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Summary

Basics of the approach and master formula for the AB — C+X process

Helicity formalism:
- Helicity density matrices for partons and hadrons
- Description of quark and gluon polarization states
- Helicity amplitudes for the soft A(B) — a(b) + X, ¢ - C + X processes
- Helicity amplitudes for the hard elementary scattering ab —» cd
. Polarized TMD parton distribution (PDF) and fragmentation functions (FF)

General expression of kernels for the process A(S,)+B(Sg)—> C+X

Application: transverse SSA for pp —» n + X process:

- Numerical estimates of all (maximized) contributions to the numerator and the
denominator of the SSA

- Results for FNAL-E704, STAR-RHIC and PAX-GSI kinematical configurations

Conclusions and outlook
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Basics of the approach and master equation

The cross section for the polarized inclusive process A(S,) + B(Sg) » C + X can be
given as a LO (factorized) convolution of all possible hard elementary QCD
processes, ab — cd, with soft (leading-twist), spin and k. dependent, PDF and FF:

d3 ~ / T6r2m0 22 k1o d°kip Pk ic8(kic D) I(kic)
pC a,b,C,d,{)\} <X CEbZ S
: b/B,S
A pi/ N, oA fua,5, (@as k1 a) PA X B fo/B,55 @b k1)

X M)\ A g Aas Ay, M)\/ A NN 6(8+1+a) D)\C,A/C(ZakJ_C)

- A, B are initial spin 2 hadrons (typically two protons) in pure spin states S, and Sg;

- C is the observed, unpolarized hadron, typically a pion [extension to spin 2 (hyperons) and
spin 1 hadrons is in progress];

-J(k, ¢) is a phase-space kinematical factor [J(k, .) —» 1 for massless partons/hadrons and
collinear configuration];

-We consider the process in the AB (hadronic) c.m. frame, assuming that hadron A moves
along the +Z__ axis, and hadron C is produced in the (XZ)_, plane with (pc)xCm >0

Contains all information on parton a and its polarization state
faja,8,(a,k1q) through its helicity density matrix and the leading-twist, spin and
k, dependent PDF [analogously for parton b]

a/A,Sa,
PrasN,
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M)\c,)\d;)\a,)\b Helicity amplitudes for the (LO) elementary process ab — cd

/
D:\\C’;,‘C(z, k| ) Product of (soft) helicity fragmentation amplitudes for the c - C + X process

e All transverse motions of partons explicitely taken into account; exact non collinear
kinematics in the elementary interactions

e Formal proof of factorization for non collinear kinematics missing [see, however,
work by Collins, Ji and collab., for DIS, SIDIS and DY processes]

e Universality and evolution properties of the spin and TMD PDF and FF not well known

e Consistent higher-twist treatment of the process still missing [only enhanced higher-
twist contributions included]

e Relation with calculations in the collinear approach including resummed higher-order
perturbative corrections to be clarified [Vogelsang, de Florian]

A

fa number density of partons a with spin along the i-axis (in the parton hel. frame)
S; /SJ inside hadron A with spin along the J-axis (in the hadron hel. rest frame)

A

a r _ a a p— Aa’
Pj fa/A,SA — fsj/A,sA — f—sj/A,SA =A sj/A,Sa
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Polarized TMD parton distribution functions (leading twist)

Helicity density matrix of quark a:

a/ASy _ [Py PS5\ _1( 14+P2 P¢—iP}\ _1( 1+P§ PRe s
Px P(i_|_ pt JA.S, 2\ PJ+ z'P?jL 1— P? h.s, 2 p% elPsa 1 _ PE b

ar»”'a

Introducing the (nonperturbative) helicity amplitudes for the process A — a + X,
we can write

a/A, Sy 7 . A,Sy ~ ~
P)\a,)\a fa/A,SA(maakJ_a,) - Z pAA’A;l X4 )\X]:.AG’AXA;AA )‘éw)‘XA;)‘;l
Ay SoA
. A,S4  BAgN,
= X LYP FAZ’Aix
/
A Ay

