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Conjugacy Classes

Let G be a permutation group of degree at most 107. Algorithms by Sims,
Seress, Kantor, and others allow to get easily:

☞ its conjuga1, . . . , Ck;

☞ their cardi1 = 1, . . . , hk;

☞ representa1 = 1G, . . . , gk.



Structure constants

Z = Z(CG) has dimension k = k(G) and is generated by Ĉr =
∑
g∈Cr g,

the conjugacy class sums. Moreover

ĈrĈs =
∑
t

crstĈt,

where

crst = |{(x, y) : x ∈ Cr, y ∈ Cs, xy = z}|,
z is a fixed element in Ct, the structure constants.

Given χ ∈ Irr(G), Ci = gGi ,

ωχ(Ĉi) =
|Ci|χ(gi)
χ(1)

defines an algebra homomorphism from Z to C.



Common Eigenvectors
Theorem 1 (Burnside 1902). Let Mr = (crst) ∈ (Z)k and χ ∈ Irr(G).
Then (ωχ(Ĉ1), . . . , ωχ(Ĉk))

tr is a common (right) eigenvector forM1, . . . ,Mk.

Numerical approach (McKay 1967):

✎ calculater;

✎ k-steps pr

Set e = Exp(G) and ε a primitive e-th root of 1 then χ(g) ∈ Z[ε].

Problem: Convert approximated eigenvalues into Z[ε].



Integer Relation Detection

Input: v = (α1, . . . , αn) ∈ Kn, K = R or Q (approximation).

Output: No relation or (m1, . . . ,mn) ∈ Zn such that
∑
j mjαj = 0.

➶ LLL (Lensász) discovered in 1982;

➶ PSLQ (Pa
Ferguson.

Algebraic dependence: v = (1, α, . . . , αn);

Exact character values: v = (χ(g),1, ε, . . . , εφ(e)−1);



Dixon algorithm

Further Input: Power maps πn defined by gni ∈ Ciπn,

Prime Field approach (Dixon 1967):

❅ F = Fp, p ≡e 1 prime, z ∈ F , |z| = e;

❅ θ ∈ Homθ = f(z), for f ∈ Z[x];

❅ reduce Mr mod p;

❅ factorize mF (Mr mod p) with Berlekamp’s algorithm;



❅ obtain all n1 = 1) common eigenvectors v in
(
k
2

)
steps;

❅ if v = vχ and i′ = iπ2, then
∑
i
vivi′
hi

≡p |G|
χ(1)2

;

❅ modify p s
√
|G|;

❅ pin downθ.

Assume χ(x) =
∑e−1
s=0msεs ∈ Z[ε]. Apply Inverse Fourier Transform

using power maps to get ems ≡p ∑e−1
n=0 χ(x

n)θz−sn and ms.



Schneider algorithm

Let g−1
r ∈ Cr′.

Theorem 2 (Schneider 1990). s : (x, y, z) �→ (x−1, z, y) is a bijection
between

{(x, y, z) : x ∈ Cr, y ∈ Cs, z ∈ Ct, xy = z}
and

{(x′, z, y) : x′ ∈ Cr′, z ∈ Ct, y ∈ Cs, x
′z = y}.

Hence

crst|Ct| = cr′ts|Cs|.
Thus hrχ(gr′)χ(gs) =

∑
t χ(gt)crts and (χ(g1), . . . , χ(gk)) is a common

(left) eigenvector for all Mr.



Michler-P.-Weller algorithm

Let G =
⊔n
i=1Hyi and G =

⊔d
i=1HxiH.

❏ G acts tran

❏ G has d or1, . . . ,Λd on Ω × Ω;

❏ Set P : Gn ≤ GLn(C);

❏ Define thei associated to Λi via (Ai)(u,v) equals
1 if (u, v) ∈ Λi, 0 otherwise.



❏ AiAj =
∑d
k=1 p

k
ijAk, where plij = |{w ∈ Ω : (u,w) ∈ Λi, (w, v) ∈

Λj}| and (u, v) is a fixed element in Λl.

❏ Let A = 〈1, . . . , Ad〉 ≤ (Z)n be the adjacency algebra;

❏ Let Dj = (pkij) and D = 〈D1, . . . , Dd〉 ≤ (Z)d.

Theorem 3. A = EndG(CΩ). ρ : Aj �→ Dj is the right regular represen-
tation and A and ρ(A) = D.



Constituents of Permutation Characters

❦ π = (1H)G = Tr(P) equals
∑t
i=1miχi, mi ∈ N, χi ∈ Irr(G);

❦ (ConcreteT =
⊕t
i=1((C)di ⊗

Imi), T ∈ GLn(C), di = χi(1);

❦ AT = EndG(CΩ)T =
⊕t
i=1(Idi ⊗ (C)mi);

❦ If Z = Z(



Cyclic Algebras

Theorem 4. LetR be a finite-dimensional semisimple commutative algebra
over a separable field F . If |F | >> 0 then R = F [r] is a cyclic algebra.

➫ (Wedderbu∼→ ⊕si=1Fi, Fi field extensions of F .

➫ (Primitivei = F [ai].

➫ If |F | >>F (ai) ⊥ minF (aj).

➫ (Chinese Ri(x) ≡ δij (mod minF (aj)).



