ϕ∗ϕ− 1
2
λ(ϕ∗ϕ)2. (7.2.4)

Note the choice of different numerical coefficients with respect to the real case.
The potential

V (ϕ, ϕ∗) = −µ2ϕ∗ϕ+ 1
2
λ(ϕ∗ϕ)2 (7.2.5)

has the so-called Mexican-hat form shown in Fig. 7.2 and is evidently symmetric
under the global U(1) gauge transformation ϕ→ e iφϕ. The possible ground or

Reϕ
Imϕ

V (ϕ,ϕ∗)

Figure 7.2: The so-called Mexican-hat form of the potential in the case of a complex
scalar field with a negative mass-squared term.

vacuum states now belong to a continuum, corresponding to the variable φ in such
a transformation. Without loss of generality, we may choose the ground state to

be ϕ=
√
µ2/λ and again make the shift to ϕ′ :=ϕ−υ, with υ=

√
µ2/λ purely real.

It will now be convenient to re-express the fields in terms of two real fields ϕ1,2:

ϕ′ = 1√
2
[ϕ1 + iϕ2]. (7.2.6)

The Lagrangian then takes the form

L = 1
2

[
(∂µϕ1)(∂µϕ1)− 2µ2ϕ2

1

]
+ 1

2
(∂µϕ2)(∂µϕ2)

− λυϕ1(ϕ
2
1 + ϕ2

2)− 1
4
λ(ϕ2

1 + ϕ2
2)

2. (7.2.7)

In this case we see that, together with interaction terms of various degrees, there
is just a single non-zero mass term (for ϕ1). That is, one state (ϕ2) has remained
massless. It is easy to see why: the original continuous symmetry implies that
there is always a direction in which the derivative of the field is zero. This is the
essence of the Goldstone theorem, which we shall now prove.
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7.2.3 A non-Abelian global symmetry

Let us now generalise to a p-dimensional representation of some non-Abelian sym-
metry group G. Consider a real representation:

ϕ(x) =




ϕ1(x)

ϕ2(x)
...

ϕp(x)




(7.2.8)

The infinitesimal global transformation

ϕ(x) → ϕ′(x) = ϕ(x) + δϕ(x), (7.2.9)

with
δϕi(x) = − igΛa Taij ϕj(x), (7.2.10)

then leaves the Lagrangian invariant. It follows from this invariance that there is
a conserved Noether current

jaµ(x) = iπµi (x)T
a
ij ϕj(x), (7.2.11)

where

πµi :=
δL

δ∂µϕi
. (7.2.12)

From the Euler–Lagrange equations, we have

∂µπ
µ
i =

∂L

∂ϕi
. (7.2.13)

Together with current conservation, this implies

∂L

∂ϕi
T
a
ij ϕj + πµi T

a
ij ∂

µϕj = 0. (7.2.14)

For a theory with Lagrangian of the form

L = 1
2
(∂µϕi)(∂µϕi)− V (ϕi), (7.2.15)

we have

πµi = ∂µϕi (7.2.16)
and

∂L

∂ϕi
= − ∂V

∂ϕi
. (7.2.17)
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From (7.2.16) we see that the second term in Eq. (7.2.14) must vanish since the
matrices T

a are antisymmetric. Using (7.2.17), we thus obtain

∂V

∂ϕi
T
a
ij ϕj = 0. (7.2.18)

Now, as we have seen earlier, the field theory is to be considered as perturbed
around the minimum of the potential and the particle masses are then determined
by the second derivatives at the minimum. We shall thus write

〈0|ϕ(x)|0〉 = υ, (7.2.19)

for which
∂V

∂ϕi

∣∣∣∣
ϕ=υ

= 0. (7.2.20)

Now the vacuum expectation value υ breaks the symmetry and so

(
1− igΛaTa

)
υ 6= υ, (7.2.21)

for some Λa and therefore for some a we have

T
a υ 6= 0. (7.2.22)

We can now make a Taylor expansion of V (ϕ) in ϕ′:

ϕ′ := ϕ− υ, (7.2.23)

having, by definition, zero vacuum expectation value

〈0|ϕ′(x)|0〉 = 0. (7.2.24)

Therefore, concentrating on the quadratic terms, which describe the masses, we
find

V (ϕ′) = V (υ) + ϕ′iϕ
′
j

∂2V

∂ϕ′i ∂ϕ
′
j

∣∣∣∣
ϕ
′
i=0

+O(ϕ′3). (7.2.25)

The constant term V (υ) is irrelevant and may be omitted.
We can thus define a mass-squared matrix M

2, whose eigenvalues will be the
(bare) masses of the physical states:

(M2)ij :=
∂2V

∂ϕ′i ∂ϕ
′
j

∣∣∣∣
ϕ
′
i=0

. (7.2.26)
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Differentiating Eq. (7.2.18) with respect to ϕ′i and setting ϕ′=0 leads to

0 =
∂

∂ϕ′i

(
∂V

∂ϕ′j
T
a
jk

[
ϕ′k + υk

]) ∣∣∣∣
ϕ
′
j=0

=
∂2V

∂ϕ′i ∂ϕ
′
j

∣∣∣∣∣
ϕ
′
i=0

T
a
jkυk = (M2)ij T

a
jkυk. (7.2.27)

Since M
2 may be diagonalised in this equation, there must be at least one zero

eigenvalue. Indeed, if m of the n generators are left unbroken and the vectors Taυ
span an (n−m)-dimensional subspace, then corresponding to each of the n−m
broken generators (i.e. for which T

aυ 6=0) there exists a massless boson. This is the
essence of the Goldstone theorem (Goldstone, 1961; Goldstone, Salam and Weinberg,
1962).