The helicity density matrix of initial hadron A is given by:

s =1t ) =L )
4,54 A,S4

PraXs 2\ PA4+iPd 1- P4 2\ pAd%sa 1-pA
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AN, . i
G VIED NS W VIR
A 4Ny XA,AXAAQ’AXA’AA AasAx XA

e

The ‘F“ta,)tXA;/IA are the (soft) helicity distribution amplitudes for the A - a + X
process. From their general properties one can easily see that the following

relations hold:
Fhoda (F,AG,AQL )*

N ,)\A T >‘A7>‘£4
A>‘a7>‘fz )‘CN)‘ZL Y /
F)\A,)\;l(xaakJ_a) — F)\A7)\i4(wa7 kJ_a)eXD[’L()\A—AA)CbCL]

! /
F_i‘aa_i\\? — (_ 1 )Q(SA—Sa,) (_1 )(AA_AG)—F()\;X_)\&)F){\C“??
A A ANA

This leaves eight independent functions, corresponding to the eight leading-twist
TMD PDF:

Frt(£)Ftt, Fi-(2)F ., Fit (£)F -, F7 (£)F*=
ReF[*, ImF ™, ReF ", ImF'~

By looking at the helicity indices it is easy to see to which of the PDF’s they are
associated.
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faya
faja,se
P2 fuyasy
P¢ fujase
Ps fajase
P fu/asy
Pe fujas:
P? fua,sy

quark sector
fa/A,SL - (F:LL +ij)
Fasa + % Afoujsy = (B + FX1) + 2 [ImF{ T sin(és, — da)]
Afs./s, = 2ReF}]
Af., 50 = [FiZ + F71] cos(¢s, — da)
Py faja = Afs,ss, = —2ImFyL
Af, s, = —2TmF{ = + [F{= — F1] sin(ds, — )
Afyjs. = (Fif —F4)
Afs.jsy =2 [ReF}T cos(¢s, — ¢a)]

fi@arkia) = Fit 4+ Fr "“]\Z B (2a,k1a) = 2ReFIT

Amsterdam kJ\Za Tl i) = —2ImF{™ kla hi (2o, k1a) = 2ImFf;

Group M Ve e L
Notation giz(%a,kia) = FiF —F7 hi (%o, kia) = Fi
A ki) = 2ReFL Elo bt (@ ki) = Fit
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gluon sector

— ( 1 I lcgzrc llgin 6_2i¢ )
~ g g
—P7 e 2i¢ 1 — P2 1,5

N TS 4475 — P JA.S, 2 . cire
foa = fojas, = (FF+F)
forase = foa+ % Afojasy = (FLL + FIT) 42 [ImFyT sin(gs, — do)]
T foase = T fora=AFF 5, =2ReFf]
T forase = AJE”}/S = 2ReF + Im [FZ + F7] sin(¢s, — ¢a)
T3 foras, = Afgys, = —2ImFiL
TS fopase = AfL,q =-Im[F{~ — F;*] cos(¢s, — ¢a)
P! fojas. = AfL s, = (Fif —F1)
P foase = Aff s, =2 [ReFi* cos(ds, — a)

Mulders, Rodrigues: PRD63 (2001) 094021
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TMD fragmentation functions into unpol. hadrons (leading twist)

Introducing the soft, nonperturbative helicity fragmentation amplitudes for the
process ¢ — C + X, the following properties hold for their products:

AL _ _
C . *
D Vi “(z,kic) _;éx o Drorgeir(z k1) DXC,AX;XC(z,kLC)

e c e c i(Ae=XN) P

o (B k1o) = Dy (2 ko) e

~C _ AACA =0 A=\
DX n(zkic) = )\z; DASXCC(ZJQC) = DX x (2 k1o)ell 9C
C»C

/
DO, (arkL0) = (~1Z(=1 DS | (2, k10)

