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On minimally irreducible groups of degree the product of
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(Communicated by L. G. Kovacs)

Abstract.We determine the minimally irreducible groups with proper non-soluble socle, whose
degree is the product of two primes.

1 Introduction

Let V be a finite-dimensional complex vector space and G be a subgroup of GLðVÞ
with character w. We say that G is w-minimally irreducible (or simply minimally irre-

ducible when w does not need to be specified) if G acts irreducibly on V but all proper
subgroups of G act reducibly. It is known that any such group is finite (see [19]). A
number of papers on minimally irreducible groups have appeared over the years,
mostly by Russian authors and mostly focussed on soluble groups. Recently, Dalla
Volta and Di Martino classified minimally irreducible non-soluble groups when dimV

is prime ([3]). The soluble case had been dealt with by Suprunenko in the early 1970s
(see [24]). As far as we know, the case when dimV is the product of two primes (and
V is defined over an arbitrary algebraically closed field) has been considered only in a
series of papers by Kopylova (see [13], [14], [15]), and only when G is soluble and
dimV is the square of a prime. The case when G is simple and dimV is the square of
a prime should not, in principle, be di‰cult, since all (quasi)-simple irreducible groups
of prime-power degree are known (see [18]). However the case when G is simple and
dimV is a product of two distinct primes might require considerable e¤ort.
While some work is under way on the case when G has an abelian socle, in the

present paper we consider the case when G is a non-simple group with a non-
abelian socle. We classify the minimally irreducible subgroups G of GLðVÞ, where
V ¼ Vðn;CÞ, n ¼ pq (with p, q primes, not necessarily distinct), such that G has
a proper non-abelian minimal normal subgroup N. Denote by w the character of
G associated to the representation space V . By the minimality assumption, the re-
striction wjN of w to N is reducible. Let y ¼ y1 be the character a¤orded by an irre-
ducible submodule of VjN . By Cli¤ord’s Theorem, wjN ¼ e

P t
1 yi, where e ¼ ðy; wjNÞ

and y1; . . . ; yt are distinct irreducible characters of N (conjugate under the action of



G). As N is non-abelian, we may assume, say, that yð1Þ ¼ p. Then two possibilities
arise:
(i) t ¼ q, e ¼ 1 (i.e. wjN is the sum of q distinct irreducible characters of N of degree

p);
(ii) t ¼ 1, e ¼ q (i.e. wjN is the sum of q copies of y).
We will refer to (i) and (ii) as to the non-homogeneous and homogeneous case, re-

spectively. The non-homogeneous case will be dealt with in Section 3, and the homo-
geneous case in Section 4.

Notation. For any d A N, ½d � denotes the set of natural numbers from 1 to d and Zd

denotes the ring of residue classes modulo d. For a A Z, ad (or simply a if the context
is clear) denotes the residue class of a modulo d. The annihilator of an integer a in Zd

is the set AnnZd
ðaÞ ¼ fx A Zd j xa ¼ 0g. For a A Z, pðaÞ is the set of prime divisors of

a, whilst p	ðaÞ is the multiset of such divisors, that is, an integer occurs in p	ðaÞ as
often as it divides a. In particular, for a; b A Z, p	ðaÞnp	ðbÞ ¼ p	ða=gcdða; bÞÞ.
We write X : Y for a group that is the semidirect product of a normal subgroup X

by a subgroup Y . For any finite group L, we denote by IrrnðLÞ the set of irreducible
complex characters of L of degree n, and set anðLÞ ¼ jIrrnðLÞj. By cdðLÞ we denote
the set of irreducible character degrees of L.
Let F be a field. The symbol ðFÞn stands for the full matrix algebra of degree n

over F, 1n denotes the identity matrix of size n, and eij (for i; j A ½n�) denotes the ele-
mentary matrix with 1 in the ði; jÞ position and zeros elsewhere. For A A ðFÞn, A 0

denotes the transpose, and A	 the inverse-transpose of A. A field of order u will usu-
ally be denoted by Fu. A finite simple group S of Lie type defined over Fu will be de-
noted by SðuÞ, unless S is of unitary type, when S will be denoted by Sð

ffiffiffi
u

p
Þ. It is well

known (see [2]) that any automorphism of S is the product of inner, diagonal, field and
graph automorphisms. In particular, the field automorphisms form a cyclic group
generated by the automorphism induced by the Frobenius map x 7! xr ðx A FuÞ,
which will be denoted by Fr. We write eðSÞ for the lower bound for the minimal de-
gree of an irreducible projective representation of S, as given in [12, Table 5.3.A].

2 Preliminary and auxiliary results

In this section we first refine some of the results in [3], and record some (possibly not
well-known) properties of minimally irreducible groups. Then we set up the machin-
ery needed in Sections 3 and 4.

2.1 Groups of prime degree. Our first lemma has rather general scope, and it will be
used frequently.

Lemma 2.1. Let G be a w-minimally irreducible subgroup of GLðVÞ, and suppose that

N is a normal subgroup of G such that wjN splits into q distinct irreducible constituents,
where q is a prime. Then there exists y A G of q-power order such that G ¼ Nhyi.

Proof. It is clear that there exists y A GnN acting as a q-cycle on fy1; . . . ; yqg, where
wjN ¼

Pq
1 yi. It follows that hN; yi is irreducible, whence by the minimality assump-
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tion hN; yi ¼ G. We may choose y to have order a q-power by, if necessary, replacing
the ‘original’ y by a suitable power.

The next lemma partially refines the ‘reductions’ in [3].

Lemma 2.2. Let G be a w-minimally irreducible subgroup ofGLðVÞ, where V ¼Vðp;CÞ
and p is a prime. Then either G is soluble (of length 2), or G is simple and non-abelian.
In the latter case, the Sylow p-subgroups of G have order p.

Proof. Let N be a proper normal subgroup of G. Since wjN is reducible, N is abelian.
Therefore, if G is not perfect, it must be soluble of length 2. So assume that G is
perfect. Then, by Lemma 2.1, wjN ¼ pl and N c ZðGÞ. Therefore G is quasi-simple.
Since G ¼ G 0 implies that G c SLðp;CÞ, either jZðGÞj ¼ 1 or jZðGÞj ¼ p. Observe
that, for any P A SylpðGÞ, wjP splits into p irreducible constituents of degree 1. There-
fore P is abelian. By a result on transfer ([9, (IV.2.2)]), PVZðGÞVG 0 c P 0. Hence
ZðGÞ ¼ 1. It follows that G is simple. Finally, observe that jxGj is a p 0-number for
every x A P. Thus, by a theorem of Burnside ([10, p. 36]), either x A ZðGÞ or wðxÞ ¼ 0.
Suppose that wjP ¼

P
i eili. Then

p ¼
X

i

ei c
X

i

e2i ¼ ðwjP; wjPÞ ¼
�X

x AP

jwðxÞj2
�
=jPj ¼ p2=jPj:

We conclude that jPj ¼ p.

The classification of soluble minimally irreducible groups by Suprunenko ([24])
implies the following lemma (see [3] for a direct proof ):

Lemma 2.3. Let G be a soluble minimally irreducible subgroup of GLðVÞ of prime de-

gree. Then G is a minimally non-abelian group, i.e. a non-abelian group all of whose

proper subgroups are abelian.

Minimally non-abelian groups are known as Miller-Moreno groups, and were clas-
sified by Rédei in 1947. As already mentioned, the minimally irreducible groups of
prime degree which are Miller-Moreno groups were determined in [24], via a direct
matrix analysis. For the reader’s sake and for later use, we give an independent proof.
Furthermore, we pin down the normal subgroups of these groups, as needed later on
to prove that minimal irreducibility is preserved under direct products. We recall that
the so called modular p-group of order pnþ1 is the group with presentation

G :¼ ha; b j apn ¼ bp ¼ 1; ½a; b� ¼ apn�1
i:

Theorem 2.4. A soluble group G is minimally irreducible of prime degree p if and only

if it has cyclic centre and is one of the following:

(i) an extra-special p-group of order p3;

(ii) a modular p-group;
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(iii) a semidirect product W : X , where X is a cyclic p-group and W is an irreducible

Fr½X=

W

1ðXÞ�-module with r a prime, r0 p.

Proof. Let G be minimally irreducible of prime degree p. By Lemma 2.3 every proper
subgroup of G is abelian. Moreover, by faithfulness, ZðGÞ is cyclic. We claim that
G cannot have two normal subgroups of coprime indices. For, otherwise, the degree
cð1Þ of any irreducible character c of G must divide two coprime integers, hence
cð1Þ ¼ 1, and G is abelian, a contradiction.
Suppose first that G has two distinct maximal normal subgroups M, N. Then both

M, N have index p, and M VN ¼ ZðGÞd G 0. Therefore G is nilpotent of class 2,
and hence is a p-group (otherwise G would be abelian). Furthermore ZðGÞ ¼ FðGÞ,
as M, N are arbitrarily chosen. Since the irreducible characters of G are either linear
or have degree p, comparing their number with the number of conjugacy classes we
obtain that jG 0j ¼ p. If jZðGÞj ¼ p, then G is extraspecial of order p3. Assume that
jZðGÞj > p. Since ZðGÞ is cyclic, for any maximal normal subgroup A of G, either
A is cyclic or A ¼ A0 � ZðGÞ, with jA0j ¼ p. Suppose that no maximal subgroup
of G is cyclic. Then G ¼ ha; b;ZðGÞi for suitable elements a; b of order p, whence
it follows that G=

W

1ðZðGÞÞ is elementary abelian of rank 3, a contradiction, since
jG : FðGÞj ¼ p2. On the other hand, if A is cyclic of index p, then G is one of five
groups (see [9, (I.14.9)]). But among these only the modular p-groups have centre of
index p2. Conversely, all such groups are minimally non-abelian and have cyclic
centre, and hence admit faithful minimally irreducible representations of degree p.
Next suppose that G has a unique maximal normal subgroupN. Clearly jG : Nj ¼ p

and G=G 0 is cyclic. It follows that G is not a p-group; for otherwise N ¼ FðGÞ and G

would be cyclic. Let P be a Sylow p-subgroup of G, choose x A PnN and set X ¼ hxi.
Clearly N is the direct product of its Sylow subgroups. If SX 0G for each Sylow
subgroup S of N then S c CGðxÞ would force G to be abelian. Therefore G ¼ RX

for some Sylow r-subgroup R of N, where r0 p. Since ðjRj; jX jÞ ¼ 1, we have
R ¼ ½R;X � � CRðXÞ (see [9, (III.13.4)]). If CRðX Þ0 1 then ½R;X �X is a proper sub-
group of G and hence it is abelian; but this implies that R commutes with X , and
therefore G would be abelian. Thus CRðX Þ ¼ 1. Set W ¼ W1ðRÞ. Then W ¼ R, for
otherwise W would centralize X , which in turn would imply R ¼ 1. Thus R ¼ W is
elementary abelian, and by Maschke’s Theorem, W is a completely reducible Fr½X �-
module. If W is reducible then W ¼ W1lW2 for proper submodules W1, W2, but
this again forces G to be abelian. Therefore W must be irreducible. We also observe
here that

W

1ðX Þ ¼ CX ðWÞ, and recall that W is an irreducible Fr½X=

W

1ðXÞ�-module
if and only if dimðWÞ ¼ oðrÞ, where r is the residue class of r modulo p (see [9,
(II.3.10)]). Conversely, let G ¼ W : X , where X is a cyclic p-group, W is an irre-
ducible Fr½X=

W

1ðXÞ�-module, and r, p are distinct primes. By Itô’s Theorem, any
irreducible representation of G of degree > 1 has degree p. We claim that at least one
of these is faithful, and if so is minimally irreducible. Note first that, if N is a normal
subgroup of G, then either W c N, or W VN ¼ 1 and N c OpðGÞ ¼ W

1ðXÞ. Since
W ¼ G 0, it follows that if w A IrrpðGÞ, then ker wc OpðGÞ. If no such characters were
faithful, then7

IrrpðGÞ ker wdW1ðXÞ. SetH ¼ G=W1ðXÞ. Then pa1ðHÞ ¼ jX j ¼ a1ðGÞ
and apðHÞ ¼ apðGÞ. Therefore
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a1ðGÞ þ p2apðGÞ ¼ jGj ¼ pjHj ¼ pa1ðHÞ þ p3apðHÞ ¼ a1ðGÞ þ p3apðGÞ;

whence apðGÞ ¼ 0, against G being non-abelian. Next, let A be a proper subgroup
of G. If A d W , then A is abelian. So we may assume that AW ¼ G and, up to
conjugation, X c A. If 10w A AVW then W ¼ ½w;X �c A. Hence AVW ¼ 1 and
AGX . We have now shown that any faithful representation of G of degree p is mini-
mally irreducible.

Remarks.We call the groups G listed in Theorem 2.4 Suprunenko groups. We observe
that if G is of type (i) or (ii), then a non-trivial subgroup N is normal in G if and only
if G 0 c N. If G is of type (iii), then the proof above shows that N / G if and only if
either W c N or N c

W

1ðX Þ ¼ ZðGÞ.

We will make use of the list of non-abelian simple groups S admitting an ordinary
representation of prime degree p (cf. [4], [16]). These groups, together with the rele-
vant values of p, are given in the first two columns of Table 1 below. We also need to
describe the structure of OutðSÞ. This information is taken from [12, §§2.2–2.4] and
the Atlas (see [2, p. xvi]). It is well known that for groups S of Lie type OutðSÞ is
obtained from the diagonal, field and graph automorphisms (see [23] and [1, (12.5)]).
The next arithmetical lemma, which slightly extends [4, Lemma 3.1], allows us to
pin down the field and diagonal automorphisms exactly, and hence the structure of
OutðSÞ, as recorded in the last column of Table 1. In particular, notice that the pro-
jective special linear groups and the unitary groups of Lie rankd 2 in Table 1 have
no diagonal automorphisms.

Lemma 2.5. Let n be a positive integer, r be a prime and set u ¼ r f , where f d 1.
(i) If ðun � 1Þ=ðu � 1Þ is a prime, then n is a prime, f is a power of n and

gcdðn; u � 1Þ ¼ 1.
(ii) If 12 ðun � 1Þ is a prime, then either nf ¼ 1, or n is an odd prime and u ¼ 3.
(iii) If ðun þ 1Þ=ðu þ 1Þ is a prime, then n is an odd prime, gcdðn; u þ 1Þ ¼ 1 unless

ðn; uÞ ¼ ð3; 2Þ, and f ¼ 2 tns for some t; s d 0.
(iv) If 12 ðun þ 1Þ is a prime, then nf is a 2-power.

Proof. (i), (ii), (iv) are fairly standard and essentially contained in [4, Lemma 3.1].
The first part of (iii) is also in [4, Lemma 3.1]; so n is an odd prime. Denote by FdðxÞ
the dth cyclotomic polynomial (that is,

FdðxÞ ¼
Yi A ½d �

gcdði;dÞ¼1
ðx � z iÞ;

where z is a primitive dth root of unity). Then xm � 1 ¼
Q

djm FdðxÞ for each in-
teger m, whence p ¼ Fnð�uÞ ¼ F2nðuÞ. Suppose that q is a prime not dividing m.
By the Möbius inversion formula, FmðaqÞ ¼ FmðaÞFmqðaÞ for each a A N (cf. [17,
Theorem 3.27]). Assume that f has a prime factor q B f2; ng, say f ¼ bq. Then
p ¼ F2nðrbqÞ ¼ F2nðrbÞF2nqðrbÞ, a contradiction, since p is a prime. Thus f ¼ 2 tns
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for some t; s d 0. Finally assume that gcdðn; u þ 1Þ > 1. Since n is a prime, n di-
vides ðu þ 1Þ; write u ¼ �1þ nak, where gcdðn; kÞ ¼ 1. Using the binomial expan-
sion we see that naþ1 j ðun þ 1Þ. Since ðun þ 1Þ=ðu þ 1Þ is a prime, it follows that
n ¼ ðun þ 1Þ=ðu þ 1Þ. Also nðu þ 1Þ j ðu þ 1Þ2. Now u2 � u � 2 > 0 if u > 2. Thus
ðu þ 1Þ2 < u3 þ 1c un þ 1, unless ðn; uÞ ¼ ð3; 2Þ.

Remarks. Several comments are in order concerning the data in Table 1.
(1) We always denote by u ¼ r f , where r is a prime, the order of the field over

which the relevant group of Lie type is defined, except in the unitary case, when u

denotes the square root of the field order. Moreover, n always denotes a prime, unless
S ¼ PSLð2; rnÞ, in which case n may equal 1. The third column in Table 1 indicates
further restrictions imposed on u and n. (The occurrences and ranges in Table 1 are
fewer than in [4] since the latter paper takes into account all projective, not just or-
dinary, representations.)
(2) Concerning the cases S ¼ PSLð2; uÞ, p ¼ 1

2 ðuG 1Þ, we recall that it is con-
jectured that there exist infinitely many pairs ð2p þ 1; pÞ of so-called Sophie Ger-
maine’s primes and infinitely many pairs ð2p � 1; pÞ of so-called Legendre primes.
We also note that u need not be a 3-power when 1

2 ðu þ 1Þ is prime.
(3) The group A5GPSLð2; 5ÞGPSLð2; 4Þ has a (monomial) representation of

degree 5 ¼ 4þ 1 and A6GPSLð2; 9Þ has (primitive) representations of degree
5 ¼ 1

2 ð9þ 1Þ. The group PSLð2; 7ÞGPSLð3; 2Þ has an irreducible (monomial) repre-
sentation of degree 7 ¼ 23 � 1. However, if n d 5, PSLðn; 2Þ has no irreducible rep-
resentation of degree 2n � 1 (cf. [4]).
(4) The entries S ¼ PSpð2 tþ1; uÞ, p ¼ 1

