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@ Linear Codes

@ Restriction Functor
@® Extension Functor
O Trace Codes

@® Galois Invariance
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Given a field E and an integer n, a linear code is a
subspace L of E”

We call nthe of L

If L has dimension k and d,wecall L
a (n, k,d)-code

We may consider n= n(L), k = k(L) and d = d(L) as
functions of L
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Given a field E and an integer n, a linear code is a
subspace L of E”

We call n the length of L

If L has dimension k and d,wecall L
a (n, k,d)-code

We may consider n = n(L), k = k(L) and d = d(L) as
functions of L
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e Given a field E and an integer n, a linear code is a
subspace L of E”

o We call nthe length of L

e |f L has dimension k and minimum distance d, we call L
a (n, k,d)-code

e We may consider n = n(L), k = k(L) and d = d(L) as
functions of L
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Galois Definitions

Previtali

Linear Codes

Given a field E and an integer n, a linear code is a
subspace L of E”

We call nthe length of L

If L has dimension k and minimum distance d, we call L
a (n, k,d)-code

We may consider n = n(L), k = k(L) and d = d(L) as
functions of L



Assume K subfield of E

Consider C = LN K", Cis a K-linear code of length n
What about k(C) and d(C)?

We would like to study the

Res:L— LNK"

from the category of E-linear to the category of K-linear
codes
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Assume K subfield of E

Consider C = LN K", Cis a K-linear code of length n
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Galois Restriction Functor

Previtali

Restriction
Functor

Assume K subfield of E

Consider C = LN K", Cis a K-linear code of length n
What about k(C) and d(C)?

We would like to study the restriction map

Res:L+— LNK"

from the category of E-linear to the category of K-linear
codes



o Let G = Gal(E/K) = Caue)(K)

e Any v € G extends to a K-linear map of E" via

v Xn) = (X

e Then Res(L) = Res(L"), but in general L # L
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Galois

Previtali

Restriction
Functor

o Let G = Gal(E/K) = Cau(e)(K)
e Any v € G extends to a K-linear map of E" via

(X1, Xn)" = (X{, ..., Xp).



Galois

Previtali

Restriction
Functor

o Let G = Gal(E/K) = Cau(e)(K)
e Any v € G extends to a K-linear map of E" via

(X1, Xn)" = (X{, ..., Xp).

e Then Res(L) = Res(L"), but in general L # L"



Define Lg = (]766 L7, the G-core of L

Lg is G-invariant

Lis G-invariantiff L= Lg

Then Res(Lg) = Res(L)

Res may be injective only on G-invariant codes
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Define Lg = (]766 L7, the G-core of L

Lg is G-invariant

Lis G-invariantiff L= Lg

Then Res(Lg) = Res(L)

Res may be injective only on G-invariant codes
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Galois Automorphism Invariance

Previtali

Restriction
Functor

Define Lg = (), L7, the G-core of L

Lg is G-invariant

Lis G-invariantiff L= Lg

Then Res(Lg) = Res(L)

Res may be injective only on G-invariant codes



K=Q

E = Q(a), where a® =2

G = {idg}

L=E(1,a) < E?

Then Lg = L but Res(L) = 0 = Res(0)
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e K= @

E = Q(a), where o® =2

G = {idg}

o L=E(1,a) < E?

Then Lg = L but Res(L) = 0 = Res(0)
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K=0Q

E = Q(a), where o® =2

G = {idg}

e L=E(1,a) < E?

Then Lg = L but Res(L) = 0 = Res(0)

«40>» «Fr» «=)>» «

DA



L] K: @

E = Q(a), where o® =2

G = {idg}

L=E(1,a) < E?