Quark sector Gluon sector
DC/q (Z, kJ_C’) = DJCF’J/Fq(Z, kLC) = Dc/q(z, kLC) D_Ci_’_/i_g (Z, kJ_C’) — D_Ci_’_/i_g (Z, kJ_C) = DC/Q(Z, kJ_C)
2ImD§£q(Z,kJ_C) = ANﬁC/qT(Z, ]@_0) 2ReD / (Z kJ_C) ANIA)C/Tlg(Z, kJ_C)
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Helicity amplitudes for the elementary partonic process ab — cd

All intrinsic parton motions are explicitely taken into account: all soft elementary
processes, A(B) —» a(b) + X and ¢ - C + X, and the elementary QCD process ab — cd
(which is not planar in the hadronic c.m. frame) take place out of the hadronic production
plane (the XZ_, plane). This introduces several non trivial azimuthal phases in the PDF and
FF and in the helicity amplitudes for the elementary process. The helicity amplitudes in the
hadronic c.m. frame and those in the canonical partonic c.m. frame (no azimuthal phases)
are related in the following way [see PRD71 (2005) 041002 for details]:

>|

» 0 i Eg N Ep = Ea— A — il = A Ea— (A=A )E i(N. —X o
MAC%%’%_MAC,/\d;Aa,Abe i(Ag€atAp€o—AcEc—Ag€a) p—il(Ag—Ap)Ea—(Ac=Ag)Ee] gi(Xa—Ay)d0

Well-known parity properties hold for the canonical helicity amplitudes:

A

MEA A AL, -, = Mo Mb Ne Nd (—1)sa+Sb—sc—Sd(_1)(>\a—>\b)—(>\c—>\d) Mgc7>‘d;>‘a7>‘b

For massless partons there are only three independent helicity amplitudes:

M++;++ = Mlo e'rr M_+;_+ = MS e | M_+;+_ = M:? e' s
At LO there are eight elementary contributions ab —» cd which must be considered
separately, since they get different PDF and FF weights in the phase-space integrations:
Gaqb = 4cqd s 99 —* 9e9d, 9Ga9b — 99, Gagb —* Gc9d
q9 —4q9, 949 — 99, 99 — 99, 949 — qg
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Canonical helicity amplitudes for processes which only differ by the exchange of
the two initial particles, a «++ b, or of the two final partons, c + d, are related as

follows:

MO, ba—cd (9) MO, ab—cd (7‘(‘ o 9) e—iﬁ(Ac—Ad)

XA A, A, Ao Agi Ao,
~r0, ab—dc 2570, ab—cd —im(A,—Ap)
M)\d,Ac;Aa,Ab<9) _MAC,Ad;Aa,Ab 7T_9)e

up to an overall, helicity independent, phase, which is irrelevant in the
expressions of the physical observables, where only bilinear combinations of the

helicity amplitudes occurr.
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Kernels for the process A(S,)+B(Sg) > C + X

5(Sa,Sp)" 7 = Zpiii’f’q fajasa(Tarkia) Pi/bi’fB ForB.55 (o, K 1b)

{A}
A A * AAC’AC
X MAC’)\d;Aa’Ab M IC,>\d,>\;,>\§) D>\C’>\/c (z7 k_LC)

Two examples: q, 9, > 9. 94 and gq — gq contributions

1 - A .
E(SA, SB)qaqb%qCQd f— 5 DC/c(Z7kLC) fa/SA(xaakJ_a) fb/SB (Z‘b,klb) X

{(|M9|2 + | 312 + | M9 ) + P2 P (| VDI — |915)° — | 315)°) <
+ 2M2 M [(Pe Pt + P? PY) cos(ps — @2) — (P2 P? — P2 PY) sin(ps — ¢2)] }

1 R R R
- 5 ANDC/CT (Z, lﬁc) fa/S’A (fl?a, kJ_a) fb/SB (xb, kJ_b) X >|

{M? M [P sin(py — 2 +¢5) — Py cos(pr — @2 + ¢35 )]

+ MY M?? [Pmb sin(p; — @3 + 3) — P; cos(p1 — 3 +¢é[)]}
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1

