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In this paper we give a self-contained existence and uniqueness proof for the sporadic
O’Nan group ON by showing that it is uniquely determined up to isomorphism by the
centralizer H of a 2-central involution z. We establish for such a simple group G a
presentation in terms of generators and defining relations and a faithful permutation
representation of degree 2.624.832 with a uniquely determined stabilizer isomorphic to
the small sporadic Janko group J1. We also calculate its character table by new methods
and determine a system of representatives of the conjugacy classes of G.

1. Introduction

The Brauer–Fowler Theorem asserts that there are only finitely many non-
isomorphic finite simple groups G which have 2-central involution z such that
CG(z) ∼= H , where H is a fixed group with a center Z(H) of even order. In [11] a
simple group G is said to be uniquely determined if it is (up to isomorphism) the
only simple group Y having a 2-central involution y such that CY (y) ∼= CG(z) ∼= H .
Suzuki’s survey article [16] shows that many simple groups are uniquely determined.
However, that paper also mentions several examples of simple groups which are
not uniquely determined, e.g. the centralizers of the 2-central involutions of the 3
non-isomorphic simple groups L5(2), M24 and Held’s sporadic simple group He are
isomorphic.

In this article we show that the sporadic simple group ON is uniquely deter-
mined, see Theorem 5.2. We also give an existence proof, calculate its character
table and provide a classification of all its conjugacy classes in terms of short words
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of the 4 generators of a new presentation of ON, see Theorems 5.2 and 7.4 and
Corollary 6.4, respectively.

The simple sporadic group G = ON was discovered by O’Nan in his highly
original paper [13], where he established the character table and the group structure
of the normalizers NG(p) of elements p of prime order dividing the group order
|G| = 29 · 34 · 5 · 73 · 11 · 19 · 31. In particular, he showed that such a group G = ON

has only one conjugacy class zG of involutions. Furthermore, H = CG(z) is of shape
4L3(4) : 2 by his Lemma 4.8 of [13]. All these properties of ON were derived by
him from a presentation of a given Sylow 2-subgroup of ON. But he himself neither
proved the existence nor the uniqueness of ON.

Using the deep results of [13] Soicher gave in [15] a short computer aided, but
checkable, proof of the existence of the simple O’Nan group ON as a finitely pre-
sented group with a beautiful set of defining relations. Furthermore, he showed that
a simple group G is isomorphic to ON if and only if a Sylow 2-subgroup of G is
isomorphic to the one of ON. This (stronger) uniqueness theorem is an immediate
consequence of Theorem 5.2 and Lemma 4.8 of [13], because the second author has
shown by means of MAGMA there are exactly 36 non-isomorphic groups Hi of
shape 4L3(4) : 2, and that the isomorphism type of Hi is uniquely determined by
the isomorphism type of a Sylow 2-subgroup Si of Hi.

In Lemma 2.1 we state a presentation of a centralizer H = CON(z) of a 2-central
involution z of that example of a O’Nan group ON for which there are 2 generating
permutations of degree 122760 in [18]. Throughout this article a finite simple group
G is called a simple group of ON-type if it possesses a 2-central involution z such
that CG(z) ∼= H .

This group H has center Z(H) = 〈z〉, commutator factor group H ′/Z(H ′) ∼=
L3(4), and |H : H ′| = 2. Since the simple group L3(4) has several non-isomorphic
central extensions E with a cyclic center Z(E) of order 4 it is necessary to describe
the structure of H by generators and relations in order to avoid ambiguities. In
Lemma 2.1 explicit generators of a fixed Sylow 2-subgroup S are given as short
words in the generators of H = 〈c, r, s〉. Furthermore, it is shown that S has a
unique maximal elementary abelian normal subgroup A = 〈z, t, u〉 with normalizer
D = NH(A) = 〈r, s〉 ∼= 43 · S4 and a unique Klein four subgroup V = 〈z, t〉. All
these facts have been deduced from the presentation of H by means of a described
faithful permutation representation of H having degree 448 and MAGMA [1].

In Sec. 3 we show that in any simple group G of ON-type there exists an element
g of order 3 in NG(A), g �∈ H such that zg = t, tg = zt and ug = u. We prove
in Proposition 3.1 that E = NG(A) = 〈r, s, g〉 is uniquely determined by H up to
isomorphism. A set R(E) of defining relations for E with respect to the generating
set {r, s, g} is also given.

