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Maps behaving like exponentials and maximal
unipotent subgroups of groups of Lie type

ANDREA PREVITALI"
Department of Mathematics, University of Wisconsin,
53705 Madison, Wisconsin USA

Abstract

Let U be a maximal unipotent subgroup of a finite classical group
in good characteristic. We prove the existence of a bijection between
U and the associated Lie algebra preserving centralizers. As a conse-
quence, we obtain information on the sizes of the conjugacy classes of
U. Similar results are proved in the exceptional cases.

1 Introduction

Let G =""G(K) be a group of Lie type defined over a finite field K of charac-
teristic p and order ¢™. Let U be a Sylow p-subgroup of G. Aim of this paper
is to prove that, under some mild restriction on p, the conjugacy c.asses sizes
of U are g-powers. For conciseness we will call such groups g-power-size
groups. More precisely, we show that if G is classical or of type Gj, and p
is a good prime (see [Ca2], pag. 28), then U is a ¢g-power-size group. Qur
approach is Lie theoretic in flavor since we try to determine maps behaving
like exponentials from Lie(U) onto U. Similar investigations were led by
Kazhdan, the author, and Taoufik to analyze, among other features, the
degrees of the irreducible complex characters of U (see [Kal, [Pr], and [Ta]).

“This research was supported by a postdoctoral fellowship from the University of Pisa,
Italy, while the author was visiting the mathematical department of the University of
Wisconsin. E-mail: prevital@math.wisc.edu, prevital@mail.dm.unipi.it
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We establish first that power series induce maps preserving centralizers,
Le. f(Cu{x)) = Cpuy(f(z)), where u =Lie(U), Cy(z), and Cy(X) are the
Lie and group centralizers. We subsequently determine sufficient conditions
assuring that f(Lie(U)) = U and, using classical Galois theory, build all ap-
plications meeting such conditions. The existence of such maps allows one
to translate group theoretic problems into a Lie theoretical language, show-
ing a possible way to tackle questions like the determination of the exact
number of irreducible characters of given degree . For the other exceptional
groups, we devise an algorithm that builds the matrices associated to the
elements of a Chevalley basis via an itrreducible representation for the cor-
responding simple algebra. Working for convenience with representations of
minimal degree, we show that the only power series turning Lie(U) into a
group is the truncated exponential. It follows that if p exceeds the nilpo-
tence index of the associative hull of a minimal representation for Lie(U),
then U is a gq-power-size group. Such results rely on extensive calculations
with MAGMA, GAP ([S*95]). and Maple.

2 Classical Groups

Given a power series f(z) = > .5 fiz* defined over a field F' and a nilpotent
element y of an F-algebra A, the evaluation of f at y is a well defined element
of A. Moreover, the maps p, : a — ay and Ay : a — ya are F-linear
nilpotent operators on A commuting with each other. For every natural

ki-l—k

so that wi(z,y)(As — py) = AL — Py-
We finally recall that if 4, v are commuting operators, p invertible, v
nilpotent, then u + v is invertible.

Lemma 1 Let f, g be power series defined over the same field F with f1g; #
0. Let z, y be nilpotent elements of some F-algebra A. Then z, y commute
if and only if f(z) and g(y) do.

Proof. The sufficiency is obvious. Conversely, set + = f(z) and d =
yt — ty, then

0=1[g(y). 1] =Y (A, —pi)t = > giwily,y).d.

As sum of commuting nilpotent operators, w;(y,y} is nilpotent, for i > 2.
We have 0 = (g,id+v).d, where v is nilpotent, hence d = 0. Analogously,
z = xy — yr must vanish . 0O
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This result shows that power series preserve centralizers. In order to pro-
ceed we need to describe U in the classical case. As is well known (see [Ca],
Ch. 1), G =™G(K) can be realized as a subgroup of GLy(K) leaving in-
variant a suitable non-degenerate sesquilinear form, for some integer d. (Or-
thogonal groups in even characteristic are definitely not g-power-size groups,
as we will show.) Let Frob denote the automorphism of K mapping z into
z9 and set Z = Frob(z). In matrix terms G = {T" € GLy(K) | T*ET =

E}, where (a;;)* = (aj) and £ is a matrix of the form ( 0 =I ) or

I 0
0 0 I )
0 C 0 ), C=1lor < ) v a non-square in K (see [Ca], Ch.
I 00 0 v

I). Fortunately enough there is a way to single out a Sylow p-subgroup of G
from the set of its unipotent elements. Let U be the variety in (K)q, the full

o 0 a 0 O
matrix algebra, defined as {( b’ . )} or b I 0 according to
d e ¢

the block decomposition of E, where a is a lower unitriangular matrix and
¢ is unipotent.

