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COMMUNICATIONS IN ALGEBRA, 27(5), 251 1-2519 (1999) 

Maps behaving like exponentials and maximal 
unipotent subgroups of groups of Lie type 

ANDREA PREVITALI* 
Department of Mathematics, University of Wisconsin, 

53705 i2.iadisonl Wisconsin USA 

Abstract 

Let CT be a maximal unipotent subgroup of a finite classical group 
in good characteristic. We prove the existence of a bijection between 
U and the associated Lie algebra preserving centralizers. As a conse- 
quence, we obtain information on the sizes of the conjugacy c l ~ i ~ e s  of 
U. Similar results are proved in the exceptional cases. 

1 Introduction 

Let G ="'G(K) be a group of Lie type defined over a finit,e field P; of charac- 
teristic p and order qm. Let U be a Sylow p-subgroup of G. Aim of this paper 
is to prove t,hat, under some mild restriction on p, t,he coqjugacy (: asses sizes 
of U are q-powers. For conciseness we will call such groups q-power-size 
groups. More precisely, we show that if G is classical or of type G 2 ,  and p 
is a good prixne (see [Ca2], pag. 28), then U is a q-power-size group. Our 
approach is Lie theoret,ic in flavor since we t,ry to det,ermine m a p  behaving 
like exponentials from Lie(U) ont,o U. Similar invest,igations were led by 
Kazhdan, the author, and Taoufik t,o analyze, among; other fei~t~ures, the 
degrees of t,he irreducible complex d~aracters  of U (see [Ka]. [Pr], and [Ta]). 

'This resrarch was supported by a posttloct,oral fellowship fro111 the Univ'ersity of Pisa. 
Italy, while t,he author was visiting t,hr nlathematical depart,rr~ent of the IJniversity of 
Wiscons i~~.  E-mail: previt,alB~nath.wisc.rtlll~ ~)revit,al@mail.d~~l.~~~l~pi.~t 
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25 12 PREVITALI 

We est,ablish first tthat power series induce maps p rese rv ing  centra l izers ,  
i.e. f (C,,(z))  = CJc,,)(f (x ) ) ,  where u =Lie(U), C,,(x), and C o ( X )  are the 
Lie and grollp c:cnt,ralizers. We subsequent,ly determine s~lfficierit conditions 
assuring that f (Lie(U)) = U and, using classical Galois theory, build all ap- 
plicat-ions meet,ing such condit,ions. The existence of such maps allows one 
to t,ranslat,e group theoretic problerns int,o a Lie theoretical language, show- 
ing it possible way to t(ack1e questlions like t,he determination of the exact, 
number of irreducible characters of given degree . For the other except,ional 
groups, we devise an algorithm t,liat builds the matrices associated t,o the 
elenient,~ of a Chevalley basis via an  irreducible representation for the cor- 
responding simple algebra. Working for convenience with representations of 
minimal degree, we show that  the only power series turning Lie(U) into a 
group is the t,runcat,ed exponential. It follows that  if p exceeds the nilpo- 
tence index of the associative hull of a minimal representation for Lie(U), 
then U is a q-power-size group. Such result,s rely on extensive calculations 
with MAGMA, GAP ([S+95]). and Maple. 

2 Classical Groups 

Given a power series f (x)  = Clzo fixP defined over a field F and a nilpotent 
element y of an F-algebra A, theevaluation o f f  a t  y is a well defined el, pment, 
of A. Moreover, the maps p, : a -+ ay and A, : a --+ ya are F-linear 
nilpotent operat,ors on A commuting with each other. For every natural 
integer i and nilpotent elements y, x in A. let wi(x, y) equal x:~;-'-~, 
so that wi(x, y)(X, - p,) = X i  - pb. 

We finally recall that if p ,  u are commut,ing operators, p, invertible, I /  

nilpot,ent, then p + v is invertible. 

L e m m a  1 Let f ,  g be power series defined over the same field F with f lg l  # 
0. Let z ,  y he nilpotent elements of some F-algebra A. Then x ,  y commute 
if an,d 0 7 d ~  if f (x)  and g(y) do. 