A formal proof may be given as follows. Construct the matrix

Aab := (Taυ)∗·(Tbυ). (7.2.28)

Then, since the T
a are Hermitian, we have

Aab = (υ)∗·(TaTbυ) = (υ)·(TaTbυ) (7.2.29)
and therefore

Aab −Aba = (υ)·([Ta,Tb]υ) = ifabc υiT
c
ijυj = 0. (7.2.30)

Where the last equality follows from the antisymmetry of the T. Therefore, Aab

is symmetric and can be diagonalised by some unitary matrix U . Now, define
Ãab as the (n−m)×(n−m) matrix restricted to those values of a and b for which
T
aυ 6=0. We diagonalise Ãab to

Ã′abdiag =
(
UÃUT

)ab
= (Uac

T
cυ)∗·(U bd

T
dυ), (7.2.31)

where, by construction, Uac
T
c belongs to the broken sector and therefore does not

annihilate υ. All the diagonal elements of Ã′ are thus non-zero and, from the
previous equation, they are positive. Finally, since they are independent, they
indeed span the (n−m)-dimensional subspace not annihilated by Uac

T
c and so

there must be precisely (n−m) zero eigenvalues or massless bosons.

7.2.4 The Higgs–Kibble mechanism

Let us now examine the case of spontaneous symmetry breaking in the presence of a
local gauge symmetry (Higgs, 1964; Englert and Brout, 1964; Guralnik, Hagen and Kibble,
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1964). We shall thus find an exception to the Goldstone theorem, in that the mass-
less bosons do not appear as true individual states of the theory, but are absorbed
into the gauge boson fields to provide the third (longitudinal) components for the
spin-one states, which thus become massive. The important point to realise though
is that the underlying gauge symmetry survives and the theory is thus guaranteed
to be renormalisable in the usual way.

Consider the simplest example of a single, charged, scalar field, minimally
coupled to a U(1), Abelian, gauge field. The Lagrangian is taken to be

L(Aµ, ϕ) = (Dµϕ∗)(Dµϕ) + µ2ϕ∗ϕ− λ(ϕ∗ϕ)2 − 1
4
F µνFµν , (7.2.32)

where the covariant derivative Dµ is defined as

Dµϕ :=
(
∂µ + igAµ(x)

)
ϕ (7.2.33a)

and
Dµϕ∗ :=

(
∂µ − igAµ(x)

)
ϕ∗. (7.2.33b)

The field-strength tensor F µν is as defined in Eq. (2.2.10). Recall that since we are
considering an Abelian theory, although we must introduce a gauge-fixing term,
there is no need for Fadde’ev–Popov ghost fields.

As before, we rewrite the field ϕ in terms of its real and imaginary parts ϕ1,2,
but (without loss of generality) immediately shift the real part ϕ1:

ϕ = 1√
2
(υ + ϕ1 + iϕ2), (7.2.34)

where
υ =

√
µ2/λ. (7.2.35)

In the absence of the gauge field and related coupling, the field ϕ2 would be the
massless Goldstone boson associated with spontaneous breaking of a global U(1)
symmetry. However, the locality of the gauge symmetry causes mixing between
the ϕ2 and Aµ fields. To see this, let us expand the Lagrangian in terms of ϕ1,2:

L(Aµ, ϕ) = −1
4
F µνFµν +

1
2
g2υ2AµAµ +

1
2

[
∂µϕ1∂µϕ1 − 2µ2ϕ2

1

]
+ 1

2
∂µϕ2∂µϕ2

+ gυAµ∂µϕ2 + gυAµ(ϕ1

↔
∂µϕ2) + g2υAµAµϕ1 +

1
2
g2AµAµ(ϕ

2
1 + ϕ2

2)

− λυϕ1(ϕ
2
1 + ϕ2

2)− 1
4
λ(ϕ2

1 + ϕ2
2)

2, (7.2.36)

where, recall,
↔
∂≡

→
∂−

←
∂ and we have suppressed irrelevant constant terms. The

higher-order (cubic and quartic) terms describe various interactions and are of
interest for the full phenomenology; however, we are only interested here in the
possible masses. At first sight, we seem to have the usual boson (ϕ1) of mass
m=

√
2µ, a massless Goldstone boson (ϕ2) and a massive gauge field (since a term
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AµAµ has appeared). However, the presence of the term gυAµ∂
µϕ2 directly mixes

the ϕ2 and Aµ fields and thus requires more care, as neither field can now represent
a true asymptotic state of the theory.

First of all, notice that the three quadratic-order terms involving ϕ2 and Aµ

may be combined as follows

1
2
g2υ2AµAµ+

1
2
∂µϕ2∂µϕ2+ gυA

µ∂µϕ2 = 1
2
(gυAµ+∂µϕ2)(gυAµ+∂µϕ2), (7.2.37)

which is suggestive of the following gauge transformation:

Aµ → A′µ = Aµ + 1
gυ
∂µϕ2 (7.2.38)

This would evidently remove the problematic mixing term without, however, elim-
inating the mass term for the field A′µ. The new, massive, field would thus be seen
to have effectively acquired a longitudinal component 1

gυ
∂µϕ2.