Then we consider in any finite simple group G of ON-type the subgroup
E1 = 〈z, t, u, r, g〉 of E. By Lemma 4.1 it is isomorphic to a split extension of
the elementary abelian normal subgroup A = 〈z, t, u〉 by a Frobenius group F21 of
order 21. We also provide a set R(E1) of defining relations for E1. Furthermore, we
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show that there is an element f of order 5 in H such that H1 = 〈z〉×〈r, f, uz, tz, f〉
is the unique subgroup of shape 〈z〉 × A5 in H containing the subgroup 〈A, r〉 of
H , where A5 is the simple group of order 60.

In Proposition 4.2 we determine a set R(J) of defining relations for the subgroup
J = 〈H1, E1〉 = 〈r, f, g〉 of any finite simple group G of ON-type. Using the Todd–
Coxeter algorithm implemented in MAGMA and Janko’s uniqueness theorem [8]
we show that J is isomorphic to the smallest sporadic Janko group J1.

In Sec. 5 we prove that H = 〈r, s, c〉 = 〈r, s, f〉 and obtain a set R1(H) of
defining relations of H with respect to {r, s, f}. Then we show in Theorem 5.2 that

R(G) = R1(H) ∪R(E1) ∪R(J)

is a set of defining relations for any finite simple group G of ON-type with respect
to its four generators r, s, f , and g, and that G has a faithful permutation represen-
tation of degree 2.624.832. Furthermore, we show in this theorem that the finitely
presented group G = 〈r, s, f, g〉 with set R(G) of defining relations is simple and
that CG(z) = {r, s, f} ∼= H . In particular, this result provides an existence and
uniqueness proof for the O’Nan group.

Since calculations in this permutation group π(G) = 〈π(r), π(s), π(f), π(g)〉 ≤
S2.624.832 are very slow, we determine in Lemma 6.1 another permutation represen-
tation of G of degree 122.760. Its stabilizer is a subgroup L ∼= L3(7) : 2 for which
generators are given in Proposition 6.1 as words in r, s, f , and g.

Using this permutation representation we determine in Sec. 6 presentations of
the normalizers NG(p) of cyclic subgroups of prime order p with p > 3. The case
p = 3 is dealt with in Sec. 3. Furthermore, representatives of all conjugacy classes
of G are given as short words in the 4 generators of G, see Corollary 6.2. The same
has been done for all local subgroups and the Janko subgroup J of G in terms
of their given generators. The classification of the conjugacy classes of these local
subgroups and of the Janko subgroup J are stated in Appendix A. The fusion of
their conjugacy classes into the conjugacy classes of G is given in Corollary 6.3.
Their character tables are collected in Appendix B.

In [13, p. 460] O’Nan wrote: “In this section we present a character table of the
group G. The calculations used to establish this table are lengthy and will not be
recounted.” Therefore the character table of G has been calculated in Theorem 7.4
again by means of the first author’s algorithm [12], Brauer’s character formula for
characters of p-blocks of defect one [3] and the LLL-algorithm [10]. This calculation
is short and easy to document by means of the tables stated in the appendices. In
Theorem 7.4 we also describe the construction of an irreducible 495-dimensional
F3G-module of the O’Nan group G over the prime field F3.

Most of the calculations were done with MAGMA [1] and GAP [14]. They are
easily checkable any time on a PC because all results are formulated in terms of
words in the given generators of H and the element g of G fusing the involutions z

and t. To ease calculations with MAGMA convenient permutation representations
have been documented in all computational arguments. Most of the algorithms
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implemented in MAGMA and GAP applied in this article are described in the
recent handbook of computational group theory [6]. The documentation of our
calculations with MAGMA can be obtained from the second author’s web page
http://scienze-como.uninsubria.it/previtali/Research.html.

Concerning notation and terminology we refer to the books by Feit [3],
Gorenstein [5], Isaacs [7] and Michler [11] where all quoted theoretical results and
several new algorithms are proved.

2. The Centralizers of a 2-Central Involution

In this section we give a presentation of the finite group H which is assumed to
be the centralizer of a 2-central involution in a group of ON-type. We determine
a Sylow 2-subgroup S of H and an elementary abelian normal subgroup A of S

such that D = NH(A) is of maximal order among all normalizers NH(B) of the
elementary abelian maximal subgroups B of S.