»(S4,85)99 799 = 3 -DC’/g(Z7 kic) fg/sA (Za, k1a) fq/sB (zp, k1p) X

1 2 Z =z 1 2

1 A A .
+ 5 ANDC/TIQ (Zo kJ.C) fg/SA (xcw kJ_a) fq/SB (xbv kJ_b) X

{M{’ M3 [T cos(pr — g2 +2¢¢ ) +T5 sin(pr — g2 +29¢)] }

F. Murgia — INFN Cagliari Transversity 2005 - Como
September 7-10 2005

13



Unpolarized cross section and SSA for pp > n + X

Er do(A»54)+(B,Sp)=C+X daq dxp, dz _
- d3 = 2 / 16 5= d°k 1, d%k 1, d%k o 6(k 1 Pe) T (ko)
pc a,b,c,d as a:azcbz
X (S, SB) 7N wa, zp, 2,k 1a, k1, k1) 6(5+ T+ @)
dot — dot

Ay = T ) = dot + dot

The calculation requires the difference and sum of single-spin kernels for opposite
transverse polarizations [only q,q, — 9.4. and gq — gq contributions shown]

51, 0) - B, 0)erv-sets =
%Afa/AT (Ta kia) fb/B (s, k1p) {\M?P +|MJ]? + |M§)|2} f?C/c(zakLC)
+ 2 [A‘f;‘ym(ma, ki.) cos(ps — ) — Afgw/T(a:a, k..) sin(ps — goz)]
X Affy/B (b, ke 15) My M5 Deye(2,k10)
— [Affm”(:ca,km) sin(pr — @2 + @@ ) — A_fgy/T(%,km) cos(p1 — p2 + Cbg)}
X forp (@p, k1p) MY MY AN Dejor (2,k1c)
+ % Afasar(@arkia) AFY (@, k1s) cospr — s+ ¢&) MY MY AN Dgy 1 (2, kLc)
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[2(1,0) — B, 0)]99792 =
1 ~ ~ ~ ~ ~
5 Bfgjar(zg,kig) for(2q: kig) [\MW + IMSIQ} Deyg(2:k10)

+ [A_f%m (%4, k1) cos(pr — 2 +2¢¢) + Af7g~2/¢ (zg,k1g) sin(pr — @2 + 2¢g)]
X ]Eq/B (xq,qu)Mf Mg ANDC’/’Tlg (Z, kJ_C)

S1,0) + (0, )t =
fora(@as kLa) foym (@, kiw) [IB12)2 + |NIS)% + W3] Doye(zkoc)
+ QAfgy/A(mm kia) Afgy/B(xb’ kiy) cos(ps — p2) MS M:? Do/c(za kic)
+ [fa/A(xaa kia) AFL 5 (@, kis) cos(pr — ps + ¢¢) MY My
+ Af:y/A (%Tas k1) foy8 (T, k1s) cos(pr — o + ¢8) M{)Mg] ANDgyer (2, kL)
[X(1,0) + X, 0)]79797 =

fora(@s,kig) fasm(@a ki) | IMPP + 1381 ] Doyg(z,kio)
+ A.]E%/A(xga kJ-g) fq/B (wqakJ-q) COS(QOl — 2 + 2¢g) M{) Mg ANDC/Tf’ (z7 kJ-C')
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Numerical estimates:
unpolarized cross section and SSA for pp —> n + X process
(E704, STAR and PAX kinematics)

e Sivers and Collins functions: positivity bounds saturated

e All other unknown laolarlzed PDF’s and FF’s replaced with the
corresponding unpolarized ones [overestimated, implies some
bound violation]

e Whenever different contributions could combine with different
signs, we have summed them assuming the same sign [avoid
(p055|ble) cancellations not resultln? from phase-space

integration of the corresponding azimuthal phases]

e Flavour-independent, gaussmn k, dependence for all
distributions: <k, >= 0.8 GeV/c for 'PDF; <k .c> as in PRD70
(2004) 074009 foF FF.

e Unpolarized, k,-integrated functions: MRST02 PDF, KKP FF
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Ed’a/d®p [cm?IGeV?]