Proof. The sufficiency is obvious. Conversely, set t = f (x )  and d = 
yt  - t y ,  t,hen 

As surn of commut,ing nilpoter~t, operat,ors, w,(y, y) is nilpot,ent, for i 2 2. 
We have 0 = (glid+v).d, where u is nilpoknt, hence d = 0. Analogously, 
2 = r t t  - ?jz must variish . 0 
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MAPS BEHAVING LIKE EXPONENTIALS 2513 

This result shows t,hat power series preserve centralizers. In order to pro- 
ceed we need to describe U in the classical case. As is well known (see [Ca], 
Ch. I ) ,  G ="G(K) can be realized as a subgroup of GLd(K) Iw~ving in- 
variant a suitable non-degenerat,e sesquilinear form, for some integer d. (Or- 
thogonal groups in even chara~terist~ic are definitely not q-power-si:i;e groups, 
as we will show.) Let, Frob denote the automorphism of K mapping x into 
2 9  and set 5 = Frob(x).  In matrix t,errns G = {T E GLd(K) ( TDET = 

E), where ( u . , ~ ) ~  = (ccji) and E is a matrix of the form ( ? ) o r  

0 0 1  ( o c o ) c = 1 or ( ) r a non-square in K (see C a ] ,  c h .  
1 0 0  

I). F~r t~unately  enough there is a way tlo single out a Sylow p-subgroup of G 
from the set of it,s ~inipot,ent, elements. Let U be the variety in ( K ) d ,  the full 

a 0 0 
mat,rix algebra, defined as { ( : ) } or { ( : ) } according t,o 

the block decorriposition of E, where (I. is a lower ~nit~riangular matrix and 
c is unipotent. 

Lemma 2 U = U n G is a Sylow p-subgroup of G. 

Proof. It is enough t,o prove that U is actually a p-group and cc'mpare its 
order with the p-th part of JGI . 0 

This realization of U is also very useful for the determination of Lie(U). 

Corollary 3 Lie(U) = Lie(U) n Lie(G) 

Applying the definition of tangent, space, it follows immediately that, 

Lie(U) coiricides with { ( ; ) } or { ( " ) } where .; is strictly 
d e c  

lower triangular and c is nilpotent. In brder to guess which properties as- 
sure t,hat f (Lie(U)) = U ,  f a power series, we consider t,he exponential 
map evaluated on a nilpotent algebra A over a field whose ~har~acteristic is 
0 or exceeds the nilpotence index of A. We remark that exp maps nilpotent 
elenients int,o unipotent ones, exp(-z)exp(:c) = 1, and finally ex.]) is invert,- 
ible with rc:spect t.o compo~it~ion. Define o on the Laurent serie:i over K as 
(Cs>-m j',zL)o = Cz,-m(- 1)~17;d. The following theorem sliow:.; that these 
are the only ingredients needed. 

Theorem 4 Let f E K[[x]] be such that fo = 1, f l  # 0, and f l+u = 1. 
Then f (Lie(U)) = U. 
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25 14 PREVITALI 

Proof. Since any X in Lie(U) is nilpottent,, f ( X )  is defincd arid is unipot,er~t,. 
if - X a E  = E X ,  t,hen j ( - X U ) E  = E f ( X )  and E = f ' (X) 'kEf '(X).  T h ~ l s  
X E Lie(U) n Lie(G) forces j ( X )  E U n G = U. Finally f l  # 0 is equivalent, 
t,o the existence of a power series y such that y(f ( 2 )  - 1)  = z. 111 particular, 
j induces a ~nonornorpliism and, since ILie(U)j = IU(, f is also surjective . U 

One could wonder whether any s~icli f exists. Using Galois theory we 
complettly ~haract~erize such power series. Let E be the field of Laurent, 
series over K. Since a is obtained composing Frob with subsitution of x 
wit#h -2 ,  then u E Aut,(E) and u2 = 1. Thus Eo = CE(a) is a subfield of 
E and (E : Eel = 2. In particular, E/Eo is a cyclic Galois ext,ension. Given 
f E E ,  Hilbert, '~ Sat,z 90 (see [Mo]) shows that NEIEo(f)  = ,f I + "  = 1 if and 
only i f f  = gl-" ,  for some y E E. Sir~cc xZrn E Eo,  for any 7 r r ,  mult,iplying g 
with .x2"'. f a  ,rrt, big enough. assures that a power series J' has norm 1 if and 
only if there exists a power series y such that f = gl-". If y E K [ [ z ] ]  and 
go = 1, t,heu f = gl-" E K[[x]] and fo  = 1. So we have to det,errnine g such 
that , f i  # 0 for the corresponding f .  Now gl-" G = 1 + (9, + 5 ) x  
(mod x2K[[:~]]), hence f l  = 0 for any gl E K only if char(K) = 2 and G is 
not unitary. 