Lemma 2.1. Let H be the finitely presented group generated by elements r, s and
c subject to the following set R(H) of relations:

r3 = s16 = c5 = (sc−1)4 = (rs2r−1s−1)2 = (r−1s2rs−1)2 = 1,

s−1r−1c−2s−1r−1crc2 = (r−1c−1s−1cs)2 = rc2rs−1r−1s−1c−2rc−1 = 1,

cr−1s−3r−1c−1r−1scr−1 = sc−1sr−1sr−1c−1sc−1r−1c = 1,

s5r−1cr−1c−1sc−1 = sr−1s−1c−1sr−1s−1rcr−1c = 1,

cs2c−1sr−1cr−1scr = (rsr−1s−1r−1s−1)2 = (r−1s−3r−1s−1)2 = 1,

s2r−1s−1r−1s−1r−1s3r−1s = r−1c−2sr−1s−1r−1sc−1r−1s−1c = 1.

Let z = (rsrs−1)2, t = (rs2)3s−4, u = (sr)4, v1 = (cr)−3, v2 = r−1s−1rs−1r−1s−2,

v3 = (sr)−2. Then z, u, t are involutions, v1, v2, v3 have order 4 and the follow-
ing assertions hold:

(a) Aut(H) = Inn(H) : K, where K is a Klein 4-group and there is γ ∈ Aut(H)−
Inn(H) fixing r.

(b) S = 〈s, s−1rsr, s2r−1s−2rs−1〉 is a Sylow 2-subgroup of H with center Z(S) =
〈z〉 such that γ(S) = S. Moreover s8 = v2

1 = z, v2
2 = t, v2

3 = u, z, t, u are
involutions.

(c) P = O2(H) = 〈v1〉 is cyclic of order 4.
(d) A = 〈z, t, u〉 is the unique elementary abelian normal subgroup of rank 3 of S.
(e) V = 〈z, t〉 is the unique elementary abelian normal 4-group of S.
(f) CH(V ) = CS(V ) is a maximal subgroup of S, and V = Z(CS(V )).
(g) S = NH(V ).
(h) C = CH(A) = CS(A) = 〈v1, v2, v3〉 is a homocyclic subgroup of rank 3 and

order 64 of S.
(i) C is the unique abelian subgroup of its order in S.
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(j) D = NH(A) = 〈r, s〉 is a non-split extension of C by S4.
(k) The minimal degree of a faithful permutation representation of H is 448; its

stabilizer is 〈sr−1c2sr−1c−1rc, cs−1r−1cs−3c〉 ∼= A6.
(l) A system of representatives hi and the corresponding centralizers orders

|CH(hi)| of the 31 conjugacy classes hH
i of H is given in Appendix A.1.

(m) The character table of H is given in Appendix B.1.
(n) Inn(D) has an elementary abelian complement of order 8 in Aut(D).
(o) A system of representatives di and the corresponding centralizer orders

|CD(di)| of the conjugacy classes of D = 〈r, s〉 is given in Appendix A.2.
(p) The character table of D is given in Appendix B.2.

Proof. All these statements have been checked by means of MAGMA from the
given presentation of H . The system of representatives of the conjugacy classes of
H and D have been calculated by means of Kratzer’s algorithm 5.3.18 of [11], see
also [9]. In particular, (k) has been obtained by calculating all core-free subgroups
of H and taking the unique subgroup (up to conjugacy) realizing the smallest
index among them. Since H is monolithic, its monolith being the center, a faithful
permutation representation of smallest degree must be transitive.

3. Fusion

In this section we show that any finite simple group G of ON-type has only one
conjugacy class of involutions. By an application of Thompson’s transfer lemma we
obtain a new element g ∈ NG(A) − NH(A) of order 3 which allows us to construct
the normalizer E = NG(A), and a system of representatives of the G-conjugacy
classes of elements of even order.

We owe thanks to the referee for suggesting a shortcut in the proof of assertion
(a) of the following result.

Proposition 3.1. Let G be a finite simple group having a 2-central involution z

with centralizer CG(z) = H given in Lemma 2.1. The following statements hold:

(a) There exists an element g of order 3 in NG(A), g /∈ H such that zg = t, tg = zt,

ug = u. Such an element is unique up to conjugation in C = CH(A).
(b) E = NG(A) is the unique non-split extension of C = CG(A) = CH(A) by L3(2).
(c) The automorphism group Aut(D) consists of only one (H∗, E∗)-double coset,

where H∗ = NAut(H)(D)|D and E∗ = NAut(E)(D)|D.
(d) E = 〈r, s, g〉 with set R(E) of defining relations:

r3 = g3 = s16 = sr−1sr−1g−1s−1g−1 = (r−1g−1r−1s−1)2 = (sgs2)2 = 1,

(sg−1r−1g−1)2 = (gr−1s−1)3 = (rs2r−1s−1)2 = 1,

s−2g−1r−1s−1rs−2rg = s−1r−1gr−1s−1rsgr−1g−1 = 1.