Lemma 2 U =UNG is a Sylow p-subgroup of G.

Proof. It is enough to prove that U is actually a p-group and ccmpare its
order with the p-th part of |G| . a

This realization of U is also very useful for the determination of Lie(U).
Corollary 3 Lie(U) = Lie(U) N Lie(G).

Applying the definition of tangent space, it follows immediately that

a 0 0
Lie(U) coincides with {( Z (c) >} or b 00 , where a is strictly
d e ¢

lower triangular and ¢ is nilpotent. In order to guess which properties as-

sure that f(Lie(U)) = U, f a power series, we consider the exponential

map evaluated on a nilpotent algebra A over a field whose characteristic is
0 or exceeds the nilpotence index of A. We remark that exp maps nilpotent
elements into unipotent ones, exp(—z)exp(z) = 1, and finally exp is invert-
ible with respect to composition. Define o on the Laurent series over K as
(S i m Fit") = S is_n(=1)' fiz*. The following theorem shows that these
are the only ingredients needed.

Theorem 4 Let f € K[[z]] be such that fo = 1, fi # 0, and f1*9 = 1.
Then f(Lie(U)) =U.
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Proof. Since any X in Lie(U) is nilpotent, f(X) is defined and is unipotent.
if —X*E = EX, then f(—X%)E = Ef(X) and E = f(X)*Ef(X). Thus
X € Lie(U) NLie(G) forces f(X) € UNG = U. Finally fi # 0 is equivalent
to the existence of a power series ¢ such that g(f(z) — 1) = z. In particular,
f induces a monomorphism and, since |Lie(U)| = |U], f is also surjective . O

One could wonder whether any such f exists. Using Galois theory we
completely characterize such power series. Let E be the field of Laurent
series over K. Since ¢ is obtained composing Frob with subsitution of «
with —z, then 0 € Aut(E) and 0% = 1. Thus Eg = Cg(0) is a subfield of
E and |E : Ey| = 2. In particular, E/Ey is a cyclic Galois extension. Given
f € E, Hilbert’s Satz 90 (see [Mo]) shows that Ng, g (f) = f1*7 =1 if and
only if f = ¢'=7. for some g € E. Since 2°™ € Ey, for any m, multiplying ¢
with 2™, for m big enough, assures that a power series f has norm 1 if and
only if there exists a power series g such that f = g!=7. If g € K[[z]] and
go =1, then f = ¢!79 € K[[z]] and fq = 1. So we have to determine g such
that f1 # 0 for the corresponding f. Now ¢!=% = %‘Z—% =14+ (g +71)2
(mod z2K[z]]), hence fi = 0 for any g; € K only if char(K) = 2 and G is
not unitary.

Theorem 5 Let G =M G(K) be a classical group, K a finite field of char-
acteristic p, p a good prime, and U € Syl,(G). There exists a map f from
Lie(U) onto U preserving centralizers. In particular, U is a g-power-size
group, where |K| = q™.

Proof. If G is of type A, then set f(x) = 1 + z, otherwise choose f as in
Theorem 4. Let F be Cx(Frob), then Cyiyy(z) is an F-algebra for any
element  of Lie(U). Hence |Cy(u)| and |uY| are g-powers, for any u € U . 0O

3 Exceptional Groups

Let g be a complex simple Lie algebra, choose a Cartan subalgebra h and
denote with @, &, II the irreducible system of roots. the positive roots
and the fundamental roots, respectively. A theorem of Chevalley assures
the existence of a basis T4, yo. @ € ®*, h,. m € Tl, with integral structure
constants (see [Cal, 4.4.2, [Hu], VII). Let gz be the Lie ring generated by
such a basis. Given a complex irreducible g-module V. a result of Kostant
asserts the existence of a Z-lattice M in V left invariant by the action of the
Chevalley basis; in other words, we may assume that the elements of such
a basis are represented by integral matrices. Thus tensoring with a field K,
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Mg = M ®z K becomes a module for gx = gz ®z K. Let Q be the set
of fundamental weights of g and Q' the subset of weights occurring in V.
Let Ag be the Z-lattice generated by €. Denote by ¢ the representation
afforded by My. We then define the Chevalley group of type Ag as the
group gencrated by exp(¢(tzq)), where o varies in ®%, and ¢ in K. It is
a classical result that these groups are central factors of groups of type Aq
and that the order of the normal central subgroup is given by [Aq : Ag|.
In the exceptional cases this index is a divisor of 6 (see [Hu), pag. 68),
so, if char(K) > 5, the maximal unipotent subgroups are isomorphic to
the one obtained via the adjoint representation. Let u be the Lie algebra
generated by ¢(ty,) and let U be the group generated by exp(é(iy,)), o €
&t t € K. Since the nilpotence index of the associative hull of ¢(u) is
bounded above by the degree of ¢ and we are trying to define a g.obal map
f from u onto U through a power series, the probability of success for small
characteristics increases if we consider representations of minimal degree.
We build explicitly such representations for u and show that unl2ss u is of
type Go and char(K) = 5, the only such map is the exponential cne.