Theorem 5 Let G = m G ( K )  be u clossicul group, K a fin,ite field of char- 
acteristic p, p a good prime, and I/ E Syl,(G). There ezi.sts u map f from 
Lie(U) m t o  U preserving centralizers. In. particular, U i s  a q-power-,size 
group, ~uherr IK( = qm.  

Proof. If G is of type A, then set f (z) = 1 f x, otherwise choose f as in 
Theorem 4. Let F be CK(Frob) ,  then CLietli)(x) is a n  F-algebra for any 
element :c of Lie(U). Hence (Cu (u)  ( and luu ( are q-powers, for any u E U . 

3 Exceptional Groups 

Let Q be a complcx simple Lie algebra, choose a CartJan subalgebra and 
denote with @. @+, Il the irreducible systml of root,s, the posit,ive roots 
and the funchment,al roots, re~pect~ivcly. A theorem of Chevalley assures 
the exist,encc. of a Imsis x,. y,. o E at, h,. 7r 6 II, wit,h int)egral structure 
const,ant,s (see [Ca], 4.4.2, [Hu], VII). Let QZ be the Lie ring generated by 
such a bmis. Given a complex irreducible Q-module V ,  a result of Kostant, 
asserh t,he existence of a Z-latt,ice M in V left invariant by t,he act,ion of the 
Chevallcy basis: in ot,her words, we may asslime t,hat t,he rlement,s of such 
a basis are rc:prescnt,ed by int,egral rnat,rices. Thus tensoring with a field K,  
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I MAPS BEHAVING LIKE EXPONENTIALS 25 15 

M K  = M @z K becomes a  nodule for g,( = gz @z K .  Let 52 I:e the set, 
of f~ndament~a l  weights of g arid 52' the subset of weigllt,s occ:urrlng in V.  
Let AQ, be t,he Z-lattice gerierated by 0'. Denot,e by 4 the representation 
afforded by M K .  We then define the Chevalley group of type An, as the 
group gencrated by exp(c$(tx,)), where a varies in @+, and t in K .  I t  is 
a classical result that  these groups are central factors of groups o.' type An 
and that the order of the normal cent,ral subgroup is given by : Ahl.  
In t,he except,ional cases this index is a divisor of 6 (see [Hu], pag. 68), 
so, if char(K) 2 5, the maximal unipotent subgroups are isomorphic to 
the one obt,a.ined via t,he adjoint represent,at,ion. Let u be the I i e  algebra 
generat,ed by &(ty,) and let U be the group generatfed by exp(4(ty,)), a. E 
a+, t E K .  Since t,he n i lp~t~ence  index of the associat,ive hull ,)f 4 (u )  is 
bounded above by the degree of & and we are trying t,o define a g obal map 
f from u onta U through a power series, the probability of success$ for small 
charact,eristics increases if we consider representations of minimal degree. 
We build explicitly such representations for u and show that  unlsss u is of 
type G 2  and char(K) = 5 ,  the only such map is the exponential cne. 

Theorem 6 Let "G(K) be a Lie group of exceptional type defi~ied over a 
finite field K of order qm. Let U be a ma,ximal v.nzpotent subgroup of G. 
There exists c = c(G) such that whenever char(K) _> c,  th,en U is a q-power 
size group. 

Proof. As in the classical case we simply need to establish the existence of 
a global map from Lie(U) onto U preserving centralizers. Call a. and ,f3 the 
fundamental short and long root for the Lie algebra of type G:zV then the 
irreducible representation associated to the fundamental weight ::a + ,f3 has 
dimension 7 and the  images of y,, E @+ are Y, = el2 + e34 + :!e45 - e67, 
Yo = -ezs+e56, Y,+o = -e~+ez4+2e46 +e57, Y20+~ = e14 -e25-t e36+2e4i3 
Y3n+a = -el3 + e37, and Y3,+2a = el6 - e27, e,j tjhe elementaq matrix 
(see [FH], 22.3). Given a list ru = ( w l , .  . . ,w,) of fundamental root,s, the 
corresponding element Yw, . . . Yw, # 0 in (K)7 if and only if w is a sublist o f  
( a ,  P,  a. r u .  p, a ) .  Thus the Y,'s generate an  associative subalgebra A of t,he 
n i lp~ t~en t  algebra N of upper triangular matrices in ( K ) i  of dimension 14 

2 3 4 5  
and nilpot,e~ic:e index 7 .  Let f ( : r )  be 1 + x  + 5 + + + + + f , then f induces 
a bijection from N onto I + N, a maximal unipotent subgroup of GL(K,  7 ) ,  