(e) E has a faithful permutation representation of degree 112 with stabilizer
〈r−1sgs2r, s3g−1s−1rg−1〉 whose generators have orders 8.
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(f) A system of representatives (ei) and the corresponding centralizer orders
|CE(ei)| of the 18 conjugacy classes of ek in E are given in Appendix A.3.

(g) The character table of E is given in Appendix B.3.

Proof. (a) Let S be the Sylow 2-subgroup of H given in Lemma 2.1(b). Using the
faithful permutation representation of H described in Lemma 2.1(k) and MAGMA
it has been checked that w = rs−2r2s is an involution of S that does not belong to
H ′. Therefore z ∈ H ′, t ∈ H ′ and w ∈ H − H ′ are representatives of all conjugacy
classes of involutions of H and |CH(w)| = 144 by Lemma 2.1(k).

Suppose that z and t are not conjugate in G. Then Glauberman’s Z∗-Theorem
implies that zq = w for some q ∈ G. Hence CH(w) = H ∩ Hq. Now |H∩Hq |

|H′∩H′q |
divides 4 because |H : H ′| = 2. As 16 divides |CH(w)| it follows that |H ′ ∩ H ′q| is
even. Hence there is an involution b1 ∈ H ′ ∩ H ′q and v = wb1 is an involution in
H − H ′. Thus v and w are H-conjugate. Furthermore, v ∈ H ′q, because w = zq

and b1 belong to H ′q. Therefore vh = tq for some h ∈ Hq. In particular, z and t

are G-conjugate. This contradiction to our assumption proves that there is an x in
G such that zx = t, and x �∈ H .

Let K = CG(t), then Sx is a Sylow 2-subgroup of K = Hx. By Lemma 2.1
X = CH(V ) = CH(t) has index 2 in S. Let Y be a Sylow 2-subgroup of K containing
X . Then X is normal in Y . By Sylow’s theorem there is a y ∈ K such that Y = Sxy.
Now V = Z(X) char X�Y implies that V �Y . Also V xy �Y = Sxy. By Lemma 2.1
Y has only one normal elementary abelian subgroup of order 4. Thus V = V xy,
and xy ∈ NG(V ). Furthermore, Lemma 2.1 asserts that

C = CH(A) = CS(A) ≤ CG(V ) � NG(V ),

and that C is the unique homocyclic subgroup of S of order 64. Hence C, Cxy ≤
CG(V ) ≤ S implies that C = Cxy. Since A = Ω1(C) it follows that xy ∈ NG(A).
Clearly zxy = ty = t. In particular, xy /∈ H . Now CG(A) = CH(A) = C. Since
D/C ∼= S4 is a maximal subgroup of Aut(A) ∼= L3(2) and xy /∈ D, it follows
that NG(A)/C ∼= L3(2). Thus E = NG(A) is an extension of C by L3(2). By
Lemma 2.1(j) and the Theorem of Gaschütz E is a non-split extension and CE(C) ≤
CE(A) = C is 2-constrained.

Using the command ExtensionOfSolubleGroup implemented in MAGMA we
obtain 4 extensions of C by L3(2). But only one has a Sylow 2-subgroup isomorphic
to the one of H . With CosetAction we obtain a permutation representation for
this finitely presented group, identify a subgroup D1 and check with IsIsomorphic

that D1 is isomorphic to D, use this isomorphism to identify r and s in D1. Since
E/C ∼= L3(2) we may choose g ∈ E such that g satisfies all 3 relations: zg = t, tg =
zt, ug = u. Let g, q be a pair of distinct elements of order 3 in E having the same
action on A. Then x = gq−1 ∈ CG(A) = C. By Lemma 2.1(h) C is abelian, so
agc

= ag for any c ∈ C, a ∈ A. So all C-conjugates of g act as g on A. Since
|CC(g)| = 4 and |C| = 64 there are 16 such elements. MAGMA shows there are
no others. As r ∈ D acts on A by: zr = z, tr = ztu, ur = t it follows that their
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matrices (g), (r) ∈ L3(2) generate a Frobenius subgroup F21 inside L3(2). Let (s)
be the matrix of s with respect to its action on A. Then L3(2) = 〈(r), (s), (g)〉.
(b) has been proved within the above argument of (a). So have (d) and (e) using
MAGMA. Notice that not every element fulfilling (a) fulfills (d).