Then Lg = L but Res(L) = 0 = Res(0)
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[} K: @

e E=Q(a), where a® =2

o G={idg}

e L=E(1,a) < E?

e Then Lg = L but Res(L) = 0 = Res(0)
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Assume E/K is Galois
Let G = Gal(E/K), then K = Cg(G)
Define Ext(C) = E®k C

Ext defines a functor from K-linear codes to G-invariant
E-linear codes
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Assume E/K is Galois
Let G = Gal(E/K), then K = Ce(G)
Define Ext(C) = E®k C

Ext defines a functor from K-linear codes to G-invariant
E-linear codes
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Assume E/K is Galois
Let G = Gal(E/K), then K = Ce(G)
Define Ext(C) = E @k C

Ext defines a functor from K-linear codes to G-invariant
E-linear codes
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Galois Galois Extensions

Previtali

Extension
Functor

Assume E/K is Galois
Let G = Gal(E/K), then K = Ce(G)
Define Ext(C) = E®k C

Ext defines a functor from K-linear codes to G-invariant
E-linear codes



e Theorem
E/K Galois, G = Gal(E/K), L < E". Then L is G-invariant
iff L = Ext(Res(L)) iff L admits a basis in K".

e Obviously Ext(Res(L)) is G-invariant

e [ = Lg, b Gauss-Jordan reduced normalized basis
bi=(0,...,0,1,...)
lie in K"
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E/K Galois, G= Gal(E/K), L < E". Then L is G-invariant
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E/K Galois, G= Gal(E/K), L < E". Then L is G-invariant

iff L = Ext(Res(L)) iff L admits a basis in K".

o Obviously Ext(Res(L)) is G-invariant

L = Lg, b Gauss-Jordan reduced normalized basis
b; =

O,..., 0,1,...)
liein K"
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Galois Ext vs Res

Previtali

Extension

runeer » Theorem

E/K Galois, G = Gal(E/K), L < E". Then L is G-invariant
iff L = Ext(Res(L)) iff L admits a basis in K".

e Obviously Ext(Res(L)) is G-invariant
e | = Lg, b Gauss-Jordan reduced normalized basis

bi=(0,...,0,1,...)

liein K"



¢ Corollary

Lg = Ext(Res(L))

G-invariant E-linear codes and K-linear codes
¢ Different proof using cohomology tools

e Cohomology is just sophisticated linear algebra
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Lg = Ext(Res(L))

e Ext and Res are inverse maps from the category of
G-invariant E-linear codes and K-linear codes
¢ Different proof using cohomology tools

e Cohomology is just sophisticated linear algebra
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Lg = Ext(Res(L))

e Ext and Res are inverse maps from the category of
G-invariant E-linear codes and K-linear codes
¢ Different proof using cohomology tools

e Cohomology is just sophisticated linear algebra
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Lg = Ext(Res(L))

e Ext and Res are inverse maps from the category of
G-invariant E-linear codes and K-linear codes
¢ Different proof using cohomology tools

Cohomology is just sophisticated linear algebra
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Galois Ext vs Res

Previtali

Extension
Functor

e Corollary
Lg = Ext(Res(L))
e Ext and Res are inverse maps from the category of
G-invariant E-linear codes and K-linear codes
¢ Different proof using cohomology tools
e Cohomology is just sophisticated linear algebra



e E/K Galois, Tr the Trace map extends to E"
Tr((ct,....¢cn)) = (Tr(cy),. .., Tr(cn))
e Define Tr(L) = {Tr(c)

cel} <K"
e Dualcode L+ ={ve E": L-vl=0}
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e E/K Galois, Tr the Trace map extends to E"
Tr((c1, -

.,¢n)) = (Tr(¢c1),...,Tr(en))
e Define Tr(L) ={Tr(c) : ce L} < K"

e Dualcode L+ ={vecE": L-vt=0}
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e E/K Galois, Tr the Trace map extends to E"
Tr((c1, -

.,¢n)) = (Tr(¢c1),...,Tr(en))
e Define Tr(L) ={Tr(c) : ce L} < K"
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e E/K Galois, Tr the Trace map extends to E"
Tr((c1, -

.,¢n)) = (Tr(¢c1),...,Tr(en))
e Define Tr(L) ={Tr(c) : ce L} < K"

e Dualcode L+ ={ve E": L-v!=0}
¢ Theorem (Delsarte, 1975)