2 ðu2
t þ 1Þ and S ¼ PSpð2n; 3Þ, p ¼ 1

2 ð3n � 1Þ

Table 1

S p range T OutðSÞ

Arþ1 r r d 7 PSLð2; rÞ Z2

PSLð2; rÞ r r d 5 — Z2

PSLð2; uÞ u � 1 u ¼ 2n NSðUÞ, U A Syl2ðSÞ Zn

PSLð2; uÞ u þ 1 u ¼ 22
s

— Z2 s

PSLð2; uÞ 1
2 ðu þ 1Þ 11 < u ¼ r2

s

1 1 mod 4 — Z2 � Z2 s

PSLð2; 9Þ 5 A5 Z2 � Z2

PSLð2; uÞ 1
2 ðu � 1Þ u ¼ rn 1 3 mod 4 NSðUÞ, U A SylrðSÞ Z2 � Zn

PSLðn; uÞ ðun � 1Þ=ðu � 1Þ u ¼ rn s

, u > 2, n odd — Z2 � Zns

PSpð2 tþ1; uÞ 1
2 ðu2

t þ 1Þ u ¼ r2
s

PSpð2 t; u2Þ:Z2 Z2 � Z2 s

PSpð2n; 3Þ 1
2 ð3n � 1Þ n odd PSLð2; 3nÞ Z2

PSUðn; uÞ ðun þ 1Þ=ðu þ 1Þ u ¼ r f , n odd, f ¼ 2anb — Z2 aþ1nb

PSUð3; 3Þ 7 PSLð2; 7Þ Z2

PSpð6; 2Þ 7 S8, E26 : PSLð3; 2Þ 1
M11 11 — 1
M12 11 PSLð2; 11Þ Z2

M24 23 PSLð2; 23Þ 1
Coi, i ¼ 2; 3 23 — 1
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in Table 1 correspond to the so-called ‘Weil representations’. The general situation
(see [28]) can be described as follows. The symplectic group Spð2n; uÞ, for any n and
any odd u, has exactly two complex representations r; r	 of degree un. Each of these
decomposes into two irreducible constituents; we have r ¼ xþ c, r	 ¼ x	 þ c	,
where x, x	 have degree 12 ðun þ 1Þ and c, c	 have degree 12 ðun � 1Þ. Let Z ¼ h�12ni
be the centre of Spð2n; uÞ. Then, by [28, Lemma 2.6], Z c ker x ðx	Þ if and only if
Z G kerc ðc	Þ. Thus only one of the values 12 ðun G 1Þ occurs as a character degree
of PSpð2n; uÞ and, whichever it is, it is known to be the minimal non-trivial character
degree of PSpð2n; uÞ (cf. [27, Corollary 5.4]). It is also well known that one obtains
standard embeddings Spð2m; udÞ ,! Spð2n; uÞ via the trace map whenever n ¼ md,
d > 1 (see [9, (II.9.24)]). In particular, SLð2; unÞÞ embeds in Spð2n; uÞ. Since PSLð2; unÞ
and PSpð2n; uÞ share the same minimal character degree, it follows that any Weil
representation of S restricts irreducibly to PSLð2; unÞ (hence a fortiori to any over-
group PSpð2m; udÞ). Finally, note that the extra constraints on n and u in Table 1 are
only due to the requirement that p be a prime.
(5) The entry PSUðn; uÞ for p ¼ ðun þ 1Þ=ðu þ 1Þ and n odd also corresponds

to ‘Weil representations’. Here ðun þ 1Þ=ðu þ 1Þ prime forces ðn; u þ 1Þ ¼ 1, so that
PSUðn; uÞG SUðn; uÞ. The latter group, for any odd value of n and any value of u

has exactly u irreducible representations of degree ðun þ 1Þ=ðu þ 1Þ. This is known
to be the next to minimal non-trivial character degree of SUð2n; uÞ (cf. [27, §4]). It is
also known that these representations are minimally irreducible, except for PSUð3; 3Þ
(cf. [3], and (6) below).
(6) Whenever S is not minimally irreducible, we list in the fourth column of Table

1 examples of proper irreducible subgroups of S. The necessary information is es-
sentially gathered from [3]. However the case S ¼ PSUð3; 3Þ is not thoroughly treated
there. This group has exactly three irreducible representations of degree 7 and a
unique conjugacy class of maximal subgroups T GPSLð2; 7ÞGPSLð3; 2Þ. While one
of these representations restricts to the Steinberg character of PSLð2; 7Þ, so that
PSUð3; 3Þ is not minimally irreducible with respect to it, the other two restrict to the
permutation action of PSLð3; 2Þ on the points of the Fano plane PGð2; 2Þ. In the
latter two cases, PSUð3; 3Þ is indeed minimally irreducible.
For later use, the group PSLð2; 9ÞGA6 deserves a few more words. The group A6

has two conjugacy classes of subgroups isomorphic to A5, say KA6 and LA6 , where
K is a point stabilizer in the natural permutation representation p, while L is a 2-
transitive subgroup obtained from the action of A5 on its six Sylow 5-subgroups.
The group PSLð2; 9Þ has two Weil representations y, y	 of degree 5. One of them,
say y, corresponds to the deleted natural permutation representation of A6, that is,
y ¼ p� 1A6

. The representation y	 is obtained from y via the diagonal automorphism
q of PSLð2; 9Þ. Indeed q, viewed as an automorphism of A6, maps 3-cycles to prod-
ucts of pairs of disjoint 3-cycles. It follows that q interchanges the classes KA6 and
LA6 , p	 ¼ pq di¤ers from p and therefore y	 ¼ p	 � 1A6

is the other Weil representa-
tion. Clearly yjK is reducible, while yjL is irreducible (similarly for y

	, with the roles of
K , L interchanged).

Lemma 2.6. Let S and p be as in Table 1. Then pa jOutðSÞj.

On minimally irreducible groups of degree the product of two primes 17



Proof.We see from the last column in Table 1 that pðOutðSÞÞJf2; ng. However, since
S is simple, it cannot have ordinary complex representations of degree 2. Thus we
only have to rule out the case p ¼ n. Clearly, if S ¼ PSLð2; 2nÞ and p ¼ 2n � 1, then
p > n. If S ¼ PSLð2; rnÞ and p ¼ 1

2 ðrn � 1Þ, then rn d 3n > 2n þ 1. If S ¼ PSLðn; uÞ
and p ¼ ðun � 1Þ=ðu � 1Þ, then again p > n. Finally, suppose that S ¼ PSUðn; uÞ and
p ¼ ðun þ 1Þ=ðu þ 1Þ. Then p ¼ n implies un 1�1 mod n. Since un�11 1 mod n by
Fermat’s Little Theorem, it follows that n j ðu þ 1Þ. Arguing as at the end of the proof
of Lemma 2.5, we obtain ðn; uÞ ¼ ð3; 2Þ; but in this case S ¼ PSUð3; 2Þ, which is not
simple.

2.2 Technical tools. Suppose that G is a finite group admitting an irreducible char-
acter w of degree pq, with p, q primes. Moreover, assume that N is a normal sub-
group of G such that wjN ¼

Pq
1 yi, where y1; . . . ; yq are distinct irreducible characters

of N of degree p. (Note that, if G is also w-minimally irreducible, then G=N must be a
cyclic q-group by Lemma 2.1.) Our first proposition limits considerably the structure
of a proper irreducible subgroup M of G. In particular, the structure of H ¼ M VN

is quite restricted.

Proposition 2.7. Let G and N be as above, and furthermore assume that G=N is a cyclic

q-group. Let M be a maximal irreducible subgroup of G, and set H ¼ M VN. Then

MN ¼ G and wjH ¼
P t

1 hi, where h1; . . . ; ht are distinct irreducible characters of H,
and either

(1) t ¼ q and hi ¼ yijH , or

(2) p ¼ q, t ¼ q2 and hið1Þ ¼ 1 (in which case H is abelian).

Proof. Clearly M is a maximal subgroup of G. First we show that M H N. Set y ¼ y1
and assume the contrary. Then, since G=N is a cyclic q-group, jG : Mj ¼ q and
M 1 IGðyÞ. This contradicts the irreducibility of M, since by Cli¤ord’s Theorem M

acts transitively on fy1; . . . ; yqg. Thus MN ¼ G. Let m ¼ wjM . Since H tM we have
mjH ¼ e

P t
1 hi, where h1; . . . ; ht are distinct irreducible characters of H. Set h ¼ h1

and R ¼ IMðhÞ. Since M=H GG=N is cyclic, h extends to a character f of R. Then,
by Gallagher’s Theorem, hR ¼

P
b A IrrðR=HÞ fb, and by the Cli¤ord correspondence

hM ¼ fM ¼
P

bðfbÞ
M , where the characters ðfbÞM are the (distinct) irreducible

constituents of fM . Since ðhM ; mÞ ¼ ðh; mjHÞ0 0, m is a constituent of fM . It follows
that

ethð1Þ ¼ mð1Þ ¼ ðfbÞMð1Þ ¼ jM : RjðfbÞð1Þ ¼ thð1Þ:

Hence e ¼ 1. Moreover t > 1, since mð1Þ ¼ pq and hð1Þc yð1Þ ¼ p. Since t ¼ jM : Rj
is a q-power, we conclude that only two possibilities arise, namely either t ¼ q and
hð1Þ ¼ p, or t ¼ q2, hð1Þ ¼ 1 and p ¼ q.

Note that in the setting of Proposition 2.7, not only are the constituents hi distinct,
but they also form a single orbit under the action of M. The next proposition is a
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partial converse to 2.7, enabling one to build irreducible subgroups of G of degree pq

from given irreducible subgroups of N of degree p.

Proposition 2.8. Let G and N be as above, and H be a subgroup of N such that

wjH ¼
Pq

1 hi (with hi ¼ yi jH ) is a decomposition of wjH into distinct irreducible constit-

uents. Set y ¼ y1. If NGðHÞG IGðyÞ, then NGðHÞ has a cyclic q-subgroup X G IGðyÞ
and, for any such X, M ¼ HX is irreducible with respect to wjM .

Proof. Since NGðHÞG IGðyÞ we have G ¼ NGðHÞIGðyÞ. Let Q A SylqðNGðHÞÞ. Then
Q G IGðyÞ, since otherwise

jGjq ¼
jNGðHÞjq jIGðyÞjq
jNGðHÞV IGðyÞjq

¼ jIGðyÞjq:

Therefore we may pick x A QnIGðyÞ. Set X ¼ hxi and M ¼ HX . As in Proposition
2:7, set m ¼ wjM and h ¼ h1. Then mjH ¼

Pq
1 hi. Moreover, since xq A IGðyÞ, we have

xq A R ¼ IMðhÞ and q ¼ jM : Rj. Arguing as in Proposition 2.7, we see that h extends
to a character f of R and hM ¼

P
b A IrrðR=HÞðfbÞ

M , where the characters ðfbÞM are

the (distinct) irreducible constituents of fM . Since

mð1Þ ¼ qhð1Þ ¼ jM : Rjhð1Þ ¼ ðfbÞMð1Þ;

we obtain that wjM ¼ ðfbÞM for some b A IrrðR=HÞ, and therefore wjM belongs to
IrrðMÞ.

We close this subsection with a technical result needed later. It gives a su‰cient
condition for certain extensions of a centreless group to admit a faithful irreducible
character of degree pq.

Proposition 2.9. Let G ¼ NCY , where N tG, C ¼ CGðNÞ and Y ¼ hyi is a cyclic q-

group, q a prime. Suppose that N VC ¼ 1 and there exist y A IrrpðNÞ, p a prime, and

g A Irr1ðCÞ such that the orbit of yg under Y has size q and 7q�1
i¼0 kerðygÞ

yi

¼ 1. Then G

has a faithful irreducible character w of degree pq such that wjNC ¼
Pq�1

i¼0 ðygÞ
yi

.

Proof. By assumption yg A IrrpðNCÞ. Denote by I the inertia subgroup of yg:
then I has index q in G and, since I=NC is cyclic, yg extends to c A IrrpðIÞ. It
follows that w ¼ cG A IrrpqðGÞ. We now show that w is faithful. First note that
1 ¼ ðw;cGÞ ¼ ðwjI ;cÞ; thus yg is an irreducible constituent of wjNC . Since Y acts
transitively on the constituents of wjNC , it follows by degree considerations that
wjNC ¼

Pq�1
i¼0 ðygÞ

yi

. Let K ¼ ker w. By our assumption, K VNC ¼ 1. Thus for g A K

and x A N we have ½g; x� A K VN ¼ 1, whence g A C VK ¼ 1. We conclude that w is
faithful.
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3 The non-homogeneous case

The general assumption in this section is that G has a proper non-abelian mini-
mal normal subgroup N and an irreducible character w whose restriction to N splits
into pairwise distinct irreducible constituents. We emphasize again that, if G is w-
minimally irreducible, then G ¼ NY , by Lemma 2.1, where Y is a cyclic q-group.
Whether or not G is w-minimally irreducible, N is the direct product of isomorphic
simple groups, and the following holds:

Lemma 3.1. Let G, N and w be as above. Furthermore assume that w A IrrpqðGÞ, where

p, q are primes, wjN ¼
Pq

1 yi, where yi A IrrpðNÞ. Set N ¼
Qm

1 Si, where each Si is

isomorphic to a non-abelian simple group S. Then either m ¼ 1 (i.e. N is simple), or

m ¼ q.

Proof. By the minimality of N, G acts transitively on the set fS1; . . . ;Smg. Set y ¼ y1,
y ¼ s1 . . . sm, where si A IrrðSiÞ for each i. As yð1Þ ¼ p, we may assume that si is
trivial for each i > 1. Let g A IGðyÞ, and 10 s1 A S1: then ygðs1Þ ¼ yðs1Þ ¼ s1ðs1Þ. On
the other hand,

ygðs1Þ ¼ yðsg
1 Þ ¼ yðs 0i Þ ¼ psiðs 0i Þ;

where 10 s 0i A Si for some i. If i > 1 then siðs 0i Þ ¼ 1, and hence s1ðs1Þ ¼ p. This
is clearly impossible since N is a minimal normal subgroup of G, and therefore
ker wVN ¼ 1. Thus S

g
1 ¼ S1; in other words, IGðyÞ is contained in the stabilizer of

S1 under the action of G on the simple factors of N. Since jG : IGðyÞj ¼ q and q is
a prime, either StabGðS1Þ ¼ IGðyÞ, in which case m ¼ q, or StabGðS1Þ ¼ G, in which
case m ¼ 1.

3.1 Case I. In this subsection, we deal with the case when m ¼ 1. Thus N ¼ S is a
non-abelian simple group. Our first result establishes a significant restriction on the
parameter q.

Lemma 3.2. Suppose that G satisfies the following assumptions:

(i) G ¼ SY , where S is a normal non-abelian simple group and Y is a cyclic q-

subgroup;

(ii) G has an irreducible complex character w of degree pq, with p, q primes, such that

wjS ¼
Pq

1 yi, where y1; . . . ; yq are distinct irreducible characters of S of degree p.

Then fy1; . . . ; yqg is an orbit of IrrpðSÞ under the action of some cyclic q-subgroup

of OutðSÞ. In particular, q divides jOutðSÞj.

Proof. By Cli¤ord theory, the irreducible constituents y1; . . . ; yq of wjS are G-
conjugate. Since each of them is a class function on S, and since G ¼ SY it fol-
lows that they are also Y -conjugate. Thus Y cannot act on S by inner automor-
phisms. We conclude that Y maps to a non-trivial q-subgroup of OutðSÞ. The claim
follows.
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Lemma 3.2 prompts us to determine for which S the set IrrpðSÞ has non-trivial
orbits under the action of OutðSÞ. To this end, we inspect the irreducible simple
groups of prime degree in Table 1, and pin down the action of the outer auto-
morphisms of S on the corresponding characters. While most cases are fairly straight-
forward, the case when S ¼ PSLðn; uÞ, p ¼ ðun � 1Þ=ðu � 1Þ under the action of field
automorphisms requires some arithmetical results. We collect them in a series of pre-
liminary lemmas.
Suppose that u ¼ rns

, where r and n are primes. Set at ¼ rnt � 1 for t d 0, and
a�1 ¼ 1. Note that bt ¼ atþ1=at is an integer, since atjav whenever t c v. In fact,
b�1 ¼ F1ðrÞ and bt ¼ FnðrntÞ if t d 0. In view of this, we will make use of a nice
property of cyclotomic polynomials:

Lemma 3.3. For any two polynomials f ; g A Z½x� denote by remð f ; gÞ the remainder in

the Euclidean division algorithm. Suppose that n is prime. Then, for any d A N,

remðFnðxnd Þ;FnðxÞÞ ¼ remðFnðxnd Þ;F1ðxÞÞ ¼ n:

In particular, for any integer a we have

gcdðFnðand Þ;FnðaÞÞ ¼ gcdðn;FnðaÞÞ; gcdðFnðand Þ;F1ðaÞÞ ¼ gcdðn; a � 1Þ:

Proof. Since xn � 1 ¼ F1ðxÞFnðxÞ, it is enough to show that

remðFnðxnd Þ; xn � 1Þ ¼ n

for any d A N. As xn 1 1 modðxn � 1Þ we have

Fnðxnd Þ ¼
Xn�1
i¼0

xind

1 n modðxn � 1Þ;

and we are done.

We are now in a position to show the following:

Lemma 3.4. If t0 v, then gcdðbt; bvÞ ¼ 1.

Proof. We know that b�1 ¼ F1ðrÞ and bv ¼ FnðrnvÞ if v d 0. Thus, if �1 ¼ t < v,
then gcdðbt; bvÞ ¼ gcdðF1ðrÞ;FnðrnvÞÞ. By Lemma 3.3 this equals gcdðn; r � 1Þ. By
Lemma 2.5 (i), we have gcdðn; u � 1Þ ¼ 1, whence gcdðn; r � 1Þ ¼ 1. Now assume that
�1 < t < v and set d ¼ v � t, a ¼ rnt

. Then

gcdðbt; bvÞ ¼ gcdðFnðaÞ;Fnðand ÞÞ ¼ gcdðn;FnðaÞÞ:
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Suppose that gcdðn;FnðaÞÞ ¼ n. Then an 1 1 mod n, that is, rntþ1
1 1 mod n. Since

rn�11 1 mod n, it follows that r1 1 mod n, a contradiction.

For application to the action of Fr on IrrpðSÞ, we separate the cases when n is odd
and when n ¼ 2.

Case 1. Suppose that n is odd. Consider the additive group R ¼ Zu�1. Then multi-
plication by r defines an endomorphism m of R of order ns. We claim that m, in its
permutation action on R, has orbits of all possible lengths nl with 0c l c s. First we
record the following elementary facts (the map cxa 7! xb provides the isomorphism in
(i)).

Lemma 3.5. Let a; b; c A N.

(i) If a ¼ bc, then AnnZa
ðbÞ ¼ cZa GZb.

(ii) If b and c are factors of a, then bZa V cZa ¼ lcmðb; cÞZa.

By Lemma 3.4, pðasÞ is the disjoint union of the sets pðbtÞ. Therefore the following
definition makes sense.

Definition 3.6. Let c A pðasÞ. The unique integer t such that c A pðbt�1Þ is called the
weight of c and denoted by wðcÞ.

Now observe that if i ; j A R and i ¼ jk for a unit k, then clearly i and j lie in orbits
of the same size under the action of m. Thus we only need to consider those j A R

such that pð jÞJ pðasÞ.

Lemma 3.7. The number of orbits of length nl under the action of m on R equals

ðrn l�1ðrðn�1Þn l�1 � 1ÞÞ=nl if 0 < l c s, and r � 1 if l ¼ 0. In particular, m has orbits of all

possible lengths nl with 0c l c s. More precisely, given j A R such that pð jÞJ pðasÞ,
then j j hmij ¼ nwðcÞ, where c is a prime of maximal weight in p	ðasÞnp	ð jÞ.

Proof. By definition, u � 1 ¼ as ¼
Q

�1ct<s bt. Set cl ¼
Q

lct<s bt, so that u � 1 ¼ clal .
Now j A R lies in an orbit of length at most nl if and only if al is annihilated by j . By
Lemma 3.5, AnnRðalÞ ¼ clRGZal

. Set

ms; l ¼ jf j A R � f0g
�� j j hmij ¼ nlgj;

thus al ¼ ms; l þ al�1. Since the number of cycles of length nl is exactly ms; l=n
l , we get

the first part of the statement. The last part follows because the integers bt are pair-
wise coprime, by Lemma 3.4.