➫ Set qi(x) = xpi(x), then ai = qi(a), where a = a1 ⊕ . . .⊕ as.

➫ Set r = φ−1(a), then R = F [r].



Lagrange Polynomials

✡ Let ζ : Zt be the right regular representation.

✡ ζ(Z ⊗ Q)0] and Z ⊗ Q = Q[z], where ζ(z) = z0.

✡ (Random1, . . . , zt for Z0 = ζ(Z), repeat
z0 =

∑
rizi, with ri randomly chosen integers, until min(z0) has

distinct non-zero roots.

✡ From σ(z0) = {ζ1, . . . , ζt} build Lagrange polynomials Li, Li(ζj) =
δij.

✡ Then ei = Li(z) are the central primitive idempotents of D ⊗ Q.



Character Values and Multiplicities

❡ There is a
potents of D.

❡ The rank oi equals m2
i , where mi = (χi, π).

❡ If ei =
∑
j aijDj, χi(1) = |G : H|ai1/mi. via Gjl = |{yp :

ypgly
−1
p ∈ HxjH}|.

❡ χi(x) = 1
mi

∑d
j=1 aij|{gp : gpxg−1

p ∈ HxjH}|.

The Burnside-McKay-Dixon-Schneider algorithm is a particular case of the
MPW algorithm when H = 1.



Tensor Powers

How could we use these constituents to get the full character table?
Theorem 5 (Brauer-Burnside). Let χ ∈ Irr(G) be faithful andm = |{χ(g) :

g ∈ G}|. If ψ ∈ Irr(G), then ψ ≤ χi for some i = 0, . . . ,m− 1.

(Proof by Dr. Spiga) Let λ2, . . . , λm be the values of χ different from χ(1).
Then ρ =

∏m
j=2(χ−λj) is a non-zero multiple of the regular character for

G, so (ψ, ρ) 
= 0 and (ψ, χj) 
= 0 for some 0 ≤ j < m.



Schur and Murnaghan functions

❀ λ ∈ Irr(Sm) parametrized by partition of m.

❀ χλ(g) = 1
m!

∑
σ∈Symm

λ(σ)
∏m
k=1 χ(g

k)ak(σ), ak(σ) =number of
k-cycles of σ, is a constituent of χm.

❀ irreducibled(C) on V ⊗m, d = χ(1).

❀ If Schur-F2(χ) = ±1 get further decomposition
considering Od(C) or Spd(C).

Example 1. m = 2, χid(g) = χ(g)2+χ(g2)
2 , χsgn(g) = χ(g)2−χ(g2)

2 .



Inducing from Local Subgroups

☎ (Artin) TheG : λ ∈ Irr(C), C = 〈c〉 ≤ G] has finite index
in Z[Irr(G)].

☎ Induce fro

☎ Irrationaliti
groups.



LLL and Integral Lattices

✄ b1, . . . , bk ∈ Rn linearly independent.

✄ (Gram-Sch∗
1, . . . , b

∗
k pairwise orthogonal, b∗i = bi−

∑i−1
j=1 µijb

∗
j ,

where µij =
(bi,b

∗
j)

(b∗j ,b∗j)
.

✄ We say tha1, . . . , bk is LLL-reduced if

1. |µij| ≤ 1
2;

2. ||b∗i + µii−1b
∗
i−1||2 ≥ 3

4||b∗i−1||2.



Theorem 6 (Lenstra, Lenstra and Lovász 1982). Given a basis b for a lat-
tice L in Rn there exists a polynomial-time algorithm transforming b into an
LLL-reduced basis.

❂ If L has ra
√

2mminL.

❂ (Ajtai 1998

❂ (Pohst 198

❂ (Euclid 30



Character Lattices

➾ Input a fin

➾ Construct2k, k = k(G), with inner product matrix
diag(|CG(g1)|−1, . . . , |CG(gk)|−1) ⊗ I2.

➾ Extract S⊥.

➾ Apply LLL

➾ Look for ve



Plesken Algorithm

✒ Assume {1, . . . , ψr} are linearly independent virtual characters and
{χ1, . . . , χs} are the unknown irreducibles.

✒ Get mij ∈ Z such that ψi =
∑
j mijχj.

✒ A = ((ψi, ψj)G) ∈ (Z)r, M = (mij) ∈ (Z)r×s. Then MMtr = A.

✒ (Plesken 1
and M ∈ (Z)r×s without zero columns satisfying MMtr = A.

✒ r ≤ Tr(A



✒ If r = s, thr×k have rows χi and ψi

✒ Check whe−1Y leads to irreducibles, M ∈ Plesken(A).



Dr-type Lattices

✓ Extract viri of length 2.

✓ Check if Li : (ψi, ψi) = 2] is isometric to Dr.

✓ If r ≥ 5 thr−1 + ψr = ±2χr, χr ∈ Irr(G).

✓ If r = 4 thi+ψj, {i, j} = {1,3}, {1,4}, {3,4}.

✓ Find embe



Character Table of Sporadic Groups

✕ The O’Nan122760.

✕ If H = G1, then d = d(H\G/H) = 7 = dim(D) = dim(Z(D)).

✕ cd(G|(1H)G) = [10944, 26752, 32395,32395, 37696,52668, 85064].

✕ 10944 is