Indeed, one might imagine that a judicious choice of gauge transformation
could completely eliminate the field ϕ2. To see this, it is more convenient to
reparametrise the field ϕ exponentially in terms of two real fields H and ω:

ϕ(x) = 1√
2

[
υ +H(x)

]
e iω(x) . (7.2.39)

Evidently, the “radial” excitationH is somehow equivalent to ϕ1 while the “angular”
field ω replaces ϕ2. We may now exploit the gauge invariance of the Lagrangian
and apply the following gauge transformation:

ϕ(x) → ϕ′(x) = e− iω(x) ϕ(x)

= 1√
2

[
υ +H(x)

]
(7.2.40a)

and
Aµ(x) → A′µ(x) = Aµ(x)− 1

g
∂µω(x). (7.2.40b)

The Lagrangian then becomes

L(A′µ, H, ω) = −1
4
F ′µνF ′µν +

1
2
g2υ2A′µA′µ +

1
2

(
∂µH ∂µH − 2µ2H2

)

+ 1
2
g2A′µA′µH(2υ +H)− λυH3 − 1

4
λH4. (7.2.41)

The gauge field A′µ really has thus acquired a mass mA= gυ and the scalar field

H has mass mH =
√
2µ while the field ω has simply disappeared.

The physical interpretation should now be evident: a massive vector field ne-
cessarily has three degrees of freedom whereas the original massless gauge field
had only two; the third is provided by the would-be Goldstone boson ω, which, we
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say figuratively, has thus been “eaten” by the gauge field.

7.2.5 Renormalisability

The problem now is to show that the theory is still renormalisable. As written,
the fields used do not manifest the gauge symmetry possessed by the original
construction and it is known that the propagator for a massive vector field has
bad UV behaviour. In fact, the gauge chosen according to Eqs. (7.2.40) is known as
the unitary gauge, since in this form the fields used correspond to the asymptotic
states of the theory and the Green-function poles are located at the physical masses
of real particles while all non-physical states have been eliminated.

For any other gauge choice, this clear physical picture is lost. In particular,
’t Hooft (1971) defined the so-called Rξ gauges, forgoing the physical interpreta-
tion in order to prove renormalisability. Indeed, spurious poles, both vector and
scalar, will always be found but will, of course, disappear in the calculation of any
physical quantity such as a cross-section. That this should be so is evident from
the gauge symmetry of the original theory and the absence of such non-physical
poles for particular gauge choices. Thus, while not manifestly unitary, the sym-
metry properties of the Rξ gauge afford the usual protection against uncontrollable
divergences in higher-order loop diagrams.

Recall that the previously chosen gauge-fixing term,

LGF(A) = −1
2
ξ−1

(
∂µAµ

)2
, (7.2.42)

ensures the Lorentz condition
∂µAµ = 0. (2.4.46)

In place of this, we now choose

LGF(A) = −1
2
ξ−1

(
∂µAµ − ξg υϕ2

)2
, (7.2.43)

which leads to the following condition:

∂µAµ = ξgυϕ2. (7.2.44)

We thus see that, for υ 6=0,

ϕ2 = 0 for ξ → ∞. (7.2.45)

And so we may view the unitary gauge as a limiting case of the class of Rξ gauges.
Now, the principal advantage of the ’t Hooft gauge is that it eliminates the mix-

ing term in Aµ and ω. Recall that this arises from the kinetic piece (Dµϕ∗)(Dµϕ),



162 CHAPTER 7. ADVANCED TOPICS

which contains a term −gυAµ∂µω. This may be rewritten as

− gυ Aµ ∂
µω = gυ (∂µAµ)ω − gυ ∂µ(Aµ ω) (7.2.46)

and then omit the total divergence since it does not contribute to the action. The
remaining term on the right-hand side now exactly cancels the mixing term in
Eq. (7.2.43). The Lagrangian is then

L(Aµ, ϕ) = 1
2

[
∂µϕ1∂µϕ1 − 2µ2ϕ2

1

]
+ 1

2

[
∂µϕ2∂µϕ2 − ξm2

Aϕ
2
2

]

+ 1
2

[
(1− ξ−1)(∂µAµ)

2 − (∂µAν)(∂
µAν) +m2

AA
µAµ

]

+ gυAµ(ϕ1

↔
∂µϕ2) + g2υAµAµϕ1 +

1
2
g2AµAµ(ϕ

2
1 + ϕ2

2)

− λυϕ1(ϕ
2
1 + ϕ2

2)− 1
4
λ(ϕ2

1 + ϕ2
2)

2, (7.2.47)

where the vector-field mass is mA= gυ. The field ϕ1 appears with its usual mass
while the would-be Goldstone boson ϕ2 appears with a mass

√
ξmA.

Exercise 7.2.1. Derive the Lagrangian shown above.

The question of renormalisability is determined by the high-energy behaviour
of the vector field Aµ. The standard procedure yields

Dµν
F (q) =

−gµν + (1− ξ)qµqν/(q2 − ξm2
A)

q2 −m2
A + iε

. (7.2.48)

In the unitary limit ξ→∞ and in the ultraviolet region this behaves just as the
propagator of a massive vector field. Moreover, the mass of the Goldstone boson
ϕ2 becomes infinite and thus it decouples from the theory. However, for any finite
value of ξ the vector propagator has the desired behaviour of a massless gauge
field. The complete proof, provided by ’t Hooft (1971), also demonstrates that
the non-physical poles at q2= ξm2

A, present in the propagators of both ϕ2 and the
massive vector field, do indeed cancel.