Case 2. Suppose that n ¼ 2. In this case also we must have r ¼ 2. Setting R ¼ Zu�1 as
above, we let m act by multiplication on the quotient set ~RR ¼ R=@, where j @ i if
and only if j 1Gi modðu � 1Þ.
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Lemma 3.8. The number of orbits of length nl under the action of m on ~RR is

22
l�1�lð22 l�1 � 1Þ if 0 < l < s, is 22

s�1�sð22 s�1�1 � 1Þ if l ¼ s > 1, and is 2 if l ¼ 0. In

particular, m has orbits of all possible lengths 2 l with 0c l c s, unless ðs; lÞ ¼ ð1; 1Þ.
More precisely, given j A R such that pð jÞJ pðasÞ, and given an element c of maximal

weight in p	ðasÞnp	ð jÞ, then j½ j �hmi@ j equals 2wðcÞ�1 if p	ðasÞnp	ð jÞJ p	ðbwðcÞ�1Þ, and

2wðcÞ otherwise.

Proof. Since at ¼ 22
t � 1 we have bt ¼ 22

t þ 1. Assume first that 0c l < s. The m-
orbit of ½ j �@ A ~RR has size at most 2 l if and only if 22

l

j 1G j modðu � 1Þ, that is, if
and only if j A AnnRðalÞUAnnRðblÞ. By Lemma 3.5,

AnnRðalÞVAnnRðblÞ ¼ ðas=alÞRV ðas=blÞR ¼ lcmðas=alÞ; ðas=blÞÞR:

But bl j as=al and gcdðbl ; ðas=blÞÞ ¼ 1 by Lemma 3.4, and thus

lcmððas=alÞ; ðas=blÞÞ ¼ as:

It follows that jAnnRðalÞUAnnRðblÞj ¼ al þ bl � 1 for 0c l < s. Set

ns; l ¼ jf j A R j j½ j �hmi@ j ¼ 2 lgj:

Then ns; l ¼ 22
l�1þ1ð22 l�1 � 1Þ if 1c l < s, whereas ns;0 ¼ 3. Next assume that l ¼ s.

Then AnnRðalÞ ¼ R, whence ns; s ¼ 22
s�1þ1ð22 s�1�1 � 1Þ if s > 1, whereas n1;1 ¼ 0. We

now have to identify elements of R via@. Since u � 1 is odd, each pair of non-zero
opposite elements in R are identified via@. Thus there is exactly one fixed point under
m in ~RR � f0g, whereas the number of hmi-orbits of size 2 l > 1 equals ns; l=2

lþ1. Finally,
notice that awðcÞ j ¼ 0. If p	ðasÞnp	ðxÞJ p	ðbwðcÞ�1Þ, then

bwðcÞ�1 j ¼ 00 awðcÞ�1 j

and the orbit of ½ j �@ has size 2wðcÞ�1. Otherwise bwðcÞ�1 j 0 0 and the orbit size equals
2wðcÞ.

In order to state and prove Theorem 3.9 below, we set up the following ad hoc

notation: in Case 1, for j A R set sð jÞ ¼ wðcÞ, as defined in Lemma 3.7; in Case 2, for
½ j �@ A ~RR set sð jÞ ¼ wðcÞ � 1 or wðcÞ, according to Lemma 3.8.
We are now ready to prove our ‘Orbit Theorem’.

Theorem 3.9. Let S be a non-abelian simple group having an irreducible complex char-

acter y of prime degree p. Suppose that the orbit yX of y under the action of some cy-

clic q-subgroup X of OutðSÞ, where q is a prime, is non-trivial. Then ðS; p; jyX j; jX jÞ is

one of the following.

(1) ðPSLð2; uÞ; 12 ðuG 1Þ; 2; 2Þ. Here y is a Weil character and X ¼ hqi, where q is the

diagonal automorphism of S.
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(2) ðPSLð2; uÞ; u � 1; q; qÞ. Here u ¼ 2q, and S has u=2 irreducible characters of de-

gree u � 1. Set IrrpðSÞ ¼ fyj j 1c j c u=2g. Then y ¼ yj for each j 0 1
3 ðu þ 1Þ

and X ¼ hFri.

(3) ðPSLðn; uÞ; ðun � 1Þ=ðu � 1Þ; nt; ntþs�sð jÞÞ. Here n ¼ q d 2 is a prime and

u ¼ rns

> 2:

If n > 2, S has u � 2 irreducible characters of degree p, parametrized by Z	
u�1,

whereas, if n ¼ 2, it has 1
2 ðu � 2Þ irreducible characters of degree p, parametrized

by Z	
u�1=@. Set IrrpðSÞ ¼ fyjg, where j ranges over ½u � 2� if n > 2 and over

½ðu � 2Þ=2� if n ¼ 2. Then y ¼ yj and X ¼ hFrnsð jÞ�t

i, where Fr is the Frobenius

automorphism of S (of order qs), 0 < t c sð jÞc s, and ðn; uÞ0 ð2; 22Þ.

(4) ðPSLðn; uÞ; ðun � 1Þ=ðu � 1Þ; 2; 2Þ. Here n is an odd prime, u ¼ rns

> 2. Then

IrrpðSÞ ¼ fyj j 1c j c u � 2g, y ¼ yj for each j 0 1
2 ðu � 1Þ, and X ¼ hgi, where

g is the graph automorphism of S.

(5) ðPSpð2n; uÞ; 12 ðun G 1Þ; 2; 2Þ. Here y is a Weil character and X ¼ hqi, where q is

the diagonal automorphism of S.

(6) ðM12; 11; 2; 2Þ. Here y is one of two deleted permutation characters and

X ¼ OutðSÞGZ2:

Proof. We inspect the simple irreducible groups of prime degree p (see Table 1).
(a) S ¼ Apþ1. This case is ruled out, since the only representation of degree p > 5

is the deleted permutation representation (see [4, Lemma 3.2]).
(b) S ¼ PSLð2; uÞ, p ¼ u. It is a well known result (dating back to I. Schur) that

there is only one irreducible representation of degree u (the so-called Steinberg rep-
resentation). Thus this case is also ruled out.
(c) S ¼ PSLð2; uÞ, p ¼ 1

2 ðuG 1Þ. There are exactly two representations of S for
each of the stated values of p (see [6, Chapter 38], where the explicit character values
are given). These so-called Weil representations are fixed by the field automorphism,
but interchanged by the diagonal automorphism of S. Thus we get (1).
(d) S ¼ PSLð2; uÞ, u even, p ¼ u � 1. Here p prime forces u ¼ 2q, with q a prime.

Let b A S be of order u þ 1. Then (cf. [6, Chapter 38]) IrrpðSÞ ¼ fyj j 1c j c u=2g,
and for all j;m A f1; . . . ; u=2g we have yjðbmÞ ¼ �ða jm þ a�jmÞ, where a A C	 is a
primitive ðu þ 1Þth root of 1. As u is even, InnðSÞ has a complement in AutðSÞ,
namely the cyclic group of order q generated by Fr. Moreover the action of Fr on yj

is completely determined by the values of yj on the powers bm ðm A f1; . . . ; u=2gÞ.
Observe that the eigenvalues of both b2 and bFr are the squares of the eigenvalues
of b, and hence their invariant factors, and so also the minimum and characteristic
polynomial, coincide. It follows that b2 and bFr are conjugate in SLð2; uÞ, and
therefore yj is Fr-invariant if and only if

yFrj ðbmÞ ¼ yjððbmÞFrÞ ¼ yjðb2mÞ ¼ yjðbmÞ;
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that is, if and only if a jm þ a�jm ¼ a2jm þ a�2jm for all m A f1; . . . ; u=2g. Setting
m ¼ 1, this in turn implies ða j � 1Þða3j � 1Þ ¼ 0, which occurs, as j c u=2, if and
only if j ¼ 1

3 ðu þ 1Þ. Thus yðuþ1Þ=3 is the only character in IrrpðSÞ fixed by Fr, while
the remaining ones lie in ðu=2� 1Þ=q Fr-orbits of size q.
(e) S ¼ PSLðn; uÞ, p ¼ ðun � 1Þ=ðu � 1Þ, u > 2. By Lemma 2.5 (i), n is a prime,

u ¼ rns

for some prime r and gcdðn; u � 1Þ ¼ 1. In particular, PSLðn; uÞG SLðn; uÞ.
Let us consider the action of S on the projective space PGðn � 1; uÞ and let P be the
stabilizer in S of a point of PGðn � 1; uÞ. Up to conjugation, we may assume that P

consists of the n � n matrices

gðb; a;BÞ ¼ b a

0 B

� �
;

where b A F	
u , a A Fn�1

u , B A GLðn � 1; uÞ and b detB ¼ 1. The map

gðb; a;BÞ 7! gðb; 0;BÞ

is an epimorphism from P to K GGLðn � 1; uÞ with elementary abelian kernel
AGFn�1

u , and P ¼ A : K . It is well known that GLðn; uÞ0 ¼ SLðn; uÞ0 ¼ SLðn; uÞ,
unless ðn; uÞ ¼ ð2; 2Þ or ð2; 3Þ (cf. [9, (II.6.10)]). Now A is an irreducible K-module,
and hence either ½A;K � ¼ 1 or ½A;K � ¼ A. But the former holds if and only if
ðn; uÞ ¼ ð2; 2Þ or ð2; 3Þ, and therefore is ruled out since S is simple. It follows that
P 0 ¼ K 0½A;K � ¼ K 0A, whence jP : P 0j ¼ jK : K 0j ¼ u � 1, unless ðn; uÞ ¼ ð3; 2Þ, in
which case jP : P 0j ¼ 2. Since by assumption u > 2, we conclude that

jIrr1ðPÞj ¼ u � 1:

It is known (cf. [4], [5]) that inducing to S the non-principal linear characters of P one
obtains all irreducible characters of S of degree p. Indeed, all such characters are
monomial (by [4, Theorem 1.2]), and moreover the only subgroups of S having index
p are the point stabilizers and their duals (cf. [27, Theorem 2.1]; see also [3, Remark
3.1.1]). However the dual of P is obtained by applying to P the invert-transpose au-
tomorphism of S, hence inducing non-principal linear characters from the dual of P

to S gives rise to the same set of characters obtained from P.
In order to determine the orbits under outer automorphisms of S, we need a more

detailed description of IrrpðSÞ. First observe that gðb; a;BÞP 0 7! b is an isomorphism
from P=P 0 to F	

u . Let F	
u ¼ hni, choose a primitive ðu � 1Þth root of unity o in C,

and define r : n i 7! o i, l : gðn i; a;BÞ 7! rðn iÞ ¼ o i. Then clearly Irr1ðPÞ ¼ hli. We
now set lj :¼ l j and yj :¼ lS

j (where j is taken modðu � 1Þ, j 0 0), and proceed to
evaluate yj on convenient elements of P. We need a suitable left transversal to P in S.
For each i A ½n�, set e ¼ ð�1Þdi=2e, Ji ¼ antidiagðe; 1; . . . ; 1Þ of size i and

tði; vÞ ¼ Ji 0

VðvÞ 1n�i

� �
;
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where v A Fn�i
u (column space) and VðvÞ is the ðn � iÞ � i matrix with first column v

and zeros elsewhere. Then T ¼ ftði; vÞ j i A ½n�; v A Fn�i
u g is the required transversal.

Indeed, jT j ¼ p, and tði; vÞ maps the standard basis vector e1 of Fn
u to ei þ ð0i; vÞ t.

Now we choose c ¼ diagðn1�n; n1n�1Þ A P and compute yjðcÞ ¼
P

t AT l0j ðt�1ctÞ. Set-
ting Di ¼ diagðn1�n; n1i�1Þ, we get

t�1ct ¼ J t
i DiJi 0

VðvÞðn1n�i � J t
i DiJiÞ n1n�i

� �
:

Since J t
i DiJi is obtained by reflecting Di along the second main diagonal, it follows

that t�1ct A P if and only if either i > 1 or ði; vÞ ¼ ð1; 0Þ. Thus, for suitable diagonal
matrices Bi,

yjðcÞ ¼
Xn�1
2

un�iljðgðn; 0;BiÞÞ þ ljðgðn1�n; 0;B1ÞÞ

¼ ððun�1 � 1Þ=ðu � 1ÞÞo j þ o jð1�nÞ:

We are now ready to prove (3). Since under our assumptions gcdðn; u � 1Þ ¼ 1, S has
no diagonal automorphisms: thus OutðSÞGS : G, where S and G denote the groups
of field and graph automorphisms respectively (in particular, G is generated by the
invert-transpose automorphism if n > 2, and is trivial if n ¼ 2). Suppose first that
n > 2. Now S is generated by the Frobenius automorphism Fr of order ns and acts
on IrrpðSÞ via yj ! yFrj , where yFrj ðsFrÞ ¼ yjðsÞ for s A S. We claim that yFr

�1

j ¼ yrj .
Observe that yjðcFrÞ ¼ yjðcrÞ ¼ yrjðcÞ. Hence, to prove our claim, it will be enough to
show that the value yjðcÞ uniquely determines yj . Set x ¼ o�j, c ¼ o�i and observe
that yiðcÞ ¼ yjðcÞ if and only if

un�1 � 1

ðu � 1Þðc�1 � x�1Þ
¼ xn�1 � cn�1:

If x0c, then

xn�1 � cn�1

c�1 � x�1
¼ xc

Xn�2
k¼0

xn�2�kck;

whose absolute value is at most n � 1. However ðun�1 � 1Þ=ðu � 1Þ > n � 1 as n > 2.
Therefore yiðcÞ ¼ yjðcÞ if and only if i ¼ j. We conclude that the action of S on
IrrpðSÞ is permutationally equivalent to multiplication by r on Z	

u�1, as described
in Lemma 3.7. Namely, there are S-orbits on IrrpðSÞ of all sizes between 1 and ns

depending on j (an explicit algorithm was provided there to determine sð jÞ, where
jyS

j j ¼ nsð jÞ). Now suppose that n ¼ 2, which in turn forces r ¼ 2. In this case, yj is
uniquely determined by its values on the powers of c (see [6, Theorem 38.2]). The
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same computations as above show that yi ¼ yj if and only if i1G j modðu � 1Þ; in
other words, IrrpðSÞ is parametrized by Z	

u�1=@. In particular, the action of S on
IrrpðSÞ is permutationally equivalent to multiplication by 2 on Z	

u�1=@, as described
in Lemma 3.8. Namely, all possible orbit sizes 2 l occur, where 0c l c s, unless
ðs; lÞ ¼ ð1; 1Þ, i.e. S ¼ PSLð2; 4Þ. Moreover, for any given ½ j �@, the integer sð jÞ such
that jyS

j j ¼ nsð jÞ can be explicitly computed. Note that yðu�1Þ=3 is the unique S-
invariant element of IrrpðSÞ; in particular, PSLð2; 4Þ has a unique character of
degree 5. Finally, observe that, for a given X cS, we have jyX

j j ¼ nt if and only if
jX : CX ðyjÞj ¼ nt. Since S is cyclic and jCSðyjÞj ¼ ns�sð jÞ, the latter occurs if and only
if jX j ¼ ntþs�sð jÞ. (In particular, notice that, if yj is not S-invariant, then there exists a
subgroup X of S such that yX

j has exactly size n.) The proof of (3) is complete.
It remains to consider the action of G on IrrpðSÞ. Here n > 2 and G ¼ hgi, where g

is the invert-transpose automorphism. The matrix c defined above is inverted by g

and hence y
g
j ¼ y�j. It follows that under the action of g the set IrrpðSÞ splits into

1
2 ðu � 2Þ orbits of size 2 if u is even, and into 1

2 ðu � 3Þ orbits of size 2 and a single
fixed character if u is odd. Thus we have proved (4).
(f ) S ¼ PSpð2n; uÞ, n d 2. Here the relevant representations of S are the Weil rep-

resentations listed in Table 1 and discussed in the subsequent remarks. Since u is odd,
OutðSÞGS�hqi, where S denotes the group of field automorphisms and q is a di-
agonal automorphism of order 2 (cf. [12, Chapter 2]). Let V ¼ Vð2n; uÞ be the un-
derlying space of Spð2n; uÞ, and

M ¼ hei j 1c i c ni; N ¼ hei j n þ 1c i c 2ni

be two maximal totally isotropic subspaces of V such that V ¼ M lN. We may
order the basis ðei j 1c i c 2nÞ of V so that the alternating form defining Spð2n; uÞ is
represented by the matrix

0 1n

�1n 0

� �
:

Then q is realizable by transforming via the matrix D ¼ diagðn1n; 1nÞ, where n is a
non-square in F	

u (note that conjugating by D has order 2 modulo Sp�ZðGLð2n; uÞÞ).
We claim that, if y is one of the Weil irreducible characters of Spð2n; uÞ, then yq 0 y.
Recall that Spð2n; uÞ has two distinct classes of conjugate transvections. (This is well
known. It su‰ces to look at transvections with the same centre and axis. This allows
us to reduce to the case n ¼ 1, and examine when

1 1

0 1

� �
and

1 t

0 1

� �

are conjugate under SLð2; uÞ. This happens if and only if t A ðF	
u Þ

2.) In particular,
t ¼ 12n þ e1;nþ1 and tn ¼ 12n þ ne1;nþ1 are two symplectic transvections, not conjugate
under Spð2n; uÞ, and such that tq ¼ tn. We now want to evaluate y on t and tn. Recall
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that Spð2n; uÞ has two characters r, r	 of degree qn such that r ¼ xþ c, r	 ¼ x	 þ c	,
for which explicit formulas are given in [26, Proposition 2]. Computation shows that

rðtÞ ¼ un�1
X
a AFu

lðc2Þ and rðtnÞ ¼ un�1
X
a AFu

lðnc2Þ;

where l A Irr1ðFu;þÞ. Let c be the quadratic character of ðF	
u ; �Þ and consider the

‘Gaussian sum’ Gl ¼ Gðc; lÞ ¼
P

c AF 	
u
cðcÞlðcÞ (see [17, p. 192]). Denoting by r

the subset of non-zero squares in Fu, we have Gl ¼
P

c Ar lðcÞ �
P

c Ar lðncÞ. By
the orthogonality relations

P
c AFu

lðcÞ ¼ 0, and hence Gl ¼
P

c AFu
lðc2Þ. Setting

lnðcÞ ¼ lðncÞ, by [17, Theorem 5.12 (i)], we have Gln ¼ �Gl. It follows that
rðtÞ ¼ �rðtnÞ. In particular, since jGj2 ¼ u by [17, Theorem 5.11], we see that
rðtÞ0 rðtnÞ. Now, by [28, Lemma 2.6] we have rðtÞ ¼ xðtÞ þ cðtÞ, xðtÞ ¼ 1þ cðtÞ,
rðtnÞ ¼ xðtnÞ þ cðtnÞ and xðtnÞ ¼ 1þ cðtnÞ. This readily implies that

xðtÞ0 xðtnÞ ¼ xqðtÞ and cðtÞ0cðtnÞ ¼ cqðtÞ:

The same holds for x	 and c	. We conclude that xq ¼ x	, cq ¼ c	.
We now turn to the Frobenius action, and observe that tFr ¼ t. Since by the above

y	ðtÞ0 y	ðtnÞ ¼ yðtÞ ¼ yðtFrÞ ¼ yFr
�1
ðtÞ;

we conclude that Fr stabilizes y.
(g) S ¼ PSUðn; uÞ, p ¼ ðun þ 1Þ=ðu þ 1Þ, n d 3. Here ðun þ 1Þ=ðu þ 1Þ prime forces

gcdðn; u þ 1Þ ¼ 1. Thus PSUðn; uÞG SUðn; uÞ, and (cf. [12, Chapter 2]) OutðSÞGS,
the group of field automorphisms. Let F	

u2 ¼ hni, m ¼ nu�1 and x ¼ ou�1, where
o is a primitive ðu2 � 1Þth root of 1 in C. It was proven in [28, §4] that
IrrpðSÞ ¼ fz i

n j 1c i c ug and, for g A S,

z i
nðgÞ ¼

ð�1Þn

u þ 1

Xu

l¼0
x�ilð�uÞdimkerðg�m�l1Þ: ð	Þ

We claim that IrrpðSÞ is fixed elementwise by S ¼ hFri. Indeed, the value z i
nðgÞ only

depends on dim kerðg � m�l1Þ. Since the rank of a matrix A is the same as the rank of
AFr, we have

dimkerðg � m�l1Þ ¼ dimkerðgFr � m�lr1Þ:

We conclude from ð	Þ, with m replaced by mFr, that each z i
n is Fr-invariant. Thus the

case S ¼ PSUðn; uÞ is ruled out.
(h) S ¼ PSpð6; 2Þ. This case is ruled out, since OutðPSpð6; 2ÞÞ is trivial (see [12,

Chapter 2]).
(i) The sporadic groups in the list all have trivial outer automorphism groups, ex-

cept for S ¼ M12. In the latter case OutðSÞ has order two, and S has precisely two
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irreducible complex representations of degree 11, which are interchanged by an outer
automorphism.