Let E/K Galois, L a E-linear code, then

Res(L)* = Tr(LY)
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Galois Trace Codes

Previtali

e E/K Galois, Tr the Trace map extends to E”
Trace Codes Tr((C1 ey Cn)) = (Tr(C1 ), R ,Tr(Cn))

e Define Tr(L) = {Tr(c) : ce L} < K"
e Dualcode Lt ={ve E": L-v!=0}

e Theorem (Delsarte, 1975)
Let E/K Galois, L a E-linear code, then

Res(L)* = Tr(LY)



Both Res(L) and Tr(L) are K-linear codes
How are they related?

Let K = Fp(x), E = K(a), where o = x
Then E/K is an inseparable extension
Tr(L) = 0 for any E-linear code

But Res(E") = K" £ 0
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Both Res(L) and Tr(L) are K-linear codes
How are they related?

Let K = Fp(x), E = K(a), where of = x
Then E/K is an inseparable extension
Tr(L) = 0 for any E-linear code

But Res(E") = K" #0
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Both Res(L) and Tr(L) are K-linear codes
How are they related?

Let K = Fp(x), E = K(«), where o = x
Then E/K is an inseparable extension
Tr(L) = 0 for any E-linear code

But Res(E") = K" #0
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Galois Trace and Restriction

Previtali

Trace Codes

Both Res(L) and Tr(L) are K-linear codes
How are they related?

Let K = Fp(x), E = K(a), where o = x
Then E/K is an inseparable extension



Galois Trace and Restriction

Previtali

Trace Codes

Both Res(L) and Tr(L) are K-linear codes
How are they related?

Let K = Fp(x), E = K(a), where o = x
Then E/K is an inseparable extension
Tr(L) = 0 for any E-linear code



Galois Trace and Restriction

Previtali

Trace Codes

Both Res(L) and Tr(L) are K-linear codes
How are they related?

Let K = Fp(x), E = K(a), where o = x
Then E/K is an inseparable extension

Tr(L) = 0 for any E-linear code
But Res(E") = K" #0



Let |E : K| = 2, a quadratic extension with char K # 2
E=Kla],e®?=acKandL=Ev,v=_1,a)

Then Tr(v) = (2,0) and Tr(av) = (0,2a)

Thus Tr(C) = K2 while Res(C) = 0
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e Let |E : K| = 2, a quadratic extension with char K # 2
e E=Kla],a®?=acKandL=Ev,v=(1,a)

e Then Tr(v) = (2,0) and Tr(av) = (0, 2a)

e Thus Tr(C) = K? while Res(C) =0
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e Let |E : K| = 2, a quadratic extension with char K # 2
e E=Kla],a®?=acKandL=Ev,v=(1,a)

e Then Tr(v) = (2,0) and Tr(av) = (0,2a)
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e E/K separable, L < E". Then

Res(C) < Tr(C)
e Forve K", )\ c E,

Tr(Av) = Tr(\)v.
e o € E such that Tr(a) = 1

e Take v € Res(C) = CnN K", then v = Tr(av) € Tr(C)
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e E/K separable, L < E". Then

Res(C) < Tr(C)
e Forve K" Ac E,

Tr(Av) = Tr(A)v.
e o € E such that Tr(a) = 1
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e E/K separable, L < E". Then
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e E/K separable, L < E". Then

Res(C) < Tr(C)
e Forve K" Ac E,

Tr(Av) = Tr(A)v.
e « € E such that Tr(a) = 1

e Take v € Res(C) = CnN K", then v = Tr(av) € Tr(C)
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e E/K Galois, G = Gal(E/K), L= Lg < E", then

Res(L) = Tr(L)
e Tr(c)=>_cgC" €L

e Tr(c) € K", then Tr(c) € Res(L)
e Does the converse hold?
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e E/K Galois, G = Gal(E/K), L= Lg < E", then
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Forany v e E", v € Ext(Tr(Ev))
B(\, i) :== Tr(A\u) defines a non-degenerate bilinear