Exercise 7.2.2. Derive the vector-boson propagator shown above.

7.3 Ward identities

Gauge invariance leads to important relationships between the 1PI vertex function
and fermion propagator. In QED these were first derived by Ward (1950) and later
generalised by Takahashi (1957). The presence of ghosts in the Yang–Mills case
complicates the analysis, but later Taylor (1971) and Slavnov (1972) showed that
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the identities still hold. For simplicity, we shall only consider the Abelian case
here.

The starting point is the observation that in QED the full generating functional
Z [Jµ,σ,σ] (i.e. including the gauge-fixing term) must itself still be gauge invariant
although the exponential in the path integral is evidently not. The remaining
symmetry leads to a differential equation for Z, which is finally expressed in terms
of the 1PI vertex function and fermion propagator. Re-expressing this in turn in
terms of the respective renormalisation constants Z2 and Zψ leads to the all-orders
relation Z2=Zψ. That is, the two constants are not independent quantities. This
result is of key importance for the proof of renormalisability of the theory.

As stated, we start with the full generating functional for QED:

Z [Jµ, σ, σ] ∝
∫

DAµDψDψ exp

{
i

∫
d4x

[
L+JµAµ + σψ + ψσ

]}
, (7.3.1)

where the full, gauge-fixed, QED Lagrangian L is

L = −1
4
F µν Fµν + ψ

(
i /D −m

)
ψ − 1

2
ξ−1

(
∂µAµ

)2
. (7.3.2)

As we have seen, with this choice of gauge fixing, the Fadde’ev–Popov ghost fields
in QED decouple from all physical fields and their contribution to the path in-
tegral is just a multiplicative constant, which may be absorbed into the overall
normalisation. We are thus justified in neglecting their presence.

Now, the above Lagrangian is manifestly not gauge invariant while all phys-
ical quantities (which may be expressed in terms of Z) must be gauge invariant
and therefore so too Z itself. This non-trivial constraint may be turned into a
differential equation for Z.

Consider the effect on Eq. (7.3.1) of an infinitesimal gauge transformation:

δϕ(x) = − ie δω(x)ϕ(x) (7.3.3a)
and

δAµ(x) = ∂µδω(x). (7.3.3b)

The first two terms in (7.3.2) are invariant while the last is not and nor are the
source terms in (7.3.1). This means that the transformation generates a contribu-
tion to the exponent in the integrand of Z:

i

∫
d4x

[
−ξ−1(∂µAµ)� δω + Jµ∂µδω − ieδω(σψ − ψσ)

]
=

i

∫
d4x δω

[
−ξ−1� ∂µAµ − ∂µJ

µ − ie(σψ − ψσ)
]
, (7.3.4)
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where, to obtain the right-hand side, we have integrated by parts.
Gauge invariance then implies that this operator acting on Z give zero. Since

this must be true for any infinitesimal δω(x), we obtain the following functional
differential equation:

[
iξ−1� ∂µ

δ

δJµ
− ∂µJ

µ − e

(
σ
δ

δσ
− σ

δ

δσ

)]
Z [σ, σ, Jµ] = 0, (7.3.5)

where we have applied the usual substitutions,

ψ → − i
δ

δσ
, ψ → i

δ

δσ
, Aµ → − i

δ

δJµ
. (7.3.6)

We can transform the above into an equation for the connected functional Zc,
defined by Z=exp[ iZc]:

− ξ−1� ∂µ
δZc
δJµ

− i∂µJ
µ − ie

(
σ
δZc
δσ

− σ
δZc
δσ

)
= 0, (7.3.7)

We can further rewrite this in terms of the effective action Γ,

Γ[ψ, ψ,Aµ] := Zc[σ, σ, J
µ]−

∫
d4x [σψ + ψσ + JµAµ], (7.3.8)

for which we have
δΓ

δψ
= −σ, δZc

δσ
= ψ,

δΓ

δψ
= σ,

δZc
δσ

= −ψ,

δΓ

δAµ
= −Jµ, δZc

δJµ
= Aµ.

(7.3.9)

We may thus write

− ξ−1� ∂µAµ + i∂µ
δΓ

δAµ
+ ie

(
ψ
δΓ

δψ
− ψ

δΓ

δψ

)
= 0, (7.3.10)

If we now functionally differentiate this equation with respect to ψ and ψ, setting
ψ=ψ=Aµ=0 afterwards, we obtain (Γ[0] indicates setting the arguments to zero
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after differentiation)

i∂µz
δ3Γ[0]

δψ(x) δψ(y) δAµ(z)
= ie δ(z − x)

δ2Γ[0]

δψ(x) δψ(y)
− ie δ(z − y)

δ2Γ[0]

δψ(x) δψ(y)
,

(7.3.11)
where, note, the term containing ξ has disappeared, as it should for a physically
meaningful result. Now, the left-hand side is just the space–time derivative of the
QED 1PI three-point vertex while each of the two terms on the right-hand side
contain the full inverse electron propagator.