Another ingredient needed to control outer automorphisms concerns the embed-
dings of automorphism groups of symplectic groups in symplectic groups of larger
degree over smaller fields. Let F be a field of order u contained in a field E of order ud .
As already mentioned, a standard embedding of the group Spð2m; udÞ in Spð2md; uÞ
is obtained via the trace map of E over F. It is convenient to have explicit control of
the embedding. This can be done exploiting the so-called regular representation of E
over F. Fix an F-basis b for E. Then, given x A E, right multiplication by x induces
an F-linear transformation on E. Denoting by RðxÞ the matrix of x with respect to b,
the map x 7! RðxÞ is a representation of E as a subalgebra of ðFÞd , the regular rep-
resentation of E over F. Moreover it is known (cf. [22]) that b may be chosen so that
RðxÞ is a symmetric matrix for every x A E. Then the following holds:

Lemma 3.10. Let b be an F-basis of E such that the regular representation R is

symmetric. Define the map R0 : ðEÞ2m ! ðFÞ2md as follows: R0ðAÞ ¼ ðRðaijÞÞ for

A ¼ ðaijÞ A ðEÞ2m. Then R0ðSpð2m; udÞÞc Spð2md; uÞ.

Proof. It is readily checked that R0 is an F-algebra monomorphism. Without loss of
generality, we may assume that g ¼ ðgijÞ A Spð2m; udÞ if and only if ge2mg 0 ¼ e2m,
where e2m ¼ ðe12 � e21Þn 1m. Since

R0ððgijÞÞ0 ¼ ðR 0ðgjiÞÞ ¼ ðRðgjiÞÞ ¼ R0ððgjiÞÞ;

we see that R0ðg 0Þ ¼ R0ðgÞ0. Thus R0ðgÞR0ðe2mÞR0ðgÞ0 ¼ R0ðe2mÞ. Since

R0ðe2mÞ ¼ e2md ;

we deduce that R0ðSpð2m; udÞÞc Spð2md; uÞ.

We can now determine when a group G satisfying the assumptions of Lemma 3.2
is w-minimally irreducible. It turns out that minimal irreducibility depends heavily on
the image of Y in OutðSÞ, which can be determined from Theorem 3.9. In particular,
the two families of symplectic groups in Table 1 behave quite di¤erently.

Theorem 3.11. Let p and q be primes. Suppose that G has a non-abelian simple normal

subgroup S, and that there exist y A IrrpðSÞ and X cOutðSÞ such that the orbit of y

under the action of X has length q. Set yX ¼ fy1; . . . ; yqg and C ¼ CGðSÞ. If G is w-
minimally irreducible for some character w such that wjS ¼

Pq
1 yi, then the following

holds.

(1) G ¼ SY , where Y is a cyclic q-group and fy1; . . . ; yqg is a Y-orbit.

(2) The triple ðS; p; qÞ is one of the following:
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(a) ðPSLð2; uÞ; 12 ðu þ 1Þ; 2Þ, u1 1 mod 4;

(b) ðPSLð2; 2qÞ; 2q � 1; qÞ;

(c) ðPSLðn; uÞ; ðun � 1Þ=ðu � 1Þ; nÞ, n ¼ q d 2, u > 2;

(d) ðPSLðn; uÞ; ðun � 1Þ=ðu � 1Þ; 2Þ, n an odd prime, u > 2;

(e) ðPSpð2n; uÞ; 12 ðun þ 1Þ; 2Þ, ðn; uÞ0 ð2; 3Þ;

(f ) ðM12; 11; 2Þ.

(3) ½C;

W

1ðYÞ� ¼ 1.

(4) Any linear constituent of wjC is faithful.

Conversely, suppose that G is a group with a simple normal subgroup S satisfying

(1)–(3). Then G has an irreducible character w such that wjS ¼
Pq

1 yi. Furthermore, if w
satisfies (4), then w is faithful and G is w-minimally irreducible.

Proof. (1) follows immediately from Lemma 2.1. To determine whether or not
G ¼ SY is w-minimally irreducible, we test for the existence of maximal irreducible
subgroups M of G behaving as in Proposition 2.7. In particular, we have information
on H ¼ M VS. Namely, we know that H is a proper subgroup of S, and either H is
abelian and p ¼ q, or H is irreducible of degree p. However, by Lemma 2.6 and
Lemma 3.2, the former case cannot occur. It remains to examine the simple groups S

appearing in Theorem 3.9, seeking proper irreducible subgroups H satisfying the
constraints of Proposition 2.7. In particular, for any such H we have ðyiÞjH ¼ hi for
1c i c q and hence jIrrpðHÞjd q. If no such subgroup exists, then G is minimally
irreducible. Otherwise, we apply Proposition 2.8 to prove that G does contain proper
irreducible subgroups.
Running through the groups S listed in Theorem 3.9, we first observe that, ac-

cording to [3], the group PSLð2; uÞ is minimally irreducible of degree p ¼ 1
2 ðu þ 1Þ if

u > 11, and the group PSLðn; uÞ is minimally irreducible of degree

p ¼ ðun � 1Þ=ðu � 1Þ

if n d 2, u > 2. We are left to consider the remaining groups PSLð2; uÞ, the symplec-
tic groups and the Mathieu group M12.
(a) S ¼ PSLð2; 5Þ, p ¼ 3. Here S GA5, jIrr3ðSÞj ¼ 2 and the only irreducible sub-

groups H < S are isomorphic to A4. However jIrr3ðA4Þj ¼ 1. Therefore, by Propo-
sition 2.7, G is minimally irreducible of degree 6 (an example of minimal order being
PGLð2; 5ÞGS5).
(b) S ¼ PSLð2; 9Þ, p ¼ 5. Here jIrr5ðSÞj ¼ 2 and the only irreducible subgroups

H < S are isomorphic to A5. However jIrr5ðA5Þj ¼ 1. By Proposition 2.7 again, G

is minimally irreducible of degree 10.
(c) S ¼ PSLð2; uÞ, p ¼ 1

2 ðu � 1Þ. Here q ¼ 2 and jIrrpðSÞj ¼ 2. Denote by H a
standard Borel subgroup of S (say, the image in S of the set of upper triangular
matrices). Now H is a Frobenius group of order up and hence its character degree
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pattern is ½1p; p2� (see [9, (V.16.13)]). Set IrrpðHÞ ¼ fh; h	g, IrrpðSÞ ¼ fy; y	g. Since
H is non-abelian, y and y	 both restrict irreducibly to H. In fact, yjH ¼ h0 h	 ¼ y	

jH
(cf. [6, Chapter 38]). Without loss of generality we may assume that CY=C ¼ hqi,
where q is the diagonal automorphism of S realized by conjugation via a diagonal
matrix. It follows that H is Y -invariant, and moreover Y G IGðyÞ. Thus we may ap-
ply Proposition 2.8 to H, and M ¼ HY is w-irreducible. Notice that M is soluble and
hence is a proper subgroup of G. We conclude that G is not minimally irreducible.
(d) S ¼ PSLð2; 2qÞ, p ¼ 2q � 1. We show that in this case no proper subgroup H

of S meets the constraints of Proposition 2.7 by examining the list of subgroups of
PSLð2; uÞ (cf. [9, (II.8.27)]). Dihedral subgroups are immediately ruled out since S

has no irreducible ordinary representation of degree 2. The groups A4 and S4 are also
ruled out, the former because it has only one non-linear irreducible character, the
latter because obviously 22q 2 1 mod 16. The character degree pattern ½1; 32; 4; 5� of
A5 forces p ¼ 3, q ¼ 2, whence u ¼ 4, and therefore S ¼ H. Now suppose that H is a
semidirect product of an elementary abelian 2-group of order 2m by a cyclic group of
order t, where t j gcdð2m � 1; 2q � 1Þ. Since p ¼ 2q � 1, either t ¼ 1, in which case H

is abelian, or t ¼ p and m ¼ q. In the latter case, H is a Frobenius group of order 2qp,
and therefore jIrrpðHÞj ¼ 1. Since PGLð2; uÞGPSLð2; uÞ for u even, we are only left
to consider the case H GPSLð2; 2mÞ, where m divides 2q. Since H < S, either m ¼ 1
or m ¼ 2. Now H GPSLð2; 2Þ is ruled out, since it has a single non-linear irreducible
character of degree 2, which cannot be a character of S. Otherwise m ¼ 2, and we are
back to the case H GA5. This exhausts the list of subgroups of PSLð2; 2qÞ. We con-
clude that G is a minimally irreducible group of degree ð2q � 1Þq.
(e) S ¼ PSpð2n; 3Þ, p ¼ 1

2 ð3n � 1Þ. Considering the embedding of PSLð2; 3nÞ
in PSpð2n; 3Þ realized via the regular representation of F3 n over F3, we set
H ¼ R0ðPSLð2; 3nÞÞ. Observe that the irreducible Weil characters y, y	 of S restrict
irreducibly to H (since 1

2 ð3n � 1Þ is the minimal non-trivial degree for both groups).
We have shown in the proof of Theorem 3.9 that the diagonal automorphism q in-
duced by diagð�1n; 1nÞ interchanges y and y	. Notice that

diagð�1n; 1nÞ ¼ R0ðdiagð�1; 1ÞÞ;

and �1 is not a square in F	
3 n , since 12 ð3n � 1Þ is odd. It then follows (cf. [6, Chapter

38]) that yjH 0 ðyqÞjH . Since OutðSÞGZ2, the subgroup Y maps onto OutðSÞ. As in
(c), we may assume that CY=C ¼ hqi. Thus H is Y -invariant, and applying Propo-
sition 2.8 we obtain that M ¼ HY is an irreducible subgroup of G. Since S is a com-
position factor of G but not of M, we conclude that G is not minimally irreducible.
(f ) S ¼ PSpð2n; uÞ, p ¼ 1

2 ðun þ 1Þ. Here n ¼ 2a d 2, u ¼ r2
b

, r an odd prime. We
will prove that no maximal subgroup H of S meets the constraints of Proposition
2.7, concluding that G is minimally irreducible of degree 2p, unless S ¼ PSpð4; 3Þ.
Now, a maximal subgroup H of S belongs either to one of the ‘Aschbacher classes’
C1; . . . ;C8 or to a certain classS of almost simple groups. These classes are described
in detail in [12], which will also serve as our reference for the orders of finite classical
groups. A case-by-case analysis shows the following:
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C1: H is the stabilizer either of a totally singular subspace of dimension m c n, or
of a non-degenerate subspace of dimension 2m < 2n. In the former case,

H GE:Zu�1:ðPGLðm; uÞ � PSpð2ðn � mÞ; uÞÞ;

where E is an elementary abelian r-group of order u2nm�ðð3m�1Þm=2Þ. Since

un þ 1 > ui G 1

for i < n, pa jHj. In the latter case,

H GZ2:ðPSpð2m; uÞ � PSpð2ðn � mÞ; uÞÞ;

and hence H has order 12 u
m2þðn�mÞ2 Qn�m

i¼1 ðu2i � 1Þ
Qm

i¼1ðu2i � 1Þ. As before, we con-
clude that pa jHj.

C2: H is either of ‘type’ Spð2m; uÞ o St, n ¼ mt with t d 2, or of ‘type’ GLðn; uÞ:Z2.
In the former case, H G ðZ2Þ t�1:ðPSpð2m; uÞ o StÞ and hence

jHj ¼ t!

2

�
um2

Ym
1

ðu2i � 1Þ
�t

:

Since pa jPSpð2m; uÞj, we have p j jHj if and only if t d p. But the latter im-
plies that n ¼ mt > 1

2 ðun þ 1Þ, which is impossible, since 2n � 1 < 3n for each
integer n. If H has type GLðn; uÞ:Z2, then H GZðu�1Þ=2:PGLðn; uÞ:Z2, and hence
jHj ¼ u

n
2ð ÞQn

1 ðui � 1Þ is not divisible by p.
C3: H is isomorphic to either Zðuþ1Þ=2:PGUðn; uÞ:Z2 or PSpðn; u2Þ:Z2. In the former

case jHj ¼ u
n
2ð ÞQn

1 ðui � ð�1Þ iÞ. Since p > 1
2 ðui � ð�1Þ iÞ for i c n and n even, pa jHj.

Now suppose that H GPSpðn; u2Þ:Z2. Then S has a single conjugacy class of sub-
groups isomorphic to H (cf. [12, §4.3]). Thus, by Lemma 3.10, without loss of gen-
erality we may assume that PSpðn; u2Þ ¼ R0ðSpðn; u2ÞÞ=h�12ni. Set E ¼ Fu2 ,
F ¼ Fu. It is known that Z2 realizes as an inner automorphism of S the field auto-
morphism s of PSpðn; u2Þ induced by the involutory automorphism f 7! f u of E
(cf. [12, §4.3, p. 116]). We need an explicit matrix s0 realizing s. Observe that any
such s0 belongs to CðFÞ2nðDÞ, where D ¼ R0ððFÞnÞ. Since dimFðCðFÞ2nðDÞÞ ¼ 22 (see
[9, (V.14.5)]), and obviously any matrix of shape diagðs; . . . ; sÞ with s A ðFÞ2 cen-
tralizes D, it follows that s0 ¼ diagðs; . . . ; sÞ for some s A GLð2;FÞ. Since s0 realizes
s, clearly RðxÞs ¼ RðxuÞ for all x A E. We claim that s is conjugate in GLð2; uÞ to
diagð1;�1Þ. First note that 1 is an eigenvalue of s, since s centralizes Rð1Þ. On the
other hand, since E ¼ FðaÞ where a2 ¼ b A FnF2, we have RðauÞ ¼ �RðaÞ. Thus �1
is also an eigenvalue of s. We now use the above information on s0 to prove that the
irreducible Weil characters y; y	 of PSpð2n; uÞ restrict to the same character of H. In
the notation of the proof of Theorem 3.9 (f ) and of [26], clearly s0 stabilizes both M

and N. Denote by X the Spð2n; uÞ-module a¤ording the Weil representation R with
character r, by ðev j v A NÞ a basis for X , and by X1, X�1 the eigenspaces of Rð�12nÞ
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relative to the eigenvalues 1, �1 respectively. Then, given any subset W of N such
that W V ð�WÞ ¼ q and W U ð�WÞ ¼ Nnf0g, the sets

ðe0; ev þ e�v j v A WÞ and ðev � e�v j v A WÞ

are bases for X1 and X�1 respectively. It is shown in [26, Proposition 3] that RjX1
¼ X

and RjX�1 ¼ C are the irreducible constituents of R, with characters x and c respec-

tively. Since Rðs0Þev ¼
detðs0jN Þ

F

� �
es0ðvÞ ¼Ges0ðvÞ by [26, Proposition 2], it follows

that Rðs0Þ, Xðs0Þ and Cðs0Þ are all monomial matrices. Parallel results hold for R	.
Then it is easy to check that rðs0Þ ¼ r	ðs0Þ ¼Gun=2,

xðs0Þ ¼ x	ðs0Þ ¼G 1þ 1

2
ðun=2 � 1Þ

� �
;

and cðs0Þ ¼ c	ðs0Þ ¼G1
2 ðun=2 � 1Þ. In particular, yðs0Þ ¼ y	ðs0Þ0 0 for y A fx;cg.

Now set T ¼ PSpðn; u2Þ, h ¼ yjH , h
	 ¼ y	

jH , t ¼ yjT , t
	 ¼ y	

jT . We know (cf. Theorem

3.9) that y	 ¼ yq, where the diagonal automorphism q is realized by the matrix
diagðn1n; 1nÞ ¼ R0ðdiagðn1n=2; 1n=2ÞÞ with n a non-square in F	. However n is a
square in E, and hence diagðn1n=2; 1n=2Þ belongs to Spðn; u2Þ�ZðGLðn; u2ÞÞ. Thus
t ¼ tR0ðdiagðn1n=2;1n=2ÞÞ ¼ t	. Since h and h	 restrict to the same character of T and H=T
is cyclic of order 2, we have h ¼ h	b for some b A IrrðH=TÞ. However, by the above,
hðs0Þ ¼ h	ðs0Þ0 0. Thus b ¼ 1 and h ¼ h	. Therefore H does not meet the conditions
of Proposition 2.7.

C4: H G ðPSpð2m; uÞ � PO e
t ðuÞÞ:Z2, n ¼ mt, t d 4. Thus any odd prime factor of

jHjr 0 must divide ui G 1, for some i cmaxðm; t=2Þ. Since m; t=2 < n, none of these
primes can equal p.

C5: H GPSpð2n; u0Þ:Z2, where u ¼ u20 . Hence jHj is coprime to p.
C6: In this case u is an odd prime, and H GZ22aþ2 :O

�
2aþ2ð2Þ:c, where c c 2. Thus

jHj2 0 ¼ ð2aþ1 þ 1Þ
Qa

1 ð4 i � 1Þ. Therefore if p ¼ 1
2 ðu2

a þ 1Þ j jHj, then p must divide
either 2aþ1 þ 1 or 4 i � 1. Assume first that a ¼ 1. Since u d 3,

p d
1

2
ð32 þ 1Þ ¼ 5 > 4� 1;

which forces p ¼ 5, u ¼ 3. Now S ¼ PSpð4; 3Þ has a single conjugacy class of maxi-
mal subgroups H A C6, isomorphic to E24 : A5. Computation using the GAP package
[7] shows that the Weil representations of S remain irreducible and distinct under
restriction to H. Since Y is a 2-group, at least one of the 27 ¼ jS : Hj conjugates of
H is Y -invariant. Thus, applying Proposition 2.8, we obtain an irreducible proper
subgroup HY of G and conclude that G is not minimally irreducible of degree 10.
Next, assume that a > 1. It is readily seen that p > 4a � 1 > 2aþ1 þ 1. Thus, apart
from the exceptional case S ¼ PSpð4; 3Þ, jHj is coprime to p.