Theorem 6 Let "G(K) be a Lie group of exceptional type defined over a
finite field K of order ¢q™. Let U be a mazimal unipotent subgroup of G.
There exists ¢ = ¢(G) such that whenever char(K) > ¢, then U is a g-power
size group.

Proof. As in the classical case we simply need to establish the existence of
a global map from Lie(U) onto U preserving centralizers. Call a and 8 the
fundamental short and long root for the Lie algebra of type G2, then the
irreducible representation associated to the fundamental weight 2o + 3 has
dimension 7 and the images of y,, v € ®% are Y, = e1p + eas + egs — es7,

Y = —egz+ese, Yoqs = —€13+e€21+2¢e46 + €57, Yoarg = €14 €05+ €36 +2€47,
Y3045 = —e€15 + e37, and Yaaq08 = e1s ~ €27, € the elementary matrix
(see [FH], 22.3). Given a list w = (w;,...,wn) of fundamental roots, the

corresponding element Yy, - - ¥y, # 0 in (K )7 if and only if w is a sublist of
(o, B, .. B, ). Thus the Y,’s generate an associative subalgebra A of the
nilpotent algebra N of upper triangular matrices in (K)7 of dimension 14
and nilpotence index 7. Let f(x) be l+z+ % + % + —g—: + %, then f induces
a bijection from N onto [ + N. a maximal unipotent subgroup of GL(K, 7),
whose inverse is given by g(w — I), g(z) = z — % + % - % + 2%%3 - %.
Observe that such maps are well defined if we assume char(K) > 5. Set
U= Y epr UyYy and v = 3 gs0yYs. vy, uy € K. We need to check
whether u*v = g(f(u)f(v) = I) is an element of u for any choice of u,» € u.
Since f and g are truncation of the exponential and logarithmic maps to
the terms of degree 4, we know that u * v coincides with H(u,v) modulo
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A® where H(u,v) denotes the Baker-Campbell-Hausdorff series. It turns
out that the residual term is a scalar multiple of Y3,,95. This proves that
d(Gy) < 5. As we mentioned in the introduction f was determined by
brute force using MAGMA, GAP, and Maple. Similarly we have tested
representations ¢ of minimal degree for the exceptional Lie algebras of type
Fy4, Dy, ?Es, and E;, ¢ = 6.7.8 and it turns out that the only global map
turning Lie(U) into a group is the exponential one. Given the maximal
weight associated to such representation, we determine the directed graph
I’ whose vertices are the weights involved in the representation and these
are adjacent if and only if their difference is a fundamental root. It is then
obvious that if we call d the diameter of such a graph, and A the associative
hull of ¢(u), then A4 = 0. Unfortunately d also coincides with the minimum
integer such that a = 0 for any element a of A. Let r be the minimal degree
of the representation. We now list the values so obtained

e 3Dy r=8,d=7 hence c < T7;

e Fy: 7 =26,d =16, hence c < 1T;

Es: v =27, d = 16, hence ¢ < 17;

o 2Eq: r =27, d = 16, hence ¢ < 17;

E;: r =56, d = 27, hence ¢ < 29;
e Eg: r =248, d = 58, hence ¢ < 59;

and the assertion is proved . O

4 Examples

We conclude by showing that in the classical case our result is best possible,
that is, the Sylow 2-subgroup of a symplectic or orthogonal group in even
characteristic is not always a g-power-size group. We work out counterex-
amples of minimal rank but we are confident that the next theorem holds
for any rank. Our source of inspiration is [Is].

Theorem 7 Let G be one among Sp(4.q) or SOf (q), where q is even and
greater than 2. Then a Sylow 2-subgroup U of G is not a g-power-size group.
Proof. In the symplectic case it is not difficult to prove that U may be real-