K-formon E
o letA\,...., mand puq,...,um K-bases of E
Tr(/l,k/\/') o 6/(/
o Let v:(a1,....an), a,-:zja,-j-)\j

Then >y A Tr(pkai) = >k @ikAk = ai
Thus v =), A Tr(ugv) € Ext(Tr(Ev))
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Forany v e E", v € Ext(Tr(Ev))
B(\, p) := Tr(\u) defines a non-degenerate bilinear

K-formon E
o letA\,...., mand puq,...,um K-bases of E
Tr(//,k/\/-) o (5;(/
o Letv = (a1,...,an), a,-:zja,-j)\j

Then >, A Tr(pukai) = >k @Ak = &
Thus v = 3, Ae Tr(uev) € Ext(Tr(Ev))
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Forany v e E", v € Ext(Tr(Ev))

B(\, p) := Tr(\u) defines a non-degenerate bilinear
K-formon E

Let \,...,Amand uq,...,um trace-dual K-bases of E
Tr(pkAj) = Ok

..... an), aj = Z/ a,-,-)\j
Then >, Ak Tr(ukai) = Dk @ik Ak = @
Thus v =", A\ Tr(ukv) € Ext(Tr(Ev))

°
—
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Forany v e E", v € Ext(Tr(Ev))

B(\, p) := Tr(\u) defines a non-degenerate bilinear
K-formon E

Let \,...,Amand uq,...,um trace-dual K-bases of E
Tr(pkAj) = Ok

Letv = (ay,...,an), a = Zja,-j)\j
Then >, Ak Tr(ukai) = Dk @ik Ak = @
Thus v =", A\ Tr(ukv) € Ext(Tr(Ev))

«O0>» «Fr «E» «

i
v
it

DA



e Forany v € E", v € Ext(Tr(Ev))

e B(\, p) := Tr(A\u) defines a non-degenerate bilinear
K-formon E

o Let \y,..., A\mand u1,...,um trace-dual K-bases of E
Tr(pkAj) = Ok

o Letv={(a,...,an), a =Y a\
e Then > M Tr(ukaj) = >k @Ak = a
Thus v =", A\ Tr(ukv) € Ext(Tr(Ev))
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Galois

Previtali

Forany v € E", v € Ext(Tr(Ev))

B(A, 1) := Tr(Ap) defines a non-degenerate bilinear
Galois K-formon E

Invariance
Let \,...,Amand uq,...,um trace-dual K-bases of E

Tr(pxAj) = ki

Letv = (31,...,an)s aj = Zja/jAj
Then =, Ak Tr(ukai) = >k @ik e = aj
Thus v =3, A\ Tr(uxv) € Ext(Tr(Ev))



e Theorem

E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
L = Lg is Galois invariant

We claim Res(L) = Tr(L) forces L = Lg

L is a counterexample of minimum dimension
Thendim(L/Lg) =1and L= Lg® Ev

Now Tr(Lg) = Tr(L) = Tr(Lg) + Tr(Ev)

So Tr(Ev) < Tr(Lg)

But v € Ext(Tr(Ev)) < Ext(Tr(Lg)) = Lg against Lg # L
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- Theorem
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L]
Theorem
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L]
Theorem
E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
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Galois

Previtali

e Theorem

E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
Galois L = Lg is Galois invariant

Invariance

We claim Res(L) = Tr(L) forces L = Lg

L is a counterexample of minimum dimension
Thendim(L/Lg)=1and L= Lg® Ev

Now Tr(Lg) = Tr(L) = Tr(Lg) + Tr(EV)



Galois

Previtali

e Theorem

E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
Galois L = Lg is Galois invariant

Invariance
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Galois

Previtali

e Theorem

E/K Galois, L a E-linear code. Then Res(L) = Tr(L) iff
Galois L = Lg is Galois invariant

Invariance

We claim Res(L) = Tr(L) forces L = Lg

L is a counterexample of minimum dimension
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