2 3 4 
whose inverse is given by g(u, - I). g(z)  = z - 1- 2 3 1  + L - i- + 2 ' 2  44 - S@ 288 ' 

Observc: that such maps are well defined if we assume char(K)  > 5. Set, 
u = ,uyY, and u = CyE++ I I ~ Y ~ .  uy, so,y E K.  We need to check 
whethw r l  * r? = g(  f ( 1 1 )  f (I)) - I) is an element of u for ally choice of u,, 11 E u. 
Since f and y are truncilt,ion of t,he exponent(ia1 and logarithmic maps t,o 
the t,er~ns of' degree 4, we know t,hat. *u t v coincides witah H(u , ,  v) modulo 
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25 16 PREVITALI 

A 5 ,  where H ( u , u )  denotes t,he Baker-Campbell-Hausdorff series. It t,tirns 
out that the residual term is a scalar multiple of Y3a+2C1 This proves that  
d ( G a )  < 5. As we mentioned in the introduct,ion f was det,errnined by 
brute force using MAGMA, GAP, and Maple. Similarly we have tested 
repre~entat~ions ciJ of minirnal degree for the exceptional Lie algebras of type 
Fq. " ~ 4 ,  2 ~ 1 , ,  and EL! I; = 6. 7.8 and it turns o ~ i t  that t,he only global niap 
turning Lie(U) i ~ ~ t , o  a group is the exponential one. Given the rnaximal 
weight a~sociat,ed to such represent,at,ion, we determine t,he direct,ed graph 
r whose vertices are the weighs involved in the representation arid t,hese 
are adjacent. if and only if t,heir difference is a filndamental root,. It is t,heri 
obvious t,hat if we call d the diainetm of such a graph, and A the associative 
hull of @(11), t,hen A" 0. U~ifortunat~ely d also coincides with the minimum 
integer sucl~  that ad = O for any element a. of A. Let r be the minimal degree 
of the representation. We now list the values so obtained 

3Dq: r = 8, d = 7, hence c < 7; 

F4: r = 26, d = 16, hence c 5 17; 

E6: ,r. = 27, d = 16, hericr c 5 17; 

2 ~ I j :  r = 27, d = 16, hence c < 17: 

ET: 7. = 56, d = 27, hence c 5 29: 

E8: r = 248, d = 58, hence c < 59: 

and the assertion is proved 

4 Examples 

We conclude by showing t,hat in t,he classical case our result is best possible, 
that is, the Sylow 2-subgroup of a syniplectk or orthogonal group in even 
~haract~eristic: is not always a q-power-size group. We work out count,erex- 
amples of minimal rank but we are confident that the next theorem holds 
for any rank. Our source of in~pirat~ion is [Is]. 

Theorem 7 Let G be one among Sp(4. q )  07. S O ; ( q ) ,  , / h e r e  q is ewrr  and 
greater than 2. Then  a Sylow 2 - s u h ~ ~ o u p  U of G i s  not u q-power-seze ~jruup. 

Proof. 111 t,hc: symplect,ic case it is not difficult to prove that U may be real- 

ized as {(  (,!t : )}, t lower unitxiangular. t* = ( t l ) - ' ,  and u syninietri(:. 
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MAPS BEHAVING LIKE EXPONENTIALS 25 17 

Set u( t ,  a )  for a generic element of t,his group, then rr(s, 6) centralizes u(t ,  a )  
if and only if s cent,ralizes t and a +  t*o.t-' = b+ st6s-I. Substitut,ing b with 
t'bt and s wit,h ts- ' ,  t,hese conditions become [s, t] = 1 and s f a s + a  = t'bt + h. 
Now $t : t -t t'bt + h defines a linear map on tlhe space of symrnet,ric ma- 
trices. Given s € C ( t ) ,  let B ,  be the set of synlmet,ric rnatricxs b such 
that 7j,,,(h) = $,(a). Then B ,  is either empt,y or is a coset of korQr. So 
IC(u(t,a.))l = nl ker$tl, where n = / { s  E C ( t )  : B, # a ) ( .  If G! has rank 
2, t = 1 + 7 ~ 2 1 ,  s = 1 + ae21, t,hen $,, = r2e I3  + 7e2:3, wit#h respect to t h e  
basis ,ul = e l l ,  v2 = el2 + e21, v:c = ezz Hence if t # 1 and a22 f 0, t,hen 
$,(o,) E Irn $t if and only if a2r = r2a, that is, if and only if a = AT,  
where X E F2. Thus lC(u(t ,  a ) ) /  = 2q2. By definition O z ( q )  is the, group of 
transforinat,ions preserving the quadrat,ic form Q(:cl , .  . . , x2/)  = >zL1 T;,zI+,,. 