C7: H GPSpð2m; uÞ t:Z t
2:St, where 2n ¼ ð2mÞ t, ut odd, t d 3, ðm; uÞ0 ð1; 3Þ. Ar-

guing as in the first instance of the case C2, we see that jHj is coprime to p.
C8: No subgroup of S belongs to C8, since u is odd.
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We conclude that H can only belong to the class S, as defined in [12, §1.2]. In
particular, H is an almost simple group with simple non-abelian socle T . It follows
that h ¼ yjH restricts irreducibly to T . Hence T admits an irreducible representation
of degree p, and again we are led to examine Table 1. Since T is embedded in
PGLð2n; uÞ, in most cases it will be enough to show that the minimal degree of a
faithful projective representation of T exceeds 2n. In particular, if T is a group of Lie
type of characteristic coprime to u (the so-called ‘cross characteristic’ situation), this
minimal degree was estimated in [16] and is listed (with some corrections, and de-
noted by Rr 0 ðTÞ) in [12, Table 5.3.A]. We perform a case-by-case analysis.
(i) T ¼ At, t ¼ p þ 1. Here t ¼ 1

2 ðun þ 3Þ. As un 1 1 mod 4, a ¼ 1
4 ðun � 1Þ is an

integer greater than 1. Hence, by Bertrand’s Postulate, there exists a prime s such that
a < s < 2a. Clearly s j jAtj. We claim that

sa jPSpð2n; uÞj ¼ 1

2
un2

Yn

1

ðu2i � 1Þ;

and therefore At is not a subgroup of PSpð2n; uÞ, unless ðn; uÞ ¼ ð2; 3Þ. First observe
that a > 1

2 ðun�1 þ 1Þ and therefore s > 1
2 ðui G 1Þ for all i < n, unless ðn; uÞ ¼ ð2; 3Þ.

As for i ¼ n, note that p ¼ 1
2 ðun þ 1Þ > s, and obviously ra 2a. Suppose that s di-

vides u: then u > a, which again forces ðn; uÞ ¼ ð2; 3Þ. The latter instance is a true
exception and has already been dealt with above, while examining the class C6 (in
fact, A6GPSLð2; 9Þ does embed in PSpð4; 3Þ).
(ii) T ¼ PSLð2; tÞ, t ¼ p. Here we are in cross characteristic, and according to [12,

Table 5.3.A],

Rr 0 ðTÞd
t � 1

gcdð2; t � 1Þ ¼
1

4
ðun � 1Þ;

unless t ¼ 4 or 9. However 2n d 1
4 ðun � 1Þ only when ðn; uÞ ¼ ð2; 3Þ. Since t is prime,

we are back to the single and already treated exception S ¼ PSpð4; 3Þ.
(iii) T ¼ PSLð2; tÞ, t ¼ p þ 1. Since p is odd, t is even, hence we are again in

cross characteristic. Then Rr 0 ðTÞd t � 1 ¼ 1
2 ðun þ 1Þ, unless t ¼ 4 or 9. However

4n � 1 < un for all n d 2. Since t is even, the only exception to be considered is t ¼ 4.
But p ¼ 3 forces un ¼ 5, a contradiction.
(iv) T ¼ PSLð2; tÞ, t ¼ p � 1. As in the previous case Rr 0 ðTÞd t � 1. However

4n þ 3 < un unless ðn; uÞ ¼ ð2; 3Þ. Moreover the exceptional case t ¼ 4 forces p ¼ 5,
hence un ¼ 9 and once again ðn; uÞ ¼ ð2; 3Þ.
(v) T ¼ PSLðm; tÞ, m > 2, t > 2, p ¼ ðtm � 1Þ=ðt � 1Þ. It is readily seen that

gcdðt; uÞ ¼ 1, and hence we are again in cross characteristic. From [12, Table 5.3.A]
we have Rr 0 ðTÞd tm�1 � 1, unless ðm; tÞ ¼ ð3; 4Þ. It is easy to check that if m > 2,
t > 2 then 2ðtm�1 � 1Þ > ðtm � 1Þ=ðt � 1Þ. Since

tm � 1

t � 1
¼ un þ 1

2
d
3n þ 1

2

Francesca Dalla Volta, Lino Di Martino and Andrea Previtali34



and 1
2 ð3n þ 1Þ > 4n for all n d 2, we see that 2n < tm�1 � 1, and we are done. Fi-

nally, the exceptional case is ruled out, since ðm; tÞ ¼ ð3; 4Þ forces p ¼ 21.
(vi) T ¼ PSpð2m; tÞ, m ¼ 2b d1, p ¼ 1

2 ðtm þ 1Þ. Here p ¼ 1
2 ðtm þ 1Þ implies tm ¼ un

and hence we are in the natural characteristic case. Comparing the order of the maxi-
mal unipotent subgroups of T and S, we get tm2 jun2 , whence m c n. Since m and n

are both 2-powers, n ¼ md for some d (in fact, d ¼ 2, by the maximality of H in S).
In this case, however, H fails to be an absolutely irreducible subgroup of PGLð2n; uÞ,
as required for membership in S (cf. [12, §1.2]). Indeed, H is in C3, which has been
dealt with above. Thus this case is ruled out.
(vii) T ¼ PSpð2m; 3Þ, p ¼ 1

2 ð3m � 1Þ. Here p ¼ 1
2 ðun þ 1Þ implies 3m ¼ un þ 2,

whence gcdð3; uÞ ¼ gcdð2; uÞ ¼ 1; therefore we are in cross characteristic. Since t is
odd, Rr 0 ðTÞ ¼ 1

2 ðtm � 1Þ from [12, Table 5.3.A]. However 2n < 1
2 ðun þ 1Þ for every

odd u and every n d 2.
(viii) T ¼ PSUðm; tÞ, p ¼ ðtm þ 1Þ=ðt þ 1Þ. This is again a cross characteristic case.

Note that, as ðtm þ 1Þ=ðt þ 1Þ is prime, m is an odd prime by Lemma 2.5. Thus, from
[12, Table 5.3.A],

Rr 0 ðTÞd
tðtm�1 � 1Þ

t þ 1
¼ 1

2
ðun � 1Þ:

However 4n þ 1c un, with equality if and only if ðn; uÞ ¼ ð2; 3Þ. (It is easy to check
that the equation p ¼ 5 ¼ ðtm þ 1Þ=ðt þ 1Þ has no solutions.)
(ix) In the remaining cases listed in Table 1, p is 7; 11 or 23, and hence un ¼ 13; 21

or 45. Clearly none of these values is admissible, since u is a prime power and n d 2.
This exhausts our analysis, and allows to conclude that the relevant group G is

minimally irreducible of degree 2p, unless S ¼ PSpð4; 3Þ.
(g) S ¼ M12, p ¼ 11. It is well known (see [2], p. 33) that the only maximal sub-

groups of S of order divisible by 11 are isomorphic either to PSLð2; 11Þ or to M11.
Since both these groups have just one irreducible character of degree 11, it follows
immediately that G is minimally irreducible of degree 22.
The above arguments take care of all triples ðS; p; qÞ listed in part (2) of the state-

ment of Theorem 3.11. As for (3), we first note that C ¼ CGðSÞ embeds in an epi-
morphic image of

W

1ðYÞ. Indeed, since C c I ¼ W

1ðYÞS and C VS ¼ 1,

C k

W

1ðYÞS=S G

W

1ðYÞ=ð W

1ðYÞVSÞ:

Now if g is a linear constituent of wjC then ker g is a characteristic subgroup of C,
and hence a normal subgroup of G. It follows that ker g ¼ ker wVC ¼ 1. Finally,
wjS ¼

Pq
i¼1 yi implies wjS�C ¼

Pq
i¼1 yigi, where the characters gi are (not necessarily

distinct) linear constituents of wjC . In particular, yq stabilizes a faithful character g of
C. Hence ½C;

W

1ðY Þ� ¼ 1, and (4) is proven.
Conversely, suppose that a group G satisfies the conditions (1)–(3). Choose a linear

character g of C. Since ½C;

W

1ðYÞ� ¼ 1, the irreducible character yg of S � C has a Y -
orbit of size q. It follows from Proposition 2.9 that yg extends to c A IrrpðIGðygÞÞ,
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w ¼ cG A IrrpqðGÞ and wjS ¼
Pq

1 yi. If, furthermore, w satisfies (4), then kerðygÞ ¼ 1.
Therefore w is faithful, again by Proposition 2.9.

We would like to refine our knowledge of the group SY in Theorem 3.11 by
characterizing CY . We know that CY is metacyclic, since both C, Y are cyclic
q-groups. As ½C;

W

1ðY Þ� ¼ 1, Y acts either trivially or as a group of order q on C.
Moreover, C being embeddable in an image of

W

1ðY Þ, we have jCjq c jY j. Fi-
nally,

W

1ðY ÞC=

W

1ðY Þ has index q in CY=

W

1ðY Þ. Thus (e.g., see [9, (I.14.9)]) either
CY=

W

1ðY Þ is abelian, or it is a modular, dihedral, semidihedral or generalized qua-
ternion q-group. The structure of CY can then be worked out using the techniques
and results of [11] and [8]. Our additional constraints on CY permit an explicit self-
contained proof:

Proposition 3.12. Let Q ¼ CY , where C, Y are cyclic q-subgroups, C is normalized by

Y, ½C;

W

1ðY Þ� ¼ 1 and jCj < jY j. Then Q is one of the following metacyclic groups:

(1) cyclic: ha j aql ¼ 1i, l d 1;

(2) abelian of type ðl;mÞ: ha; b j aql ¼ bqm ¼ ½a; b� ¼ 1i, m > l d 1;

(3) generalized modular: ha; b j aql ¼ bqm ¼ 1; aql�1 ¼ ½a; b�i, 1 < l 0m;

(4) generalized dihedral: ha; b j a2 l ¼ b2
m ¼ 1; ab ¼ a�1i, 1 < l < m;

(5) generalized semidihedral: ha; b j a2 l ¼ b2
m ¼ 1; ab ¼ a�1þ2

l�1
i, 2 < l < m;

(6) non-split semidihedral: ha; b j a2 l ¼ b2
m

; a2
lþ1 ¼ 1; ab ¼ a�1þ2

l

i, 1 < l < m.

Groups of di¤erent type or of the same type but with di¤erent parameters are not

isomorphic.

Proof. Set Y ¼ hyi, C ¼ hci, jC VY j ¼ qt, jC : C VY j ¼ qr, and jY : C VY j ¼ qs.
By assumption, s > r. By elementary arguments (see [20, 5.3.4]), we may assume that
cy ¼ ce, where either e ¼G1 or e ¼G1þ qrþt�1 (the minus sign occurring only when
q ¼ 2), and cqr ¼ yqs

.
If e ¼ 1, then either r ¼ 0 and Q is cyclic, or Q is abelian of type ðr; s þ tÞ.
Assume that e ¼ 1þ qrþt�1. Suppose first that t ¼ 0. If r ¼ 1, then jCj ¼ q. How-

ever in this case y cannot act non-trivially on C. Thus r > 1 and Q is generalized
modular. So suppose that t > 0, and set b ¼ c�1yqs�r

, a ¼ y. Then bqr ¼ 1 and
ab ¼ a1þqsþt�1

, since yqs�r

A ZðQÞ. Therefore Q is again a generalized modular group.
Now assume that q ¼ 2 and either e ¼ �1 or e ¼ �1þ 2rþt�1. Define recursively

½C; 0Y � ¼ C, ½C; ði þ 1ÞY � ¼ ½½C; iY �;Y �. An easy induction on i shows that

½C; iY � ¼ W

iðCÞ:

Thus

W

rþ1ðCÞ ¼ ½ W

rðCÞ;Y � ¼ ½ W

sðYÞ;Y � ¼ 1, whence t c 1. If t ¼ 0, then Q is gen-
eralized dihedral if e ¼ �1 and generalized semidihedral if e ¼ �1þ 2r�1. Now as-
sume that t ¼ 1. If e ¼ �1, set a ¼ cy2

s�1
and b ¼ y. If r > 1, then an easy computa-
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tion shows that a2
r ¼ y2

s

and ab ¼ a�1þ2
r

; hence Q is non-split semidihedral. If r ¼ 1,
then oðaÞ ¼ 2 and ba ¼ b1þ2

s

; therefore Q is generalized modular. Finally, suppose
that e ¼ �1þ 2 r. If r > 1, then again Q is non-split semidihedral. If r ¼ 1 then e ¼ 1,
and we are back in Case (2).
As for the parameters l, m in Cases (2)–(6), we observe that ðl;mÞ ¼ ðr; sÞ, except

in Case (2), where ðl;mÞ ¼ ðr; s þ tÞ, and in Case (3) whenever t > 0 and the roles of
C and Y are interchanged. This explains the given ranges of l and m.
As for the last statement, consider first types (1) to (3). Clearly groups of di¤erent

type are non-isomorphic. Within a given type, comparison of the order of Q and the
structure of Q=Q 0 and ZðQÞ shows that isomorphism forces equality of the param-
eters. Thus, to prove our claim, we only need to examine the case q ¼ 2 and types
(3)–(6). The result then follows from [8, Lemma 4.1] and Theorem 4.6.

Remark. In Theorem 3.11, the subgroup C ¼ CGðSÞ need not lie in a cyclic supple-
ment to S. Consider S ¼ PSLð2; 9Þ and M10 ¼ ShqFri. It is well known that M10 is
a non-split extension of S. (Indeed, writing gg for conjugation via an element g of
GLð2; 9Þ and by n a primitive element of F	

9 , we have q ¼ gd, where d ¼ diagðn; 1Þ.
Set t ¼ sd for some s A SLð2; 9Þ, and suppose that gt Fr acts as an involution. Then

ttFr ¼ l12, whence tFrt ¼ lFr12 and l ¼ lFr, since t and tFr commute. Since detðtÞ ¼ n,
we get n4 ¼ l2 ¼ 1, a contradiction.) Let z generate a cyclic group of order 4 and c

denote the isomorphism sending z2 to qFrS A M10nS, and define G to be the sub-
group of M10 � hzi consisting of all pairs ðm; xÞ such that mS ¼ cðx2Þ. We claim
that CGðSÞ is not in a cyclic supplement to S in G. First observe that G is indeed a
subgroup of M10 � hzi containing S and that fð1; 1Þ; ð1; z2Þ; ðqFr; zÞ; ðqFr; z3Þg is a
transversal for S in G. If ðc;wÞ A CGðSÞ, then c A CM10

ðSÞ ¼ 1, since S is centreless
and qFr is outer. Thus CGðSÞ ¼ hð1; z2Þi. Let X be a cyclic supplement to S. Then
X is generated by ðx; zÞ, where x A M10nS. Since x20 1, we have CGðSÞG X .

3.2 Case II. In this subsection, we deal with the case m ¼ q. Our general assump-
tions are as follows: G ¼ NY , where N is a minimal normal subgroup of G and
Y ¼ hyi is a cyclic q-group; G has an irreducible character w of degree pq, whose re-
striction to N splits into q distinct irreducible constituents yi of degree p; N ¼

Qq
1 Si,

where each Si is isomorphic to a given non-abelian simple group S. For simplicity,
we write N ¼ S�q.
As observed in Lemma 3.1, by the minimality of N the group G acts transitively on

the set fS1; . . . ;Sqg. In particular, y acts as a q-cycle on fS1; . . . ;Sqg. Clearly the
group CGðNÞY=CGðNÞGY=ðCGðNÞVY Þ is isomorphic to a subgroup of AutðNÞ.
Therefore, since AutðS�qÞGAutðSÞ o Sq, without loss of generality we may write
y1 ðo1; . . . ;oqÞb modCGðNÞ, where oi A AutðSÞ for each i, and b ¼ ð1; . . . ; qÞ A Sq.
Setting W0 ¼ 1, Wi ¼ Wi�1oi (and taking the indices of the o’s modulo q), we see that
yi 1 ðWi;W

�1
1 Wiþ1; . . . ;W

�1
q�1Wiþq�1Þb i modCGðNÞ. In particular, each automorphism

of S associated to yi is a string of length i in the o’s, the first being Wi and each other
being obtained from the previous one by shifting all indices upwards by 1. (To stress
the dependence of Wi on y, sometimes we write WiðyÞ.) Also, since y has q-power
order, the same holds for Wq, as one may readily check by considering yq. There is
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some flexibility in the choice of y. In fact, we may replace y by xy, for some x A N.
Then, denoting by x the coset of AutðSÞ=InnðSÞ containing x, we clearly get
WiðyÞ ¼ WiðxyÞ. Suppose that xy ¼ zt, with zt ¼ tz, z q-regular, t q-singular. Set
y1 ¼ tjzj. Our first concern is to control the role of Y1 ¼ hy1i.

Lemma 3.13. Let y1 be defined as above. Then the following assertions hold.

(i) hy1i supplements N in G (and y1 acts as a q-cycle on fS1; . . . ;Sqg).

(ii) WqðyÞ ¼ Wqðy1Þ.

Proof. Let xy ¼ tz be the above decomposition of xy into its q-regular and q-singular
parts, and set m ¼ oðzÞ. Then y1N ¼ ðxyNÞm ¼ ðyNÞm and hence

oðy1NÞ ¼ oðyNÞ ¼ jG=Nj;

and (i) is proven. As observed above, WiðyÞ1WiðnyÞ mod InnðSÞ for each n A N.
Thus, since y1 di¤ers from ym by an element of N, to prove (ii) we only need to
compare WqðyÞ with WqðymÞ modulo InnðSÞ. We count the occurrences of oi as a
factor of the q automorphisms associated to ym. By induction on m, this turns out to
be exactly m. Since OutðSÞ is abelian for all groups listed in Table 1, it follows that
WqðymÞ1WqðyÞm mod InnðSÞ, and we are done.

Our next target is to establish criteria, in terms of conditions on subgroups of N,
which show that a given group G is not w-minimally irreducible. Keeping the notation
introduced in Lemma 3.1, let y ¼ y1 A IrrðNÞ and suppose that y ¼ s1 . . . sq, where
si A IrrðSÞ for each i. As yð1Þ ¼ p, we may assume that si is trivial for each i > 1 and
set s ¼ s1. Thus yðs1; . . . ; sqÞ ¼ sðs1Þ. Furthermore, considering the action of Y on
fy1; . . . ; yqg, we may assume that yiþ1 ¼ yy i

, and therefore yiþ1ðs1; . . . ; sqÞ ¼ sWiðsiþ1Þ.
The subgroups of N ¼ S�q which will play a role in our analysis are defined as fol-
lows:

Definition 3.14. Let T1; . . . ;Tq be subgroups of S. Then the subgroup

H ¼
Y

i

Ti ¼ fðt1; . . . ; tqÞ j ti A Tig

is called a product subgroup of S�q.

Definition 3.15. Let a1; . . . ; aq be automorphisms of S. Then the subgroup

H ¼ fðsa1 ; . . . ; saqÞ j s A Sg

is called a full diagonal subgroup of S�q. (Observe that H is obviously isomorphic to
S.)
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The following criterion holds for a product subgroup:

Proposition 3.16. Suppose that T is a subgroup of S, and for all i d 0 set Tiþ1 ¼ T Wi

and H ¼
Q

i Ti. Then H is Y-invariant if and only if T is Wq-invariant. If this happens

and if sjT is irreducible, then wjHY is irreducible.