1035 [ pr=15Gevic

1038 [ Vs =19.4 GeV
10°7 | (E704) pp > n® X
10—38 Ly ]

0 02 04 06 08 1

XF

Contributions to the unpolarized cross section, plotted as a function of x; for
pp —» n° + X processes and E704 kinematics, as indicated in the plot. The
three curves correspond to: solid line = usual unpolarized contribution;
dashed line = Boer-Mulders ® Collins contribution (maximized); dotted line =
Boer-Mulders ® Boer-Mulders contribution (maximized).
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1077

10792

10 | \
y=4 \ ]

Ed®a/d>p [cm?/GeV?]

E s = 200 GeV

35 |
1077 F (sTAR) pp->1° X

1G—36_...|...|...|...|...
0 0.2 0.4 0.6 0.8 1

AE

Contributions to the unpolarized cross section, plotted as a function of Xxg,
for pp » 7% + X processes and STAR kinematics, as indicated in the plot.
The two curves correspond to: solid line = usual unpolarized contribution;
dashed line = Boer-Mulders ® Collins contribution (maximized); the
(maximized) Boer-Mulders ® Boer-Mulders contribution is negligible and
out of scale.
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1 ] L] [ L [ [ A L[] [

- (E704) pp-> 1 X
0.8 + Vs=19.4 GeV - A
- pr=1.5GeVic
0.6 - T
i} I |
<
04 - T
0.2+ M e -
0 L 1 i L ! |

-1 -08-06-04-02 0 02 04 06 08 1
XF

Maximized contributions to the SSA A,, plotted as a function of X,
for pp — n% + X processes and E704 kinematics, as indicated in the
plot. The three curves correspond to: solid line = quark Sivers
mechanism; dashed line = gluon Sivers mechanism; dotted line =
transversity ® Collins contribution; all other contributions are much
smaller.
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1 L B

- (STAR) pp -> ° X

0.8 | s =200 GeV .
L y = 4 i

06 - / i

=
{ -
0.4 - ]
DI2 K ‘-‘I..--_‘-" '---.__ ]
U | 1 1 1 | 1 1 1 | 1 L 1 | T L L . 1 1

0 0.2 0.4 0.6 0.8 1

XF

Maximized contributions to the SSA A, plotted as a function of X,
for pp —» 1% + X processes and STAR kinematics, as indicated in
the plot. The three curves correspond to: solid line = quark Sivers
mechanism; dashed line = gluon Sivers mechanism; dotted line =
transversity ® Collins contribution; all other contributions are
much smaller. At negative Xy all contributions are vanishingly
small.
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1 R L ] [ L] L] [ [ [ L

- (PAX) pp > X o~

0.8 | Js=14.14 GeV .

- pr=2GeVic ]

06 | / i

I / ]

-ﬂEZ _ a;f _
04 + / .
L /* _

02 L \ e / e |

D N I e S

-1 -08-06-04-02 02 04 06 08 1
Xp

Maximized contributions to the SSA A,, plotted as a function of X,
for pT17—>7Z'+X processes and PAX kinematics, as indicated in the
plot. The three curves correspond to: solid line = quark Sivers
mechanism; dashed line = gluon Sivers mechanism; dotted line =
transversity ® Collins contribution; all other contributions are much
smaller.
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Conclusions

LO QCD hard scattering formalism to compute (un)polarized cross
sections for the inclusive process A(S,)+B(Sg) —» C + X at
moderately large p; values presented

Intrinsic parton motion fully taken into account in soft physics and
in the elementary interactions; complete helicity formalism
developed

Leading-Twist, polarized and TMD PDF's and FF’s with simple
physical (partonic) interpretation discussed

Formal expressions of all contributions to single and double spin
asymmetries discussed, some examples given

Complete evaluation of transverse SSA for the pp —» n + X process
and explicit expressions of some contributions given

Numerical calculations of all maximized contributions to unpol. cross
section and SSA for the pp— n + X process and for E704, STAR and
PAX kinematics presented
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Conclusions (2)