A routine check shows that U = { ( a!t ) }, wit11 t lower unil,riangular 
. - 

and a stmngly antisymmetric. i.e. o + a' = 0 and a,,, = 0, is a :!.subgroup 
of O&(q). Now the elements e, of the standard basis (conceived i ~ s  colunin 
vectors) are singular and W ,  t,he t,ot,ally singular subspace generated by 
e l+l , .  . . . e21: is U-invariant. According to t,he notsation of [Di], pag. 909, 
Q(ei)  = a, = 0, Q(el+,) = p, = 0, and ci3 = 0, i , j  = 1 , .  . . , l ,  for ,any u E U .  
It follows that  t,he Dickson discriminant of any element of U is 0. Com- 
parison of orders (see [KL], pag. 19) shows that U is a Sylow 2-subgroup 
of SO$(q). Assume 1 = 4 and consider t = 1 + e2l + e3n + e4,3 = 1 + 7 ~ ,  

then C ( t )  = 1 + u n  + vn' + z n 3 .  rr .  v, z E K. Order the pairs (ti. j ) ,  i < j .  
lexicographically and let vl = el2 - e21,. . . , u~ = e34 - e43 be the cor- 
responding basis for the space of stxongly antisym~net~ric matrices. Con- 
sider a. = us, then $,(a) = (zu + v2. z + uv, v, ,u2 + 'u, u ,  0) and $+(b)  = 
(b2+bq,63+b4+b5, b5, b5+b6, b6,0) .  Thus $+(b) = $,(a) admits a solution h 
if and only if ,u2+u = 0 which alnounts t,o u belonging to F2. Since, bl, ba, v, t 
vary arbitmrily, IC(u( t ,a ) ) (  = 2q4. Observe that if 1 < 3 well known iso- 
morphisms among classical groups imply that U is a q-power-3ize group 
(see [KL], pag. 43). Without quoting this result, element,ary ma.nipulations 
with the $-map allow to show that  for 1 = 3 the conjugacy class vector of 
U equals [q, (q - l ) (q2 + q + 1). q(q2 - l ) ,  (q - l ) (q2  - I ) ] ,  where the i-t,h 
component denotes the number of classes of size q"l. Instead 0s(q) pre- 
serves the quadratic form Q ( x l .  . . . . :c/, ~ 2 1 ,  z ~ + I ,  . . . . x2,- ) = c:-' : I ; ~ Z ~ + ~  + 
2: + 21:c~l + r a ; , ,  with z2 + 3: + v irreducible over IF(,. Let U be the group 

0 0 

( :i)} , where t is lower ~initriangular of dinlension I ,  w = u.1. 

where J = ( ) and v is a ( I  - 1.2)-block, o + o' + v J v l  = 0, and 
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2518 PREVITALI 

ai, = (vCvl),,, where C = ( ) Again a direct, calculation shows 

that U is a 2-subgroup of O s ( q ) .  As before elenients of t,he shape u( t ,  0, a,) 
have Dickson discriminant equal t,o 0. Since cil = 0, i ,  j = 1 , .  . . , 1 ,  and 
Q(ei)  = Q(e,+.t) = 0 for i = 1. . . . , 1 !  - 1, we have that  D ( u )  = Q(ezl)bildil 
(compare [Di], pag. 909). For elements of t,he shape u(1, v, a) ,  bll = 0 and 
di, = hZ1, hcnce they also have zero Dickson discriminant. Since u ( t ,  0, a,) 
and ~ ( 1 ,  v, a)  generate U, comparison of orders yields that  U is a Sylow 2- 
subgroup of SO,(y). For I = 4, set t = 1 + tlezl + t2eS2 + t3esl. If t l t 2  # 0, 
then a direct calculation shows that, J C ( u ( t .  v, a, ) ) /  is a q-power (act,ually 
q 5 ) .  Hence consider t = 1 + e21, v' = el3 + e21, and a = ,/ell + el3 + e33, 
tthen u(s ,  w, 0 )  E C(.u(t, v, a,)) if and only if s = 1 + sle2l + $ 3 ~ 1 ,  s:$ E &, 

be chosen arhit,rarily, lC(u(t ,  v .u . ) )~  = 2y7 . 0 

Because of their considerable size, we did not try to  build counterexam- 
ples for tlhe except,ional groups, but t,here our best guess is that U is actually 
a q-power-size group whenever the characteristic is a good prime. 
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