Proof. By definition Tiþ1 ¼ T oi

i . Since

ðt1; . . . ; tqÞy ¼ ðtoq
q ; to1

1 ; . . .Þ for each ðt1; . . . ; tqÞ A H;

we see that H is Y -invariant if and only if T is Wq-invariant. Observe that
yjH A IrrpðHÞ if and only if sjT A IrrpðTÞ. Set hi ¼ yijH . Since ker hi ¼

Q
j0i Tj, the

constituents hi are pairwise distinct. Now apply Proposition 2.8 to H and Y .

(Notice that, in the above setting, the Y -invariance of H does not require Wq to be
q-singular.)
Next, we single out a criterion for a full diagonal subgroup

H ¼ fðsa1 ; . . . ; saqÞ j s A Sg

of N to be invariant under the action of a cyclic supplement X to N in G. Note that,
since S a1 ¼ S, we may assume a1 ¼ 1. Set X ¼ hxi. Then, as seen above, x may be
read as ðo1; . . . ;oqÞb modCGðNÞ, where b ¼ ð1; . . . ; qÞ, and the following holds:

Lemma 3.17. There exists in G a full diagonal X-invariant subgroup H if and only if

WqðxÞ is a q-power in AutðSÞ.

Proof. By the above, we may assume that Sx
i ¼ Siþ1, where the indices are taken

modulo q, and H ¼ fðs; sa2 ; . . . ; saqÞ j s A Sg. Set r ¼ ðaqoqÞ�1. A direct computa-
tion shows that H is X -invariant if and only if ai ¼ rai�1oi�1 for 2c i c q. An
easy induction shows that this is equivalent to requiring that ai ¼ rði�1ÞWi�1. In
particular, each ai with i < q is uniquely determined by the o’s and aq, and more-
over Wq ¼ ðaqoqÞq. Conversely, assume that WqðxÞ is a q-power in AutðSÞ. Then
there exists aq A AutðSÞ such that Wq ¼ ðaqoqÞq. Set a1 ¼ 1 and ai ¼ r i�1Wi�1 for
i ¼ 2; . . . ; q � 1. Then H ¼ fðs; sa2 ; . . . ; saqÞ j s A Sg is X -invariant.

Finally, we single out the pairs ðH;Y Þ, where Y ¼ h yi is a q-cyclic supplement to
N in G and H is a full diagonal Y -invariant subgroup of N, such that HY is a w-
irreducible subgroup of G. By Lemma 3.17, Y -invariance is equivalent to requiring
that WqðyÞ is a q-power in AutðSÞ. Set Q ¼ hWqðyÞi. As observed at the beginning
of this subsection, Q does not depend on the choice of the q-cyclic supplement Y to
N.

Proposition 3.18. In the notation of Lemma 3.17, denote by OutðSÞq
the set of q-powers

in OutðSÞ and set I ¼ IAutðSÞðsÞ=InnðSÞ. Then there exists a pair ðH;YÞ, where Y is a
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q-cyclic supplement to N in G and H is a full diagonal Y-invariant subgroup of N, if and

only if QJOutðSÞq. Moreover, HY is irreducible with respect to w (in particular, G is

not w-minimally irreducible) if and only if Q ¼ hrqi, and (1) rq A I but (2) r B I .

Proof. Suppose that N has a Y -invariant full diagonal subgroup H. Then WqðyÞ is a
q-power by Lemma 3.17, and hence QJOutðSÞq. Conversely, if the latter condition
holds, then WqðyÞ is a q-power for any generator y of a q-cyclic supplement to N.
Thus sWqðyÞ ¼ rq, where r A AutðSÞ and s A InnðSÞGS. Set x ¼ ðs; 1; . . . ; 1Þ. Then
WqðxyÞ ¼ rq, and by Lemma 3.17 there exists an ðxyÞ-invariant full diagonal sub-
group H. Let y1 be defined as in Lemma 3.13 (so that y1 is essentially the q-part
of xy). Then H is y1-invariant, and y1 generates a q-cyclic supplement to N in G.
We now turn to the irreducibility of HY . Without loss of generality, we may as-
sume that y1 ðo1; . . . ;oqÞb modulo CGðNÞ, where oi A AutðSÞ for each i, and
b ¼ ð1; . . . ; qÞ A Sq. Since

hiþ1ðhÞ ¼ yiþ1ðhÞ ¼ sWiðsaiþ1Þ ¼ sðaqoqÞ i

ðsÞ;

to ensure that h1; . . . ; hq are distinct and apply Proposition 2.8, we only need to con-
trol the action of aqoq on s. As y ¼ yyq

we have ðaqoqÞq A IAutðSÞðsÞ. Thus the orbit
of s under aqoq has order q if and only if aqoq c IAutðSÞðsÞ. Therefore by Proposition
2.8, if H satisfies conditions (1), (2), then HY is irreducible with respect to w. Con-
versely, if HY is w-irreducible, then arguments in the proof of Proposition 2.7 (with
M ¼ HY ) show that h1; . . . ; hq are distinct, and therefore (1), (2) hold. Since H GS,
clearly HY is a proper subgroup of G.

Our next goal is to show that if S is not s-minimally irreducible, then with one
single exception G is not w-minimally irreducible.

Theorem 3.19. Suppose that G ¼ NY and N ¼ S�q satisfy the assumptions of this

subsection. Suppose furthermore that S is not minimally irreducible with respect to the

character s of degree p defined above. Then G is not w-minimally irreducible, unless

S ¼ PSLð2; 9Þ, p ¼ 5, q ¼ 2 and W21 q or q � Fr mod InnðSÞ, where q and Fr denote

the diagonal and Frobenius automorphism of S.

Proof. We inspect Table 1, looking at the groups that are not minimally irreduc-
ible and testing the subgroups T listed in the fourth column of the Table for Wq-
invariance; then apply Proposition 3.16. We only need T to be preserved by Wq up to
conjugacy in S. For, suppose that, given WqðyÞ, we find an irreducible subgroup T of
S such that T Wq ¼ T s, for some s A S. Let

x ¼ ð1; . . . ; 1; s�o�1
q Þ A N:

Then WqðxyÞ ¼ WqðyÞs�1 A NAutðSÞðTÞ (here s�1 is to be understood as an inner au-
tomorphism of S). Moreover, H ¼

Q
T Wi is xy-invariant. If xy ¼ zt is the decom-

position of xy into its q-regular part z and q-singular part t, and m ¼ oðzÞ, then H
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is ðxyÞm-invariant. By Lemma 3.13, Y1 ¼ hy1i is a q-cyclic supplement to N in G:
hence Y1 is not contained in IGðyÞ, and Proposition 2.8 gives that M ¼ HY1 is a
proper irreducible subgroup of G (M is proper since H is normal in M but not in G,
as each normal subgroup of N is a product of copies of S). In particular, the required
condition on T and WqðyÞ will be plainly satisfied if S has only one conjugacy class
of subgroups isomorphic to T .
We now proceed with a case-by-case analysis of the subgroups T listed in Table

1, either exploiting the fact that S has a unique conjugacy class of subgroups iso-
morphic to T , or proving that each coset of AutðSÞ=InnðSÞ has an element stabilizing
T , apart from the exception mentioned above.
(i) S ¼ Au, u ¼ p þ 1 > 6, T GPSLð2; pÞ. Here PSLð2; pÞ is embedded in Apþ1 via

its natural action on the p þ 1 points of P1ðpÞ. It is easy to check that the diagonal
automorphism induced by the matrix

l 0

0 1

� �
;

where hli ¼ F	
u , acts on P1ðpÞ as a cycle of length p � 1, hence as an odd permu-

tation. Thus T is preserved by an outer automorphism of S, and we are done.
(ii) S ¼ PSLð2; uÞ, p ¼ u � 1, u ¼ 2n for some prime n. Here we choose T ¼ NSðUÞ,

where U A Syl2ðSÞ. Clearly there is in S only one conjugacy class of subgroups iso-
morphic to T .
(iii) S ¼ PSLð2; 9ÞGA6, T GA5, p ¼ 5. Using the notation of the Remarks fol-

lowing Table 1, we recall that S has two conjugacy classes K S and LS of subgroups
isomorphic to A5, which are interchanged by the diagonal automorphism q and fixed
by the Frobenius automorphism Fr. If Wq 1Fr mod InnðSÞ, we may apply Proposi-
tion 3.16 with T ¼ K or L. Suppose that Wq 1 q or q � Fr mod InnðSÞ: we claim that
in this case G is minimally irreducible. First we observe that Wq being q-singular en-
tails q ¼ 2. Assume that M is a maximal irreducible subgroup of G. By Proposition
2.7, MN ¼ G and H ¼ M VN is either abelian or irreducible of degree 5. Moreover
M can be assumed Y -invariant (indeed, let Q A SylqðMÞ; then there exists x A QnIGðyÞ
such that G ¼ Nhxi). If H is abelian, then p ¼ q ¼ 2, a contradiction. Otherwise,
setting N ¼ S1 � S2 and denoting by pi the projection of H onto Si for i ¼ 1; 2,
we have that s restricts irreducibly to H pi . Since the only proper subgroups of
PSLð2; 9Þ having an irreducible representation of degree 5 are those isomorphic to
A5, it follows that either H pi ¼ Si, or H pi is in K S or LS. Since H is Y -invariant,
ðH p2Þo2 ¼ H p1 ; in particular H p2 is isomorphic to H p1 . Moreover H VSi is normal
in H pi ; as H pi is simple, it follows that either H VSi ¼ 1 or H VSi ¼ H pi . Assume
that both the projections are isomorphic to S. If H VS1 ¼ S1, then H VS2 ¼ S2.
However, since MN ¼ G, H cannot equal N. Thus H VSi ¼ 1 for i ¼ 1; 2, which
readily implies that H is a full diagonal subgroup. Let ðs; saÞ be a typical element of
H. Since H is Y -invariant, by Lemma 3.17 we get ðao2Þ2 ¼ W2, contradicting the
fact that OutðSÞ is of exponent 2. Thus without loss of generality we may assume that
H p2 ¼ K , whence H p1 ¼ K o2 . If H VS2 ¼ K , then H VS1 ¼ K o2 and H ¼ K o2 � K .
However, the latter group is not Y -invariant. For, suppose the contrary. Then
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K ¼ K o2o1 ¼ K W2½o2;o1�. Since OutðSÞ is abelian, it follows that KW2 A K S, a contra-
diction, since K S is not stabilized by q. Thus H VS2 ¼ 1 and H is diagonal with
typical element ðk; k aÞ, k A K o2 . This forces W2 ¼ ðao2Þ2x, where x A CAutðSÞðK o2Þ,
and hence W21 x mod InnðSÞ. But this implies that K q is conjugate to K in S, which
is not the case. We conclude that G is minimally irreducible.
(iv) S ¼ PSLð2; r f Þ, p ¼ 1

2 ðr f � 1Þ, T ¼ NSðUÞ, where R A SylrðUÞ. Obviously S

has a single conjugacy class of subgroups isomorphic to T and we are done.
(v) S ¼ PSpð2 tþ1; uÞ, u ¼ r2

s

, p ¼ 1
2 ðu2

t þ 1Þ, T GPSpð2 t; u2Þ:Z2, a maximal sub-
group belonging to the Aschbacher class C3. It is known (cf. [12, (4.3.10)]) that S has
a single conjugacy class of subgroups isomorphic to T , and we are done.
(vi) S ¼ PSpð2n; 3Þ; p ¼ 1

2 ð3n � 1Þ, n odd, T GPSLð2; 3nÞ. As in (v), T is a maxi-
mal subgroup belonging to the Aschbacher class C3 and we are done by [12, (4.3.10)].
(vii) S ¼ PSUð3; 3Þ, p ¼ 7, T GPSLð2; 7Þ. As already observed in the Remarks

following Table 1, PSUð3; 3Þ has only one conjugacy class of subgroups isomorphic
to PSLð2; 7Þ.
(viii) S ¼ M12, p ¼ 11, T a maximal subgroup isomorphic to PSLð2; 11Þ. It is well

known that M12 has exactly one conjugacy class of such subgroups.
(ix) S ¼ M24 or PSpð6; 2Þ. In both cases OutðSÞ is trivial.

Next we deal with the case when S is s-minimally irreducible. Suppose, under this
assumption on S, that G is not w-minimally irreducible and M is a maximal irreduc-
ible subgroup of G. As in Proposition 2.7, set H ¼ M VN. As already indicated in
the proof of Theorem 3.19, we may assume that Y is contained in M, and therefore
H is Y -invariant. Moreover,

M ¼ M VG ¼ M VNY ¼ ðM VNÞY ¼ HY :

We prove that in this situation H cannot be abelian.

Theorem 3.20. Suppose that G ¼ NY and N ¼ S�q satisfy the assumptions of this

subsection. Suppose furthermore that S is s-minimally irreducible, but that G is not w-
minimally irreducible. If M is a maximal irreducible subgroup of G, then H ¼ M VN

is non-abelian.

Proof. By the above remarks, M ¼ HY . Suppose that H is abelian. Then, by Prop-
osition 2.7, q ¼ p, any irreducible constituent of wjH has q2 conjugates under Y , and
yijH ¼

Pq
j¼1 hij for i A ½q�, where a double index is used to parametrize the linear

constituents of wjH . It is also convenient to label the characters h with the elements of
Zq2 , defining hði�1Þþð j�1Þq ¼ hij . Furthermore, up to reordering we may also assume
that y acts as hy

a ¼ haþ1, where a A Zq2 . Since ker yi ¼ ker pi, we may view hij as a
character of H=ðH V ker piÞGH pi . Setting T ¼ H p1 , with slight abuse of notation
we may view tj ¼ h1j as an element of IrrðTÞ. Then, by the above, tyq

j ¼ tjþ1. Also,
since s is the unique non-trivial factor of y, T is an abelian subgroup of S such that
sjT ¼ S

q
1tj is the sum of q distinct linear characters forming an orbit under hyqi.
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Since yq stabilizes H and each simple factor of N, and acts on S1 as Wq, it follows
that Wq normalizes T and all the characters t are Wq-conjugate. By Lemma 2.6 we
have gcdðjOutðSÞj; qÞ ¼ 1. Thus, since Wq is q-singular, it is inner. Let z A NSðTÞ in-
duce Wq. Set L ¼ Thzi and R ¼ ILðtÞ. Thus jL : Rj ¼ q, since z permutes transitively
the characters t. By Lemma 2.2 we have jSjq ¼ q. Thus q does not divide jT j,
oðzÞ ¼ q and L ¼ T : hzi, a split extension. It follows that l ¼ tL A IrrðLÞ. As sjT d t

we have lS ¼ tS d s and sjL d l, whence, by degree considerations, sjL ¼ l. Since S

is s-minimally irreducible, it follows that L ¼ S. Since S is simple and non-abelian,
we conclude that T ¼ 1, a contradiction.

By Proposition 2.7, we are now left with the case when wjH ¼
Pq

1 hi, where hi ¼ yijH
and h1; . . . ; hq are distinct irreducible characters of H. We will show that in this case
H is a full diagonal subgroup of N. Our basic ingredients are an ‘intermediate’ defi-
nition and a lemma based on a nice result of L. L. Scott.

Definition 3.21. A subgroup H of N ¼ S�q is said to be multidiagonal if it is the direct
product

Q
Di of full diagonal subgroups of subproducts

Q
j A Ji

Sj , where the sets Ji

form a partition of J ¼ f1; . . . ; qg. If, in addition, jJij > 1 for each i, then H is said to
be thick.

Lemma 3.22. Let H be a subgroup of N ¼ S�q. Then H is multidiagonal if and only if

H projects surjectively to each simple factor of N, i.e. H pi ¼ Si for each i A f1; . . . ; qg.
Moreover H is thick if and only if H VSi ¼ 1 for each i.

Proof. It is clear that a thick multidiagonal subgroup H satisfies the conditions
H pi ¼ Si and H VSi ¼ 1 for each i. It was proven by Scott [21, p. 328] that H pi ¼ Si

for each i forces H to be multidiagonal. The additional condition that H VSi ¼ 1 for
each i forces H to be thick.

Theorem 3.23. Suppose that G, N and S satisfy the assumptions of Theorem 3.20. If M

is a maximal irreducible subgroup of G, then H ¼ M VN is a full diagonal subgroup.

Proof. By Theorem 3.20, H is non-abelian, and hence wjH ¼
Pq

1 hi, where hi ¼ yijH
and the characters hi are distinct irreducible characters of H. Denoting by pi the
projection of N onto the ith factor Si, for any h A H we have hiðhÞ ¼ yiðhÞ ¼ siðhpiÞ.
Since S is minimally irreducible, it follows that H pi ¼ Si GS. As noted above,
we may assume that M ¼ HY , where H is Y -invariant and Y transitively permutes
the groups Si. Since H pi ¼ Si is simple and H VSi tH pi , either H VSi ¼ 1 or
H VSi ¼ Si. In the latter case H would contain Si and therefore M would contain N,
forcing M ¼ G, a contradiction. Thus, for any i A ½q�, H VSi ¼ 1. By Lemma 3.22,
we conclude that H is a thick multidiagonal subgroup. Thus H ¼

Q r
1 Di, where r < q

and each Di is full diagonal. In particular, H is semisimple and D1; . . . ;Dr are its only
minimal normal subgroups: thus y acts on these subgroups. However, since r < q and
y is q-singular, each Di must be fixed by y. As y acts as a q-cycle on the simple fac-
tors of N, we conclude that r ¼ 1, that is, H is diagonal.
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By Theorem 3.23, if G is not w-minimally irreducible, but S is s-minimally irre-
ducible, then there exists a full diagonal subgroup H of N isomorphic to S such
that Y has an orbit of size q on IrrpðHÞ. In particular, q divides jOutðSÞj. A check
of the minimally irreducible groups of prime degree (see Table 1) and of those
listed in Theorem 3.9 shows that there are only two possibilities: either S ¼ PSLð2; uÞ,
p ¼ 1

2 ðu þ 1Þ or S ¼ PSLðn; uÞ, p ¼ ðun � 1Þ=ðu � 1Þ. In both cases, the occurrence
of non-minimally irreducible groups G arises from the nature of the action of Wq or
properties of any irreducible constituent h of wjH , as shown by our final result:

Theorem 3.24. Suppose that G ¼ NY and N ¼ S�q satisfy the assumptions of this sub-

section. Suppose furthermore that S is s-minimally irreducible. Then G is w-minimally

irreducible, except in the following cases:

(1) S ¼ PSLð2; uÞ, p ¼ 1
2 ðu þ 1Þ, q ¼ 2, W2 A

W

1hFri;

(2) S ¼ PSLð2; uÞ, p ¼ u þ 1, h0 yðu�1Þ=3, q ¼ 2 and hW2i ¼ IAutðSÞðhÞ;

(3) S ¼ PSLðn; uÞ, p ¼ ðun � 1Þ=ðu � 1Þ, h0 yðu�1Þ=2, q ¼ 2 and W2 A IAutðSÞðhÞ;

(4) S ¼ PSLðn; uÞ, p ¼ ðun � 1Þ=ðu � 1Þ, h0 yðu�1Þ=2, q ¼ n and hWni ¼ IAutðSÞðhÞ.

Conversely, in each of these exceptional cases, there exist a full diagonal subgroup H

and a cyclic q-group Y1 such that HY1 is a proper w-irreducible subgroup of G.