To see the content of this last equation more clearly, it is helpful, as usual, to
transform to momentum space. For the Feynman propagator, we have

∫
d4x d4y e i (p·x−p

′·y) δ2Γ[0]

δψ(x) δψ(y)
= δ̄4(p− p′) Π(p), (7.3.12)

where Π(p) indicates the full inverse propagator, while we may define the proper
vertex function by

∫
d4x d4y d4z e i (p·x−p

′·y+q·z) δ3Γ[0]

δψ(x) δψ(y) δAµ(z)
= ie δ̄4(p− p′ + q) Γµ(p, p

′, q),

(7.3.13)
where we have extracted the implicit “ ie” factor. Using these relations, we finally
obtain

qµΓµ(p, p+ q, q) = Π(p+ q)−Π(p). (7.3.14)

This result is precisely the Ward–Takahashi identity. In the limit qµ→0 it reduces
to the simple Ward identity:

Γµ(p, p, 0) =
∂Π(p)

∂pµ
. (7.3.15)

Note that since these expressions involve the full inverse propagator and vertex
functions, they hold to all orders in perturbation theory.

Exercise 7.3.1. Starting from Eq. (7.3.11) derive explicitly the final expression
for the Ward–Takahashi identity (7.3.14).

At leading order, we could have easily derived the Ward identity explicitly.
Note first that at leading order the full inverse propagator and vertex functions
simply correspond to their bare counterparts:

Π(0)(p) = /p−m (7.3.16a)
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and
Γ(0)
µ (p, p+ q, q) = γµ. (7.3.16b)

Taking the derivative with respect to pµ of the first, we immediately obtain the
second.

Exercise 7.3.2. Show that, to leading order, the full vertex function Γµ in QED
is indeed just γµ.

Such an explicit verification of the identity may be continued to the one-loop
level without actually evaluating the loop integrals. Now, the question of higher
orders brings to mind the problem of renormalisation. Indeed, the higher-order
corrections to the inverse propagator are related to the wave-function renormal-
isation constant Zψ while those for the vertex function determine the coupling
renormalisation constant Z2. The Ward–Takahashi identity then evidently forges
a connection between the two: since it is an all-orders expression, we find the
simple but profound consequence that

Zψ = Z2. (7.3.17)

In other words, there is one less independent renormalisation constant than would
have been expected a priori . This is of vital importance to the proof of renormal-
isability of the theory.

In the case of a YM theory the situation is rather more complex: the colour
factors and the existence of other vertex functions render the entire procedure
much more involved. However, as stated earlier, Taylor (1971) and Slavnov (1972)
were able to show that such identities do indeed still hold. The interested reader
is referred to any of the many texts dealing with this subject.
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Appendix A

Miscellaneous Topics

A.1 Grassmann variables

Here we shall introduce the notion of Grassmann or anticommuting variables and
examine their properties under differentiation and integration. We thus start by
defining two such quantities θ and θ′ having the following anticommutation prop-
erties:

{θ, θ} = {θ, θ′} = {θ′, θ′} = 0. (A.1)

That is, θ2=0= θ′2 and θθ′=−θ′θ. Therefore, for any function f(θ,θ′) that admits
a Taylor expansion, the series automatically truncates to

f(θ, θ′) = f0 + f1θ + f ′1θ
′ + f2θθ

′, (A.2)

where the fi are just C-number coefficients. Considering differentiation as an
operation, we must have, e.g.,

∂

∂θ
θ′ = −θ′ ∂

∂θ
(A.3)

and therefore
∂f

∂θ
= f1 + f2θ

′ and
∂f

∂θ′
= f ′1 − f2θ. (A.4)

Moreover,
∂2f

∂θ ∂θ′
= − ∂2f

∂θ′ ∂θ
= −f2. (A.5)

The notion of an integral may also be defined: since it must be linear and the
measures dθ , dθ ′ must also be Grassmannian, we have

{dθ, θ} = {dθ, θ′} = {dθ′, θ} = {dθ, dθ′} = 0. (A.6)

169
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We evidently only need the two integrals
∫
dθ and

∫
dθθ. Now,

[∫
dθ

]2
=

[∫
dθ

] [∫
dθ ′
]
=

∫
dθ dθ ′ = −

∫
dθ ′dθ = −

[∫
dθ

]2
. (A.7)

and so ∫
dθ = 0. (A.8)

Finally, since θ2 and all higher powers are zero there is no intrinsic scale to a
Grassmann variable and so we may simply define

∫
dθ θ := 1. (A.9)

By integrating the expansion of the function f(θ,θ′) above, we find that the op-
erations of differentiation and integration are entirely equivalent when applied to
Grassmann variables:

∫
dθ f(θ, θ′) = f1 + f2θ

′ =
∂f(θ, θ′)

∂θ
. (A.10)

These properties lead to various further useful identities and relations for func-
tions of Grassmann variables. First of all it is easy to show that the δ-function
defined over a space of Grassmann variables is just δ(θ)= θ.

Exercise A.1.1. Show that the above definition of the Grassmann δ-function is
indeed correct; that is show that

∫
dθ f(θ) = f(0).

Hint: write f(θ)=f0+f1θ and evaluate the integral.

Exercise A.1.2. Show further that if θ and η are both Grassmann variables, then
an integral representation of the Grassmann δ-function is

∫
dη e iηθ = iδ(θ).

Exercise A.1.3. As a final exercise, show that if we change integration variables
thus θ′=λθ (λ 6=0), then the Jacobian is actually the opposite of what we normally
expect: ∫

dθ f(θ) = λ

∫
dθ ′f(θ′/λ).
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Show also that similarly

δ
(
f(θ)

)
=

∂f

∂θ
δ(θ).