. t 0 i .
ized as {( at )}, t lower unitriangular, t* = (#)7!, and ¢ symmetric.
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Set u(t,a) for a generic element of this group, then u(s, b) centralizes u(t, a)
if and only if s centralizes t and a +t*at™! = b+ s*bs~!. Substituting b with
t'bt and s with ts~!, these conditions become [s,#] = 1 and s'as+a = t'bt+b.
Now ¢ : t — t'bt + b defines a linear map on the space of symmetric ma-
trices. Given s € C(t), let B, be the set of symmetric matrices b such
that (b} = vs(a). Then By is either empty or is a coset of ker;,. So
|C(u(t,a))] = nlker4y|, where n = [{s € C(t) : By # 0}|. If G has rank
2,t =1+ Teq, s =1+ geyy, then ¢ = 72e13 + Teg3, with respect to the
basis v; = e11, V2 = €12 + €91, Uy = eyo. Hence if ¢ # 1 and age # 0, then
Ys(a) € Im o if and only if o7 = 720, that is, if and only if 0 = Ar,
where A € F,. Thus |C(u(t,a))| = 2¢°. By definition OJ,(¢) is the group of
transforinations preserving the quadratic form Q(z1,...,z9) = }:ll TiTgg
A routine check shows that U = {( aft tq
and a strongly antisymmetric, i.e. a +a’ = 0 and a;; = 0, is a 2-subgroup
of 05,(g). Now the elements ¢; of the standard basis {conceived as column
vectors) are singular and W, the totally singular subspace generated by
€41, ... €9, is U-invariant. According to the notation of [Di], pag. 909,
Qlei) =a;=0,Qe4i) =B =0,and ¢;; =0,¢,5=1,.... [, foranyu € U.
It follows that the Dickson discriminant of any element of U is 0. Com-
parison of orders (see [KL], pag. 19) shows that U is a Sylow 2-subgroup
of SO;(q). Assume | = 4 and consider £ = 1 + ep; +e30 + e43 = 1 + n,
then C(t) = 1 4+ un +wvn® + 2n3, u.v,z € K. Order the pairs (i.j), i < j.
lexicographically and let v; = e12 — e21,...,Us = e3q — e43 be the cor-
responding basis for the space of strongly antisymmetric matrices. Con-
sider @ = vg, then ¥(a) = (zu + v%.z + wv,v.u? + v,u,0) and ¢ (b) =
(bg + bq, b3 + by + bs, bs, b5 + bs, b6, 0). Thus P (b) = 1s(a) admits a solution b
if and only if ©2 +u = 0 which amounts to u belonging to Fa. Since by, b3,v, 2
vary arbitrarily, [C(u(t,a))| = 2¢*. Observe that if I < 3 well known iso-
morphisms among classical groups imply that U is a g-power-size group
(see [KL], pag. 43). Without quoting this result, elementary manipulations
with the 1-map allow to show that for | = 3 the conjugacy class vector of
U equals [q,(q — 1)(¢* + ¢ + 1).q(g® — 1), (g — 1)(¢* ~ 1)], where the i-th
component denotes the number of classes of size ¢*~!. Instead O (g) pre-
serves the quadratic form Q(z1..... 2, Tay, Tps1, .-« s Loy—1) = Z‘]"l Ll +
1,2 + xTpxy + u:r%,, with z? + 7 + v irreducible over F,. Let U be the group

t 0 0

o't 10 , where t is lower unitriangular of dimension [, w = v.J.

at w t*

0
1

) }, with t lower unitriangular

where J = and v is a (I — 1,2)-block, ¢ + &' + vJv' = 0, and

1
0
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, 11 ) . .

ayy = (vCv')y, where C = ( 0 ) Again a direct calculation shows

that U is a 2-subgroup of O;(q). As before elements of the shape u(t,0,a)

have Dickson discriminant equal to 0. Since ¢;; = 0, 4,5 = 1,...,/, and

Qle;) = Qlerss) = 0fori =1,...,1—1, we have that D(u) = 3, Q(eq)bydy
(compare [Di}, pag. 909). For elements of the shape u(1,v,a), by = 0 and
diy = &4, hence they also have zero Dickson discriminant. Since u(#,0,a)
and u(l,v,q) generate U, comparison of orders yields that U is a Sylow 2-
subgroup of SO, (¢). For ! =4, set t = 1 + t1e; + toess +f3e31. If £ty # 0,
then a direct calculation shows that |C(u(t,v,a))| is a g-power (actually
qs). Hence consider t = 1 + egy, v' = €13 + e, and a = vey + ez + eas,
then u(s,w,b) € C(u{t,v,a)) if and only if s = 1 + sye2; + S3€37. 83 € Fy,

ot ry oS3 &3y

w' = yboy = y1 + 3+ 3. Since big, by3, T1, 23, Y1, ¥3. 51 may
1 0 ys

be chosen arbitrarily, |C(u(t,v,a))| = 2¢7 . a

Because of their considerable size, we did not try to build counterexam-
ples for the exceptional groups, but there our best guess is that U is actually
a g-power-size group whenever the characteristic is a good prime.
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