Proof. As usual, for x A AutðSÞ we write x for the automorphism x taken modulo
InnðSÞ. First observe that the conditions on Wq in (1)–(4) do not depend on the choice
of Y , by Lemma 3.13. Suppose that G is not w-minimally irreducible and consider
M ¼ HY , where the diagonal subgroup H ¼ M VN is identified with S. Set z ¼ Wq

and I ¼ IAutðSÞðhÞ. Then, by Proposition 3.18, there exists w A OutðSÞnI such that
z ¼ wq A I . We check whether these conditions hold in each case, using the notation
and results of Theorem 3.9.
(i) If S ¼ PSLð2; uÞ, p ¼ 1

2 ðu þ 1Þ, then u ¼ r2
s

, OutðSÞ ¼ hqi� hFri is an abelian
2-group of type ð2; 2sÞ and q ¼ 2. Since h1 is fixed by Fr but not by q, z satisfies the
required conditions if and only if z A

W

1hFri.
(ii) If S ¼ PSLð2; uÞ, p ¼ u þ 1, then u ¼ 22

s

, OutðSÞ ¼ hFriGZ2 s and q ¼ 2.
Since OutðSÞ is a cyclic 2-group, z satisfies the required conditions if and only if
hzi ¼ I and h10 yðu�1Þ=3 (see Theorem 3.9).
(iii) If S ¼ PSLðn; uÞ, p ¼ ðun � 1Þ=ðu � 1Þ, n d 3, then u ¼ rns

,

OutðSÞ ¼ hFri� hgi;

where g denotes the graph automorphism of S, and h is one of u � 2 monomial
characters yj parametrized by Z	

u�1 and described in Theorem 3.9. If u is odd and
h ¼ yðu�1Þ=2, then h is AutðSÞ-invariant. Therefore we may assume that j 0 1

2 ðu � 1Þ.
It follows from Theorem 3.9 that h ¼ yj is moved by g, and hence I c hFri. If q ¼ 2,
since any element of hFri is a square, z satisfies the required conditions if and only if
z A I . If q ¼ n, then z satisfies the conditions if and only if hzi ¼ I .
The converse part of the statement follows immediately from Proposition 3.18.
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4 The homogeneous case

In this section, except in Theorem 4.3, we assume that G is irreducible with respect to
a character w of degree pq, and has a proper non-abelian minimal normal subgroup
N such that wjN is homogeneous. Thus wjN ¼ qy, where y A IrrðNÞ and yð1Þ ¼ p. We
first show that N must be simple.

Lemma 4.1. Suppose that G is a finite group, w is a faithful irreducible character of

G of degree pq, and N is a minimal normal subgroup of G such that wjN ¼ qy, where

y A IrrðNÞ. Then N is a non-abelian simple group.

Proof. Let N ¼ S1 � � � � � Sm, where each Si is isomorphic to the non-abelian simple
group S, and suppose that m > 1. Then y is the product of m irreducible characters
j1; . . . ; jm A IrrðSÞ. As yð1Þ ¼ p, we may assume f1ð1Þ ¼ p and jið1Þ ¼ 1 for i > 1.
Since S is simple, ji ¼ 1S (the principal character of S) for all i > 1. Thus all factors
Si with i > 1 lie in ker y. As y is faithful, this is clearly impossible. We conclude that
m ¼ 1 and N ¼ S.

Next we show that if G is w-minimally irreducible then it has either one or two non-
abelian minimal normal subgroups. In the latter case, the structure of G is easily ob-
tained.

Proposition 4.2. Suppose that G is w-minimally irreducible and has two distinct non-

abelian minimal normal subgroups N and M, and wjN ¼ qy, where y A IrrðNÞ.

(i) N, M are both simple, and G ¼ N � M.

(ii) N, M are minimally irreducible groups of degree p and q, respectively.

Proof. Clearly NM ¼ N �M tG. Thus wjM is also homogeneous. Otherwise, by
Lemma 2.1, we would get G ¼ Mhyi, with y a q-element, and therefore N would be
abelian (indeed cyclic). In particular, by Lemma 4.1, both N, M are simple. We claim
that G ¼ N � M. Suppose the contrary. Then, by the minimality assumption, wjN�M

splits into the sum of r irreducible characters of degree s, where ðr; sÞ ¼ ðq; pÞ or
ðp; qÞ. Since wjN ¼ ðwjN�MÞjN , this forces r ¼ q, s ¼ p, and wjN�M ¼ y1 þ � � � þ yq,
where yi ¼ y � ci, ci A IrrðMÞ. As yið1Þ ¼ yð1Þ ¼ p, it follows that ci ¼ 1M , which in
turn implies that wjM ¼ ðwjN�MÞjM ¼ wð1Þ1M , a contradiction. Thus (i) is proven.
Now we have the following situation: G ¼ N � M, where N and M are both simple;
w ¼ y � c, where y A IrrðNÞ has degree p;c A IrrðMÞ has degree q, wjN ¼ qy, wjM ¼ pc.
Suppose that H is a proper subgroup of N such that yjH is irreducible. Then yjH � c
is an irreducible character of H � M Y G. But yjH � c ¼ wjH�M , contradicting the
minimality of G. By symmetry, the same argument works for M, and (ii) is proven.

By Proposition 4.2 (ii), if G ¼ N � M, where N, M are non-abelian simple groups,
is minimally irreducible of degree pq, then N, M are minimally irreducible of degrees
p, q, say. Conversely, given two minimally irreducible simple groups of prime degrees
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p, q, their direct product is a minimally irreducible group of degree pq. More gener-
ally, we show that minimal irreducibility is preserved under direct products, with
any number of factors and without requiring the factors to be simple, provided that
the centre of the whole group is cyclic, the latter condition being equivalent to re-
quiring that all factors of the same prime degree, except possibly one, have trivial
centres.

Theorem 4.3. Let s d 2, and G ¼
Q s

1 Ni. Then G is minimally irreducible of degreeQs
i¼1 pi, pi a prime, if and only if each Ni is minimally irreducible of degree pi and

gcdðjZðNiÞj; jZðNjÞjÞ ¼ 1 for i0 j.

Proof. We first observe that the coprimality condition on the centres implies that
ZðGÞ is cyclic, a necessary requirement for G to admit a faithful irreducible repre-
sentation. Conversely, if each Ni is minimally irreducible of degree pi, then ZðGÞ
cyclic implies the coprimality condition. Indeed, let us say that Ni is associated to the
prime p if p ¼ pi. If N is a minimally irreducible group of degree p, then by Lemma
2.2 and Theorem 2.4 either N is simple, hence centreless, or its centre has p-power
order. Thus ZðGÞ cyclic implies that at most one factor among those associated to a
given p has non-trivial centre. This is just the coprimality condition.
Assume first that G ¼

Qs
1 Ni is minimally irreducible with respect to a character w

of degree
Q s

i¼1 pi. Then w ¼
Qs

i¼1 yi, where each yi is a faithful irreducible character
of Ni. Moreover yið1Þ cannot be composite for any i, since otherwise yjð1Þ ¼ 1 for
some j 0 i, and therefore

Q
i0j Ni would be a proper w-irreducible subgroup of G.

Thus, up to reordering, yið1Þ ¼ pi. Clearly Ni is yi-minimally irreducible for each i.
For let Ti be a proper irreducible subgroup of Ni. Then Ti �

Q
j0i Nj would be a

proper w-irreducible subgroup of G. Finally, the coprimality condition follows from
the remarks at the beginning of the proof.
We now turn to converse part of the statement. We want to prove that, if each Ni is

minimally irreducible of prime degree pi with respect to an irreducible character yi

and gcdðjZðNiÞj; jZðNjÞjÞ ¼ 1 for i0 j, then G is minimally irreducible of degreeQs
i¼1 pi with respect to the character w ¼

Qs
i¼1 yi. The assertion is trivially true if

s ¼ 1, and so we assume that s > 1 and argue by induction on s.
Suppose that G is not minimally irreducible and let M be a maximal irreduc-

ible subgroup of G. Let ½s� ¼ I _UU J ðI ; J 0qÞ, P ¼
Q

I Ni, Q ¼
Q

J Nj, and write
G ¼ P � Q. We claim that M H P. Otherwise, M ¼ P � ðM VQÞ and M VQ is a
proper subgroup of Q. Now wjM ¼ wjP � wjM VQ. However, by induction, Q is mini-
mally irreducible with respect to wjQ. It then follows that wjM VQ splits into irreducible
constituents, and therefore also wjM is reducible, a contradiction. Thus the maxi-
mality of M implies that G ¼ MP. Let p and r denote the projections of G onto P

and Q, respectively. Then P ¼ Gp ¼ ðMQÞp ¼ M p; similarly, Q ¼ M r. Moreover
M VP is normalized by M and centralized by Q. Since by symmetry G ¼ MQ, it
follows that M VP is a normal subgroup of G, hence of P, and similarly M VQ is a
normal subgroup of Q.
With the above information available, we first assume that none of the factors Ni

are soluble.
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Suppose that s ¼ 2. Assume that G ¼ N1 � N2, where N1 and N2 are simple. Since
N1 is a minimal normal subgroup of G and M H N1, it follows that M VN1 ¼ 1.
(Similarly, M VN2 ¼ 1.) We readily see that M GN1GN2. Indeed,

N2GG=N1 ¼ MN1=N1GM=M VN1GM

(and similarly, interchanging N1, N2). Thus M is a simple group with minimally
irreducible complex representations of prime degrees p1, p2. By Lemma 2.2, p1; p2
occur to the first power in jMj. On the other hand, as wjM is irreducible, p1 p2 j jMj,
which implies that p1; p2 are distinct. Table 1 now shows that M GPSLð2; uÞ for
some u. Moreover, if u is odd, then u is prime and p1 p2 ¼ uðu þ 1Þ=2. Now M has
an irreducible complex representation of degree p1 p2; however, the degree of an
irreducible character of PSLð2; uÞ belongs to f1; u; 12 ðuG 1Þ; uG 1g (cf. [6, Chapter
38]). If u is even, then p1 p2 ¼ u2 � 1 > u þ 1, where the latter is the maximum
character degree of PSLð2; uÞ.
Next assume that s > 2 and let M be as above. Thus M H Ni and G ¼ MNi

for i ¼ 1; . . . ; s. Set Pi ¼
Q

j0i Nj. Then M VPi tPi. But this implies that either
M VPi ¼ 1, or M VPi is the product of some of the groups Nj with j 0 i. The latter is
impossible, and so

Ni GG=Pi ¼ MPi=Pi GM=ðM VPiÞGM

for all i (in particular, the groups Ni are isomorphic). Since M VN1 ¼ 1, we also have
G=P1GM GG=N1. It follows that jP1j ¼ jN1js�1 ¼ jN1j; this forces s ¼ 2, a con-
tradiction.
We now show that, if some subgroups Ni are simple then none of them can be solu-

ble. Suppose the contrary, and write G ¼ P � Q, where P is the direct product of all
the simple subgroups Ni, and Q is the product of the soluble ones, and both P, Q are
non-trivial. Then (e.g., see [25, (II.4.19)])

P=ðM VPÞ ¼ M p=ðM VPÞGM r=ðM VQÞ ¼ Q=ðM VQÞ:

Since M H P, both the first and the last terms are non-trivial, but the first, being a
quotient of a semisimple group, is semisimple, while the last one is soluble, a con-
tradiction.
We are left now with the case when G is soluble. By Theorem 2.4 we have

G ¼ P � Q, where P is the direct product of all the subgroups Ni which are non-
nilpotent and Q is the direct product of those that are nilpotent. We prove that
P ¼ 1. Suppose the contrary and let A be a non-nilpotent direct factor of G. Set
G ¼ A � B. By Theorem 2.4, A ¼ W : X , where W is an elementary abelian r-group
for some prime r and X acts irreducibly on W . Since M VW is normalized by M and
centralized by B, it is normal in G ¼ MB (and a fortiori in A). We claim that
M d W . Suppose otherwise. Then G ¼ MW and M VW is a normal subgroup of A

properly contained in W . Thus, by irreducibility, M VW ¼ 1. Since G ¼ MA, it fol-
lows that
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jW j ¼ jMW : Mj ¼ jG : Mj ¼ jMA : Mj ¼ jA : ðAVMÞj:

But AVM tA. Since it does not contain W , by the Remarks following Theorem 2.4
we conclude that

AVM c

W

1ðXÞ ¼ ZðAÞ:

Thus A=ðAVMÞ is not a primary group, and we get a contradiction. Next we claim
that Z ¼ ZðAÞc M. Otherwise, G ¼ MZ, whence

jG : Mj ¼ jMZ : Mj ¼ jMA : Mj and jðAVMÞZj ¼ jZj jAVMj
jM VZj ¼ jAj:

Thus A ¼ ðAVMÞZ. Since AVM Y A, this implies that AVM, and hence also A, is
abelian, a contradiction. We have now obtained that AVM ¼ WZðAÞ for any non-
nilpotent direct factor A ¼ W : X of G. In particular,

jA=ðAVMÞj ¼ jB=ðBVMÞj ¼ p;

where p is the prime associated to A. Thus

T ¼ ðAVMÞ � ðBVMÞ < M < G;

jG : T j ¼ p2 and jG : Mj ¼ p. Now w ¼ ah, where a A IrrðAÞ and h A IrrðBÞ. Since
both A and B are minimally irreducible (by induction), both a and b split over AVM

and BVM, respectively. In fact, by a well-known result on characters (see [10, The-
orem 6.18]) they both split into p distinct irreducible constituents. On the other hand,
since w restricts irreducibly to M, and jM : T j ¼ p, by the same result w must split
into p irreducible constituents, a contradiction. This proves that none of the sub-
groups Ni is non-nilpotent, and G itself is nilpotent. By the coprimality assumption
on the centres, it now follows that the subgroups Ni have coprime orders. Write
G ¼ P � H, where P is the Sylow p-subgroup of G and H its Hall p 0-subgroup.
Since each of P, H is obviously a product of some of the subgroups Ni, we have
G ¼ MP ¼ MH, whence jP=ðPVMÞj ¼ jH=ðH VMÞj. But the former is a non-
trivial p-power while the latter is coprime to p. This is the final contradiction.

We now sum up the situation so far. If G has more than one non-abelian minimal
normal subgroup, then G ¼ N � M, where N, M are non-abelian simple groups,
minimally irreducible of degrees p, q, say and both wjN and wjM are homogeneous.
Conversely, by Theorem 4.3 any such direct product is minimally irreducible of de-
gree pq. So let us suppose that G has a unique non-abelian minimal normal subgroup
N, such that wjN is homogeneous: say, wjN ¼ qy, yð1Þ ¼ p. By Lemma 4.1, N ¼ S is
simple. Set C ¼ CGðSÞ. If G ¼ SC ¼ S � C, then, by Theorem 4.3, C is minimally
irreducible of degree q. By Lemma 2.2 the subgroup C is soluble (and therefore is one
of the groups listed in Theorem 2.4). Conversely, any such direct product is mini-
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mally irreducible of degree pq, again by Theorem 4.3. We are left to examine the case
when SC is a proper normal subgroup of G. We show that SC behaves well: in par-
ticular it provides, also in the homogeneous case, a ‘natural’ normal subgroup of G

with cyclic factor group.

Lemma 4.4. Suppose that G satisfies the assumptions of Lemma 4.1. Set N ¼ S and

C ¼ CGðSÞ. Then G=SC is isomorphic to a cyclic subgroup of IOutðSÞðyÞ.

Proof. Observe that, via obvious identifications, InnðSÞc G=C cAutðSÞ, whence
G=SC cOutðSÞ. Thus the homogeneity assumption implies that gSC A IOutðSÞðyÞ for
each g A G. All groups S listed in Table 1 have a cyclic outer automorphism group,
except for the following cases: S ¼ PSLð2; uÞ, p ¼ 1

2 ðu þ 1Þ, u > 11; S ¼ PSLð2; 9Þ,
p ¼ 5; S ¼ PSpð2 tþ1; uÞ, p ¼ 1

2 ðu2
t þ 1Þ. In all cases, OutðSÞG hFri� hqi and y is

a Weil representation of S (see the Remarks following Table 1). As shown in Theo-
rem 3.9, y is fixed by Fr and moved by q. Thus IOutðSÞðyÞ is a subgroup of the cyclic
group hFri.

Lemma 4.5. Let G be as in Lemma 4.4. Furthermore, suppose that G is w-minimally

irreducible and SC Y G. Then wjSC ¼ y
Pq

1 gi, where g1; . . . ; gq are distinct linear char-

acters of C. (In particular, C is never trivial.)

Proof. By Lemma 4.4, the subgroup SC has a cyclic supplement Y in G. Now
wjSC ¼ e

P t
1 ji, where ji A IrrðSCÞ. Since SC ¼ S � C, we have ji ¼ yigi, where

yi A IrrðSÞ and gi A IrrðCÞ. Restricting further to S, we deduce that yi ¼ y for each
i. It follows that q ¼ e

P t
1 gið1Þ, so that either e ¼ q and t ¼ 1, or e ¼ 1 andP t

1 gið1Þ ¼ q. Suppose that the former case holds. Then wjSC ¼ qj, where j A IrrpðSCÞ
is G-invariant. Since G ¼ SCY , j extends to a character c A IrrpðGÞ. By Gallagher’s
Theorem, IrrðGjjÞ ¼ fcz j z A IrrðG=SCÞg. However, since w lies in this set, we get
wð1Þ ¼ q, a contradiction. Thus the second option holds. Hence wjC ¼ p

P t
1 gi. As the

characters gi are G-conjugate and q ¼
P t

1 gið1Þ is prime, it follows that either t ¼ 1
and g1ð1Þ ¼ q, or t ¼ q and g1; . . . ; gt are distinct linear characters of C. However, if
g1 has degree q, then wjSC ¼ yg1 is irreducible, and the minimality assumption forces
G ¼ SC, a contradiction. The statement follows.

We can now describe the structure of the minimally irreducible groups G meeting
the conclusions of Lemma 4.5. In particular, we show that S is a minimally irreduc-
ible group of degree p with non-trivial outer automorphism group, and point out
some properties of CY .

Theorem 4.6. Suppose that G satisfies the assumptions of Lemma 4.1. Set N ¼ S and

C ¼ CGðSÞ. Then G is w-minimally irreducible with wjS ¼ qy and wjSC ¼ y
Pq

1 gi if and

only if the following assertions hold.

(1) G=SC is isomorphic to a non-identity cyclic q-subgroup hai of IOutðSÞðyÞ.

(2) S is y-minimally irreducible, and the quadruple ðS; p; q; aÞ is one of the following:
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(a) ðPSLð2; rÞ; r; 2; qÞ, y the Steinberg character;

(b) ðPSLð2; uÞ; u þ 1; 2; sÞ, s a suitable field automorphism;

(c) ðPSLð2; uÞ; 12 ðu þ 1Þ; 2; sÞ, s any field automorphism;

(d) ðPSLðn; uÞ; ðun � 1Þ=ðu � 1Þ; n; sÞ, n an odd prime, s a suitable field auto-

morphism;

(e) ðPSLðn; uÞ; ðun � 1Þ=ðu � 1Þ; 2; gÞ, n an odd prime, g the graph automorphism,
y ¼ yðu�1Þ=2;

(f ) ðPSUðn; uÞ; ðun þ 1Þ=ðu þ 1Þ; n; sÞ, n an odd prime, s any field automorphism

of n-power order;

(g) ðPSUðn; uÞ; ðun þ 1Þ=ðu þ 1Þ; 2; sÞ, n an odd prime, s any field automorphism

of 2-power order.