The extension to a finite set of Grassmann variables and vectors with Grass-
mann components is straightforward. The functional integral over a Grassmann
field can then be defined in the usual manner, as the limit of an infinite number
of discrete Grassmann variables. Moreover, the construction of a complex Grass-
mann variable is also straightforward. Note finally that, there being no intrinsic
scale, there is no difference between definite and indefinite Grassmann integrals.

For the path-integral quantisation of a field, we need to perform Gaussian-type
integrals. For just a single Grassmann variable, this is evidently a trivial operation
since θ2=0. We shall thus naturally be forced to move to higher dimensional
integrals. Consider therefore, a set of n Grassmann variables θ1, . . . , θn; that is,
they all mutually anticommute. Again, a power-series expansion of any function
will naturally terminate after the term containing the product of each variable
θ1 ...θn. Consider next the matrix product

ΘT
MΘ, (A.11)

where Θ represents the real n-component vector (θ1,... ,θn) and M a real n×n
matrix. We see that the symmetric piece trivially vanishes and so, since any
matrix M may be decomposed into the sum of a symmetric and an antisymmetric
matrix, only antisymmetric matrices need be considered.

The most general, real, Gaussian integral we shall meet then is

∫
dnΘ exp

{
−1

2
ΘT

AΘ
}
, (A.12)

where A is a real n×n antisymmetric matrix and the Grassmann measure is defined
to be dnΘ :=dθ1 ...dθn. Each term in the power-series expansion of the exponential
will only contain overall even powers of the θi and thus the integral will only be
non-zero for n even. Moreover, since we need precisely one power of each variable
θi (no more, no less) the only term leading to a non-vanishing integral is the n/2-th
term. That is,

∫
dnΘ exp

{
−1

2
ΘT

AΘ
}

=

∫
dnΘ

1

(n/2)!

[
−1

2
ΘT

AΘ
]n/2

. (A.13)

In the previous expression the only products of the n/2 terms that will survive

are those containing each of the n variables just once and there will be just (n/2)!
such terms. If we now rearrange the θi into natural order, then the relative minus
sign introduced is just that corresponding to the related determinant (considering
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the product of elements of A involved). Finally, the factor (−1)
n/2 compensates a

similar sign due to the rearrangement under integration and thus the final answer
is just

∫
dnΘ exp

{
−1

2
ΘT

AΘ
}

= (detA)
1/2 = exp

{
1
2
Tr lnA

}
. (A.14)

Note that, in contrast to the corresponding expression (3.1.2) for commuting fields,
we find a positive power of the determinant. The difference in numerical coefficient
is, of course, irrelevant for our purposes. Note also that, since the determinant of
an n×n antisymmetric matrix is zero for n odd, we may extend the previous result
to include both odd n and even.

One further useful result is obtained by including a linear term in Θ in the
exponent:

∫
dnΘ exp

{
−1

2
ΘT

AΘ+ σTΘ
}

= exp
{

1
2
Tr lnA

}
exp
{
−1

2
σT

A
−1σ

}
. (A.15)

where σ is an external vector source of anticommuting Grassmann components
(σ1,... ,σn) that also anticommute with the θi.

Exercise A.1.4. Derive this last equation in the usual way, i.e. by completing the
square in the exponent.

Finally, we shall require the extension to complex Grassmann variables, which
is easily obtained from the previous examples. The integration measure is naturally
defined as

dθ dθ ∗ := 2 d(Re θ) d(Im θ) , (A.16)

whence ∫
dnΘ dnΘ∗ exp

{
−ΘT

AΘ
}

= (−1)
n/2(detA)

1/2 , (A.17)

where now A is an n×n anti -Hermitian or skew -Hermitian matrix; that is,

A
† = −A. (A.18)

Again, the multiplicative factor, which here is (−1)
n/2 , in front of the right-hand

side above is irrelevant.
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A.2 The SU(N) algebra

A Lie algebra is defined by a set of commutation relations:

[
T
a,Tb

]
= ifabc Tc, (A.19)

where the fabc are totally antisymmetric structure constants, characterising the
particular group, and the matrices T

a belong to the fundamental representation.
For SU(N) the fundamental representation has dimension N and the indices a,b,c
run from 1 to N2−1. In the case of SU(2) the structure constants are none other
than the Levi-Civita alternating tensor ǫijk and for SU(3) the non-zero elements
are shown in Table A.1. For higher-rank groups the structure constants are more

Table A.1: The non-zero elements of the antisymmetric structure constants fabc in the
case of SU(3).

abc fabc

123 1

147 1/2

156 −1/2

246 1/2

257 1/2

345 1/2

367 −1/2

458
√
3/2

678
√
3/2

complicated and the reader should consult one of the many texts dealing with Lie
algebras.