° Azimuthal phases strongly suppress many contributions after
phase-space integrations, leaving at work predominantly the
Sivers effect and, to a lesser extent, the Collins mechanism

o I;/Iore applications are under progress/planned in the near
uture:

— Sivers asymmetry in SIDIS processes already studied,
extension to the Collins asymmetry in SIDIS and ete-
processes in progress

- Single and double spin asymmetries in inclusive production
and in Drell-Yan processes

—  Extension to the inclusive productions of spin 2 (A particles)
and spin 1 mesons under progress; n-p collisions under
consideration
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Polarized PDF - details

Sivers distribution (quarks & gluons)
Afa/SA (o, kia) = fa/sA (Tarkla) — fa/—sA (Tas K La)
= ANfojar (@a,kra) (Pa X kia)- P*
— ANfa/AT (Ta,k1a) sin(¢s, — @)

Boer-Mulders distribution (quarks)
P;]fq/A — Agj/A<x7kJ_)_fgsj/A($7kJ_)EAfgj/A<x7kJ_>
= AVfua(@ky) (Pax ki),

Boer-Mulders distribution (gluons)

. S A A A
Ty fyalaskr) = /5|5 AN L (@ ko) (@i — i)
| ~ A A
G Jasa (z, k1) (d:0; + 0;0; — 2p7;pj)}
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To reach the simple configuration of the canonical amplitudes: start from the
hadronic c.m. frame; perform a boost in the direction determined by q = p, +
P, [so that the boosted three-vector p’, + p’y, is equal to zero]. This will provide
us with a c.m.-like ref. frame S’ where partons a and b collide head-on. Here
the parton a and the parton c [resulting from the hard interaction between a
and b] will have directions identified by (0’,, ¢’,) and (0., ¢'.) respectively. In
general, the parton momenta in S’ are related to the initial ones (before the
boost) by [i=a,b,c,d]:

p/.:p'_ q Pi-q
TP vE \Ve

Perform now two subsequent rotations, one around the Z axis by an angle ¢',, and
one around the Y axis, by an angle ¢/,, such that the collision axis of the two
colliding initial partons turns out to be aligned with the Z axis. We call this frame
S”. Under these boost and rotations the helicity states and consequently the
scattering amplitudes acquire phases, fa,b,c,d and §a,b’c’d :

+p?

cosf, sinf; —sinf, cosf; cos(p, — @;)

cos§&;, =
j .
sin Ogp,
. _ sinfgsin(¢q — ¢;)
sin§; = 0
sinf,
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& =1+ &

/ cosf, —cost cosb,
arj

cosn;, = , ,

1 sin 6’ sin 6

Po P
sing — sin 0, sin(¢,, — ¢)
J sin Qp, v
at’j
cosé! = cos B, sin ¢ — sin 0, cos 8} cos(¢y — @)
J sin 0y
o — sin 6, sin(¢, — gb;)
sin§;, =

sin qu;

In the S” frame the direction of the parton c is characterised by an azimuthal
angle ¢". given by

tan ¢// _ sin Qé Sin(gﬁ’c _ ng) <|
¢ sin#’, cos(¢!, — ¢’ )cosf — cosh. sinf
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LO helicity amplitudes for the elementary process ab — cd

9.9 = 994 9.9, = 4.9,
W = owga s =St (< s?)
VN = duget(H-33) A=l
9.9, = 9.9,
MO =gty N = 2t (g Ty — Ot s 5 )
N s et A =Sgto. (S ougt)
NN = b gt WA = 5 gt (B 0y )
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LO helicity amplitudes for the elementary process ab — cd (2)

48 — 48
N 8 S 9 52 N 8 U 9 2
M02 — = 4 7 i MO2:— 4 - Z
~ A 8 9’{)/(’9\
MOMO — = 4 —1 e~
142 995< +4t>
qq9 — g2
R 64 a9 42 . 64 t 9
M02 — o 4 - - M02:_4 - _ —
N 64 ta
MIMY = —Z4*(1-—=
2555 2793( .§2)
88 — 88
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