(3) There exists a cyclic q-subgroup Y of G such that G ¼ S : CY .

(4) fgi j 1c i c qg is a Y-orbit, and 7
i
ker gi ¼ 1. In particular, C

W

1ðYÞ is abelian,
whilst CY is not.

(5) CCðYÞ is a q-group, and for any Y-invariant subgroup T of C, either T c CCðY Þ
or TY ¼ CY .

Proof. Suppose first that G is w-minimally irreducible. By assumption, SC Y G. Thus,
by Lemma 2.1 applied to N ¼ SC, there exists a cyclic q-supplement Y0 ¼ hy0i to
SC in G. Furthermore, by Lemma 4.4, Y0 maps to a non-trivial subgroup of IOutðSÞðyÞ.
So (1) holds. Now assume that S is not y-minimally irreducible. Arguing as in The-
orem 3.19, we may determine an irreducible subgroup T of S such that T y0 ¼ T s

with s A S. Let Y1 ¼ hy1i, where y1 is the q-part of y0s
�1. Then T is Y1-invariant

and M ¼ TCY1 is a subgroup of G. Since wjTC ¼
P

yjTgi, a sum of q distinct Y1-
conjugate irreducible characters, M is a proper w-irreducible subgroup of G by
Proposition 2.8, a contradiction. (Observe that the exceptional case arising in Theo-
rem 3.19, namely S ¼ PSLð2; 9Þ, p ¼ 5 and q ¼ 2, is excluded here, as both q and
q � Fr move y.) As a result, Table 1 together with the Orbit Theorem 3.9 gives (2).
We have already seen that InnðSÞk G=C k IAutðSÞðyÞ. Next, we claim that InnðSÞ is
complemented in IAutðSÞðyÞ whenever S runs over the minimally irreducible groups
listed in Table 1 which have non-trivial outer automorphisms. Since our claim is ob-
viously true if only field automorphisms are involved in IAutðSÞðyÞ, this leaves us to
check the following two cases:

(i) S ¼ PSLð2; pÞ, p ¼ r, y the Steinberg character. Here OutðSÞ is generated by the
diagonal automorphism q, which is induced by the matrix D ¼ ne12 þ e21, where n is
a primitive element of Fu. Since D2 ¼ n12, we are done.

(ii) S ¼ PSLðn; uÞ, n an odd prime, u ¼ rns

, p ¼ ðun � 1Þ=ðu � 1Þ. Here

OutðSÞ ¼ hFri� hgi:

Since g is realized by the invert-transpose automorphism, we are done.
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Since InnðSÞ is complemented in IAutðSÞðyÞ, it also follows that InnðSÞ is com-
plemented in G=C. Now pick any cyclic q-subgroup Y of G such that CY=C is such a
complement. (Clearly such a Y does exist, since any complement of InnðSÞ in G=C is
a cyclic q-group.) Then

C ¼ SC VYC ¼ ðS VYCÞC;

whence YC VS c C VS ¼ 1. Thus Y fulfils (3). In order to prove (4), observe that,
since yg1; . . . ; ygq are Y -conjugate, so are g1; . . . ; gq. Moreover, since wjC ¼ p

Pq
i¼1 gi

and w is faithful, 7 ker gi ¼ 1. Finally, ½ W

1ðYÞ;C� ¼ 1. Indeed, set Y ¼ hyi and
z ¼ yq. Since z stabilizes each gi and

Pq
i¼1 gi is a faithful character of C, it follows

that ½z;C� ¼ 1.
In order to prove (5), we first observe that, for a subgroup T of C, we have

T G CCðY Þ if and only if T is not central in G, that is, is not scalar. By Cli¤ord
theory, this is equivalent to requiring that wjT ¼ p

Pq
1 ti, where the characters ti are

distinct. Now assume that T c C is a Y -invariant subgroup not contained in CCðYÞ.
Set M ¼ STY , D ¼ ST , and wjM ¼

Pr
1 ji, ji A IrrðMÞ. Note that M is not a priori

normal in G, but it is Y -invariant. Since, by the above, wjD ¼ y
Pq

1 ti, we have
j1jD dyt1. Since j1 andD are both Y -invariant and the characters ti are Y -conjugate,
we also deduce that j1jD d yti for every i A ½q�. Thus j1jD d wjD. By comparison of
degrees we conclude that wjM ¼ j1, whence M ¼ G and TY ¼ CY . Therefore, for
any Y -invariant subgroup T of C, either T is contained in CCðYÞ (equivalently, T is
scalar), or TY ¼ CY .
We now show that CCðY Þ is a q-group. Indeed, since C is abelian, C ¼ A � B,

where A A SylqðCÞ and B A Hallq 0 ðCÞ. If B is trivial, C and a fortiori CCðYÞ are
q-groups. So suppose that B0 1. Since AY is a q-group, AY < CY . This forces
A c CCðY Þ and CCðYÞ ¼ A � CBðY Þ. Now B decomposes as CBðYÞ � ½B;Y � (see
[25, Chapter 2, (5.17)]). Thus C ¼ A � CBðY Þ � ½B;Y �. We have ½B;Y �0 1, since
otherwise CY would be abelian. Since ½B;Y � is Y -invariant and does not centralize
Y , we must have ½B;Y �Y ¼ CY , and hence ½B;Y �ðC VYÞ ¼ C. It follows that
CBðYÞ ¼ 1, and we conclude that CCðY Þ ¼ A.
Conversely, assume that properties (1)–(5) hold. By (4) and Proposition 2.9, there

exists a faithful character w A IrrpqðGÞ such that wjSC ¼ y
Pq

1 gi. Let M be a maximal
irreducible subgroup of G and set H ¼ M VSC. By (1), q divides jOutðSÞj. Thus
p0q by Lemma 2.6. Using (3), we then conclude from Proposition 2.7 (with N ¼ SC)
that H is an irreducible group of degree p with respect to the character hi ¼ ðygiÞjH .
Let p be the projection of H to S. Since H c H p � C, it follows that H p is a y-
irreducible subgroup of S, whence, by (2), we have H p ¼ S. Now let r be the pro-
jection of H to C. The map sending s A S to the coset chðH VCÞ, where sch A H, is an
epimorphism from S to H r=ðC VHÞ with kernel S VH. Thus

S=ðS VHÞGH r=ðC VHÞ:

Since the latter group is abelian, we obtain that S ¼ S VH and H ¼ S � ðH VCÞ.
Arguing as in Theorem 3.19, we see that, without loss of generality, we may assume
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that M contains Y . Thus both H and T ¼ H VC are Y -invariant. Set ti ¼ ðgiÞjT .
Then hi ¼ yti and, as h1; . . . ; hq are distinct, ½T ;Y �0 1. By (5) it follows that
TY ¼ CY , whence M ¼ G. We conclude that G is w-minimally irreducible.

Theorem 4.6 provides fairly detailed information on the structure of G. However,
we can further refine the analysis and show that CY belongs to a quite restricted list
of isomorphism types. We need the following lemma.

Lemma 4.7. Let C be an abelian group acted upon non-trivially by a cyclic q-group Y.
Assume that ½ W

1ðY Þ;C� ¼ 1 and that for each Y-invariant subgroup T of C, either T

centralizes Y or TY ¼ CY . Then there exists a Y-invariant subgroup W of C such that

(1) WY ¼ CY and (2) the only Y-invariant subgroup of W not centralizing Y is W

itself.

Proof. Let C ¼ A � B, where A and B are the Sylow q-subgroup and the Hall q 0-
subgroup of G, respectively. Suppose first that ½A;Y �0 1; then, by assumption,
CY ¼ AY is a q-group, and hence B ¼ BVCY ¼ 1. Set Q ¼ CY . Since C and
CCðY Þ are both normal in Q, there exists a normal subgroup L of Q such that
CCðY Þc L c C and jL : CCðYÞj ¼ q. Thus L ¼ ha;CCðY Þi for some a A CnCCðYÞ.
Set Y ¼ hyi. Since Y must act trivially on L=CCðYÞ, there exists c A CCðYÞ such that
ay ¼ ac. It follows that ayi ¼ aci for any i. In particular, as ½ W

1ðY Þ;C� ¼ 1, we have
a ¼ ayq ¼ acq, whence cq ¼ 1. Now set W ¼ ha; ci. Then W d ½W ;Y �0 1. Thus by
assumptionWY ¼ CY , and (1) is proven. Let T G CW ðYÞ be a Y -invariant subgroup
of W . Since ½WY ;Y � ¼ ½W ;Y � ¼ hci, it follows that ½T ;Y � ¼ hci. But W=½W ;Y � is
cyclic, and its (unique) maximal subgroup coincides with CW ðYÞ=½W ;Y �. It follows
that T ¼ W , and (2) is proven. Next, suppose that ½A;Y � ¼ 1, so that ½B;Y �0 1.
Since B ¼ CBðYÞ � ½B;Y �, it follows that ½B;Y � does not centralize Y , and therefore
½B;Y �Y ¼ CY . But this obviously implies that ½B;Y � ¼ B, and hence CBðYÞ ¼ 1. Set
W ¼ B. Then W satisfies both (1) and (2). (As for (2), observe that if X is a non-
trivial Y -invariant subgroup of B then by assumption XY ¼ BY , and hence X ¼ B.)

Conditions (4), (5) in Theorem 4.6 lead us to classify the non-abelian groups which
are the product of an abelian normal subgroup W and a cyclic q-subgroup Y , sat-
isfying the following conditions: (1) ½ W

1ðYÞ;W � ¼ 1; (2) for each Y -invariant sub-
group T of W , either T centralizes Y or T ¼ W ; (3) there exists g A IrrðWÞ such that
the Y -orbit gY ¼ fg ¼ g1; . . . ; gqg has length q and 7

i
ker gi ¼ 1. Since these groups

will turn out to be generalizations of the Suprunenko groups in Theorem 2.4, we
shall call them almost Suprunenko groups. In particular, they turn out to be either q-
primary or minimally irreducible of degree q. To indicate the relation with the prime
q, it may sometimes be convenient to call them almost q-Suprunenko groups.

Theorem 4.8. A group X is almost Suprunenko if and only if it is one of the following:

(1) a non-nilpotent Suprunenko group (of type (iii) in Theorem 2.4);

(2) a generalized modular q-group
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Ul;mðqÞ ¼ ha; b j aql ¼ bqm ¼ 1; aql�1 ¼ ½a; b�i; 1 < l 0m;

(3) a group of order qlþ2 with presentation

VlðqÞ ¼ ha; b j aq ¼ bql ¼ ½a; b; b� ¼ ½a; b; a� ¼ 1i; l d 1;

(4) the quaternion group Q8 of order 8.

Proof. We first show that all our candidates are indeed almost Suprunenko. It is
useful to recall Brauer’s Permutation Lemma ([10, (6.32)]) which relates the actions
of Y on W and IrrðWÞ. Namely, if mi and ni denote the number of Y -orbits of length
qi on W and IrrðWÞ respectively, then n0 ¼ m0 and

P
id0 ni ¼

P
id0 mi (that is, the

two actions have the same number of orbits). The following simple observation will
also be useful throughout. Let X be a group, and x A X be such that ½X ; x� is con-
tained in ZðXÞ. Then the map g 7! ½g; x� is a homomorphism from X to ZðX Þ.
Assume first that X is a non-nilpotent Suprunenko group. Then, by Theorem 2.4,

X ¼ W : Y , where W is an elementary abelian irreducible Y=

W

1ðY Þ-module and Y

is a cyclic q-group. Thus ½ W

1ðY Þ;W � ¼ 1. Moreover, as W is Y -irreducible, it has no
proper Y -invariant subgroup and so condition (2) obviously holds. Finally, observe
that, as CW ðYÞ ¼ 1, by Brauer’s Lemma the only Y -invariant irreducible character
of W is the trivial one. Since ½ W

1ðY Þ;W � ¼ 1, this implies that, if 10 g A IrrðWÞ,
then jgY j ¼ q. Set gY ¼ fg ¼ g1; . . . : gqg. Then K ¼ ker g is an hyperplane of W and
the irreducibility of W under Y forces 7 ker gi ¼ CoreX ðKÞ ¼ 1.
Next, suppose that X ¼ Ul;mðqÞ and set W ¼ hai, Y ¼ hbi. It is easy to see

that bq centralizes a, that is, ½ W

1ðY Þ;W � ¼ 1. Also CW ðYÞ ¼ W

1ðWÞ. Therefore any
proper subgroup of W is centralized by Y , and (1), (2) are proved. Finally, let g
be a faithful irreducible character of W . Since gy ¼ g if and only if ½y;w� ¼ 1 for
every w A W , that is, if and only if X 0 ¼ W1ðWÞc ker g, it follows that gY has length
q.
Now suppose that X ¼ VlðqÞ. Since ½a; b� is central and a has order q, by the ob-

servation above ½a; b� also has order q. Thus, setting W ¼ hai� h½a; b�i and Y ¼ hbi,
we see that W is elementary abelian of order q2 and CW ðYÞ ¼ h½a; b�i ¼ X 0. Observe
that bqa ¼ abq½b; a�q ¼ abq; hence condition (1) is met. Now let T be a Y -invariant
subgroup of W not contained in h½a; b�i. Then 10 ½T ;Y �c T . It follows that
½T ;Y � ¼ CW ðYÞ and therefore T ¼ W . So condition (2) is met. Let g A IrrðWÞ with
ker g ¼ hai. Then g is not Y -stable. Set gY ¼ fg ¼ g1; . . . gqg. Then 7 ker gi, being a
Y -invariant subgroup of hai, is necessarily trivial.
Finally, suppose that X ¼ Q8 ¼ ha; b j a4 ¼ 1; a2 ¼ b2 ¼ ½a; b�i, and set W ¼ hai,

Y ¼ hbi. Since b2 centralizes a, and the only proper subgroup of hai coincides with
ZðQ8Þ, both (1) and (2) hold. Also, any faithful character of W satisfies (3).
We now turn to the more di‰cult converse implication. Assume that X ¼ WY

is almost Suprunenko. Since obviously any Sylow subgroup of W is Y -invariant,
and WY is not abelian, W must be a primary group. If W is a q 0-group, then
W ¼ CW ðYÞ � ½W ;Y �. Since 10 ½W ;Y � is a Y -stable subgroup of W , it follows
that W ¼ ½W ;Y � and CW ðY Þ ¼ 1. In particular, since any characteristic subgroup of
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W would obviously be Y -stable, W is characteristically simple. Hence W is an ele-
mentary abelian Y -irreducible module, and so WY is a non-nilpotent Suprunenko
group, by Theorem 2.4. Now assume that W is a q-group, so that X itself is a q-
group. (Recall that W

W

1ðYÞ is a normal abelian subgroup of X ¼ WY , and there-
fore cdðX Þ ¼ f1; qg.) Observe that

ZðX Þd CW ðYÞ W

1ðY Þ and X 0 ¼ ½W ;Y �c CW ðY Þ:

Also observe that W has a subgroup L normal in X such that jW : Lj ¼ q (see [9,
(III.7.2.d)]). By our assumptions on X ;L c CW ðYÞ, and hence L ¼ CW ðYÞ. Since X

is not abelian, we readily deduce that ZðXÞ ¼ CW ðY Þ W

1ðY Þ and jX : ZðX Þj ¼ q2.
Thus X is nilpotent of class 2 and X ¼ ha; b;ZðXÞi for suitable elements a, b.
Clearly X 0 ¼ h½a; b�i. Moreover, since aq and ½a; b� are both central, again by the
observation above we have 1 ¼ ½aq; b� ¼ ½a; b�q; hence X 0 ¼ h½a; b�i has order q.
Write K ¼ ker g, where g A IrrðWÞ satisfies condition (3), and as above set

L ¼ CW ðYÞ. Obviously LVK c ker gi for each i A ½q�. Thus 7
i
ker gi ¼ 1 forces

LVK ¼ 1. Suppose first that K 0 1. Since jW : Lj ¼ q we have K � L ¼ W and
jK j ¼ q. Now K ½K;Y � is a Y -invariant subgroup of W not contained in L, and hence
W ¼ K � ½K ;Y �. It follows that L ¼ ½K ;Y � has order q, and therefore W is an ele-
mentary abelian group of order q2. We observe that, since X ¼ WY , any further
relation among the generators of X is controlled by the intersection W VY . If
W VY 0 1, then W VY ¼ ½K ;Y � ¼ W1ðY Þ, and we may assume that ½y; k� ¼ yql�1

,
where Y ¼ hyi, oðyÞ ¼ ql and K ¼ hki (see [9, (I.14.9)]). Therefore in this case
WY GUl;1ðqÞ, the modular group of order qlþ1. On the other hand, if W VY ¼ 1,
then WY GVl , a group of order qlþ2, where l defined as before. So we are left with
the case when K ¼ 1. Then g faithfully represents W and so W is cyclic, say gen-
erated by w. Since W is normal in X , y acts as an automorphism of order q on w, and
we may assume that ½w; y� ¼ wql�1

, where oðwÞ ¼ ql . IfW VY ¼ 1, then X GUl;mðqÞ.
Otherwise, W1ðYÞ ¼ W1ðWÞ ¼ h½w; y�i, and we are facing a symmetric situation.
Assume that ql ¼ jW jd jY j ¼ qm. Let W VY ¼ hwqs

i ¼ hyqt

i. If yqt ¼ wxqs

, with
gcdðx; qÞ ¼ 1, we may replace w by wx and obtain yqt ¼ wqs

. Moreover,
m ¼ l � s þ t and s d t. We claim that y1 ¼ w�qs�t

y has order qt, unless s ¼ t ¼ 1 and

q ¼ 2 (note that s; t d 1, as X is not cyclic). Indeed, y
qt

1 ¼ ½w�1; y�q
s�t q t

2

	 

0 1 if and

only if qa qs�t q t

2

� �
, that is, if and only if q ¼ 2 and s ¼ t ¼ 1. If the latter occurs, and

furthermore l d 3, set y2 ¼ w�2 l�2
y1. Then y22 ¼ w�2 l�1

y21 ¼ 1. Notice that we have
deformed y by an element of W . Thus either X ¼ hw; y1i or X ¼ hw; y2i, and in
both cases X GUl; tðqÞ. Finally, if l ¼ q ¼ 2 and s ¼ t ¼ 1, then X GQ8.

Remarks. (1) By Theorem 4.8 (1), a non-nilpotent almost Suprunenko group is actu-
ally a Suprunenko group of type (iii). However if q is odd then V1ðqÞ is the extra-
special group of order q3 and exponent q, whilst U2;1ðqÞ is the extraspecial group of
order q3 and exponent q2. Furthermore, V1ð2Þ is the dihedral group D8 of order 8.
Since Ul;1 is the modular q-group, we see that all nilpotent Suprunenko groups are
also almost Suprunenko. Therefore the class of almost Suprunenko groups strictly
contains the class of Suprunenko groups.
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(2) Theorem 4.8 shows that if X is a nilpotent almost q-Suprunenko group, then
jX : ZðX Þj ¼ q2 and jX 0j ¼ q; in particular, X is of nilpotency class 2. It is not di‰-
cult to check that almost q-Suprunenko groups of di¤erent types are not isomorphic,
apart from the exception of U2;1ð2ÞGV1ð2ÞGD8.
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