For SU(N) with N ≥2, there is also a set of non-zero symmetric structure
constants defined via {

T
a,Tb

}
= 2C1 δ

ab + dabc Tc, (A.20)

where C1=
1
2

is a constant, determined by the normalisation of the matrices T
a

and is therefore representation dependent. Taking the trace of this equation, we
obtain

Tr
[
T
a
T
b
]
= C1 δ

ab, (A.21)
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There exist various trace relations of which two important identities are (for
clarity we write the sums over indices explicitly):

∑

a

T
a
T
a = CF1 (A.22a)

and ∑

c,d

facd f bcd = CA δ
ab, (A.22b)

where CF and CA are constants, known as Casimir constants, which are charac-
teristic of the particular group. In the case of SU(N) they are

CF =
N2 − 1

2N
(A.23a)

and
CA = N. (A.23b)

A further useful trace-like relation is

∑

a

T
a
ij T

a
kl =

1

2

(
δilδjk −

1

N
δijδkl

)
. (A.24)

We conclude by pointing out that by making the identification

(Fa)bc := − ifabc, (A.25)

then, as a result of the Bianchi identity, we find that the matrices F
a satisfy the

same algebra: [
F
a, Fb

]
= ifabc Fc. (A.26)

This is known as the adjoint or regular representation.

A.3 The Gamma function

The Euler Gamma function Γ(z) is single valued and analytic over the entire
complex z plane, except for the points z=−n (n=0, 1, 2, . . . ), where it has
simple poles with residues (−1)n/n!.

There are numerous integral representations of the Gamma function; the best
known is perhaps the Euler integral:

Γ(z) =

∫ ∞

0

dt tz−1 e−t (Re z > 0). (A.27)
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It is given simply by Γ(n+1)=n! for n∈Z. We thus have, for example, Γ(1)=1
while Γ(1/2)=

√
π and, as noted, Γ(−n)=∞ for n=0, 1, 2, . . .

Other useful formulæ involving the Gamma function are:

z Γ(z) = Γ(z + 1), (A.28a)

Γ(z) Γ(1− z) = π cosec πz, (A.28b)
∫ 1

0

dxxm−1 (1− x)n−1 =
Γ(m)Γ(n)

Γ(m+ n)
= B(m,n), (A.28c)

where the second is Euler’s reflection formula and the last is also known in math-
ematics as the beta function or Euler integral of the first kind (such integrals
commonly occur from the Feynman parametrisation of propagator products).

The derivative of the Gamma function is also useful and the Digamma function
ψ(z) is defined as follows:∗

ψ(z) =
d

dz
ln Γ(z) =

Γ′(z)

Γ(z)
. (A.29)

For n∈N, it is not difficult to show that

ψ(n) = Sn − γE, (A.30)

where Sn :=
∑n−1

m=11/m (with S1=0) and the Euler–Mascheroni constant γE is
defined by

γE = lim
n→∞

[
1 + 1

2
+ 1

3
+ 1

4
+ · · ·+ 1

n
− lnn

]

≃ 0.57721 56649 . . . (A.31)

We may thus perform an O(ǫ) Taylor expansion for the Gamma function near
positive integer values of its argument:

Γ(n+ ǫ) = Γ(n)[1 + (Sn − γE)ǫ+O(ǫ2)], (A.32)

from which we immediately have

Γ(ǫ) =
1

ǫ
Γ(1 + ǫ) =

1

ǫ
− γE +O(ǫ). (A.33)

∗ In some texts the definition is given as ψ(z)=d[lnΓ(z+1)]/dz .
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A.4 The Legendre transform

The Legendre transform appears in many diverse areas of physics: perhaps the
best known is the the connection in classical mechanics between the Lagrangian
L(q,q̇) and the Hamiltonian H(q,p), but it also relates the the Helmholtz free
energy F to the entropy S in statistical mechanics; in the present notes it is seen
to provide the relation between the the generating functional for connected Green
functions Zc[J ] and the effective action Γ[ϕ]. For a more complete and recent
discussion, see Zia et al. (2008).

Just as the Fourier and Laplace transforms, the Legendre transform provides a
method of re-encoding the dynamical information on a system. Consider a function
f(x) whose gradient is strictly monotonic (i.e., it is either strictly convex or strictly
concave). In such a case there exists a unique one-to-one relation between the
variable x and the derivative f ′(x)=df(x)/dx. We may therefore change variables
from x to y(x)=f ′(x) without loss of information. The usefulness of such a change
lies in the possibility that y be more accessible than x. Note that the convexity
condition guarantees that we may also invert the function y(x) to obtain x(y).

Of course, the Legendre transform is more than just a simple change of vari-
ables. The strict mathematical definition is as follows:

g(y) := max
x

[
xy − f(x)

]
, (A.34)

where the maximum is taken with respect to variations in x for y held fixed.
A simple pictorial representation of this definition is shown in Fig. A.1. The

f(x)

g(y)

x
g

f

xy

x

Figure A.1: A diagrammatic illustration of the Legendre transformation g(y) of the
function f(x), as defined in the text.

function −g=−[xy−f(x)] is given by the intercept with the vertical axis of the
straight line having slope y and crossing the curve f(x) at the point x. From the
diagram, it is clear that, for a given slope y, the maximum of [xy−f(x)] with
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respect to variations in x is attained when the straight line is precisely tangent to
f(x) and thus at the point x for which y=f ′(x). The need for convexity is also
obvious from the diagram. Moreover, the strict definition given above makes clear
the independence of g(y) from x. Note, of course, that there may also be other
independent variables involved but these are mere spectators in the transform.

With the understanding that such a pictorial description provides, we can shift
to a simpler definition, more commonly found in physics:

g(y) := xy − f(x) for y =
df(x)

dx
, (A.35)

where it is implicit that to evaluate g(y) we must write x as a function of y by
inverting the equation y=f ′(x). From this definition the symmetry of the Legendre
transform is immediately manifest as we may thus write

xy = f(x) + g(y), (A.36)

or the inverse transform

f(x) := xy − g(y) for x =
dg(y)

dy
. (A.37)

Note that in all cases the variables x and y are not independent as each should be
viewed as a function of the other.

Some simple properties of the transform are immediately obvious from Fig. A.1.
Consider the minimum of the function f(x) with respect to x: fmin :=f(xmin). By
definition, the derivative vanishes at the point xmin; that is, y=0. We therefore
have

fmin = −g(0) and gmin = −f(0). (A.38)

Now, by taking derivatives of the relations defining the variables x and y, we obtain

dy

dx
=

d2f

dx2
and

dx

dy
=

d2g

dy2
, (A.39)

from which we see that
d2f

dx2
d2g

dy2
= 1. (A.40)

The above reciprocal relation between the curvatures highlights the convexity re-
quirement: neither of the second derivatives may vanish. Moreover, it is somewhat
reminiscent of the uncertainty relations ∆x∆p, ∆θ∆L≥~ etc.
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Appendix B

Errata to Bailin and Love

In this appendix we provide a list of errata to the book:

Reading list

Bailin, D. and Love, A. (1993), Introduction to Gauge Field Theory (IOP Pub.),
revised edition.

Page 22, op. cit.

The derivation of the formula for Pµ in Eq. (3.48) is erroneous in that the formula
given in the last line of Eq. (3.46) is incorrect. The error lies in the addition of a
so-called total divergence δ0ν

1
2
∂µ[ϕ∂

µϕ]; while this would be applicable under a four-
space integration, here there is only a three-space integration. Indeed, addition of
the full four-divergence renders an incorrect expression for Pν , which is not even
time independent. The correct derivation is then as follows—beginning from the
sentence following Eq. (3.45) the text should be replaced by something like:

In the free-field case λ=0 and the “charge” is

Pν ≡
∫

d3xT 0
ν

=

∫
d3x [(∂0ϕ)(∂νϕ)− δ0ν

1
2
(∂λϕ∂

λϕ+ ϕ�ϕ)]

=

∫
d3x [(∂0ϕ)(∂νϕ)− δ0ν

1
2
(∂0ϕ∂

0ϕ+ ϕ∂0 ∂
0ϕ)]. (3.46)
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In deriving this we have used the equations of motion in order to elim-
inate the term −δ0ν 1

2
m2ϕ2 and subtracted the total spatial divergence

δ0ν
1
2
∇r[ϕ∇rϕ] from the integrand in order to eliminate the pieces con-

taining spatial derivatives in the second term.

Eq. (3.48) is then obtained by noting that, under symmetric integration in k,

∫
d3k f(k0) kr a(k0,k) a(k0,−k) = 0,

where f(k0) is an arbitrary function of k0 only. This eliminates the time-dependent
pieces in the spatial components of Pν while those in the temporal component
cancel between the terms of opposite sign in Eq. (3.46).

Page 83, op. cit.

In Eq. (7.31) the argument of the tan−1 should be raised to the power 1/2.

Page 103, op. cit.

On the left-hand side of Eq. (8.52) the term σϕ should be replaced with Jϕ.

Page 127, op. cit.

In Eq. (10.74) there is an extra term (q−p)νgλµ, which should be removed.

Page 133, op. cit.

In Eq. (11.22) the second term should be Z2Z
−1
ψ and not Z1Z

−1
θ .



Appendix C

Selected suitable examination topics

In this appendix we provide a short list of suitable topics for the course final oral
examination. The student should prepare a short oral presentation in which a brief
motivation is given followed by a suitably in-depth discussion of the salient points.
Other topics may be suggested by the student, but should be communicated to
the lecturer prior to the examination.

Note that while some have been covered quite thoroughly in the lectures others
have not. In the latter case, prior consultation with the lecturer is advisable. Such
topics would be of particular use to those interested in further study of the subject
of this course.

Oral Examination Topics

• The calculation of the O(α) correction to the muon anomalous magnetic
momentum (often known as the muon g−2).

• The calculation of the β-function in QCD using a three- or four-point func-
tion chosen freely by the student.

• The first-order perturbative corrections to a simple scattering process, such
as e+e−→µ+µ−.

• A complete discussion of the so-called effective action Γ[ϕ], with particular
reference to the two papers Coleman et al. (1973); Jackiw (1974).

• The derivation of the Feynman rules for the gauge propagator and the
Fadde’ev–Popov ghost fields in the cases of both covariant and axial gauges.

• spontaneous symmetry breaking and the generation of the weak-interaction
intermediate-boson masses in the standard model of elementary particle
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physics. At least one concrete example of the consequences should be dis-
cussed.

• The proof of the renormalisability of QED.

• The Adler–Bell–Jackiw triangle anomaly and neutral-pion decay

• The Bloch–Nordsieck cancellation and the KLN theorem for IR divergences.

Bibliography

Coleman, S.R. and Weinberg, E. (1973), Phys. Rev. D7, 1888.

Jackiw, R. (1974), Phys. Rev. D9, 1686.



Appendix D

Glossary of Acronyms

1PI: one-particle irreducible

IR: infrared

MOM: momentum subtraction

MS: minimal subtraction

MS: modified minimal subtraction

QCD: quantum chromodynamics

QED: quantum electrodynamics

RGE: renormalisation group equation

UV: ultraviolet

YM: Yang–Mills
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