(c) An application of Kratzer’s algorithm 7.1.10 of [11] proves that the number
of (H∗, E∗)-double cosets in Aut(D) is 1. Thus by Goldschmidt’s Lemma (see [4])
the amalgam (H, D, E) is unique up to isomorphism.

(f) and (g): Representatives of conjugacy classes and character tables are cal-
culated by means of MAGMA and GAP using Kratzer’s, Weller’s and the second
author’s programs.

Proposition 3.2. Let G be any finite simple group of ON-type having a 2-central
involution z with centralizer H = CG(z). Then the following statements hold:

(a) G has a unique class of involutions represented by z, denoted 2A.
(b) G has 17 z-special H-conjugacy classes represented by:

2a, 4a, 4b, 6a, 8a, 8b, 10a, 12a, 14a, 16a, 16b, 16c, 16d, 20a, 20b, 28a, 28b.

(c) Using the notation of the conjugacy classes of H and E = NG(A) as in Appen-
dices A.1 and A.3, respectively, their fusion patterns into the special conjugacy
classes of G are given in Table 1.

Table 1.

G 2A 4A 4B 8A 8B 16A 16B 16C 16D

H 2a 2b 2c 4a 4d 4b 4c 4e 4f 8a 8d 8b 8c 16a 16b 16c 16d

E 2a 2b 4a 4b 4c 8a 8b 16a 16b 16c 16d

Fig. 1.

Proof. (a) The fusion of involutions can be read off from Fig. 1:
Each fusion relation has been checked using MAGMA and the Tables A.1, A.2 and
A.3 classifying the conjugacy classes of H , D and E, respectively.
(b) z-special classes of H are easily read off from the conjugacy class table in
Appendix A.1.
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(c) The fusion graph for the other 2-elements is obtained in the same way as in (a).
By [11, Theorem 7.1.8] and Proposition 3.1 the fusion of the conjugacy classes of
elements of even order of H in G is uniquely determined by H .

Lemma 3.3. Let G be any finite simple group of ON-type having a 2-central invo-
lution z with centralizer CG(z) = H = 〈r, s, c〉 given in Lemma 2.1. Then the
following assertions hold:

(a) CH(r) = 〈r〉 × 〈r1〉 × 〈w, �〉, where r1 = (s−1r−1)2c−1r−1c has order 3 and
D1 = 〈�, w〉 is a dihedral group of order 8 generated by the involution w =
rsrc−2sc−1r−1s−1 and � = (rc)3 of order 4 satisfying �w = �−1.

(b) N1 = NH(r) = 〈CH(r), n1〉, where n1 = (s−1c[c2, s])2 is an involution satisfy-
ing the relations: rn1 = r2, rn1

1 = r2
1 , [x, n1] = 1 for all x ∈ D1.

(c) S2 = D1 × 〈n1〉 is a Sylow 2-subgroup of N1.
(d) R = 〈r〉 × 〈r1〉 is a Sylow 3-subgroup of H.
(e) NH(R) = (R×D1) : Q8, where the quaternion subgroup Q8 = 〈q1, q2〉 is gener-

ated by q1 = s3r−1c−1rc−1s−1 and q2 = c−1s−1cr−1c−1r−1c−1, satisfying the
following relations:

r3 = r3
1 = 1, �4 = 1, w2 = 1, q4

1 = 1, q4
2 = 1, (�−1w)2 = 1, [�, q1] = 1,

q−1
2 q2

1q
−1
2 = 1, �−1q−1

2 �−1q2 = 1, q−1
1 q−1

2 q1q
−1
2 = 1, wq−1

2 �−1wq2 = 1,

q−1
1 w�2q1w = 1, rq1 = r1, r

q1
1 = r2, rq2 = rr2

1 , rq2
1 = (rr1)2.

Proof. Using the faithful permutation representation of H given in Lemma 2.1 and
MAGMA all these statements have been deduced from Lemma 2.1 computationally.

Proposition 3.4. Let G be a simple ON-type group having a 2-central involution
z such that CG(z) = 〈r, s, c〉. Let N1 = NH(r) = 〈r, r1, w, �, n1〉 be as in Lemma 3.3
and let R = 〈r, r1〉. Then the following assertions hold:

(a) CG(r) ∼= R × A6
∼= CG(R).

(b) There is an element f1 of order 5 in G such that NG(r) = 〈r, r1, l, n1, w, f1〉 is
isomorphic to (R × A6) · 2 and has the following presentation:

r3 = 1, r3
1 = 1, n2

1 = 1, �4 = 1, w2 = 1, f5
1 = 1, [r, r1] = 1, (r−1n1)2 = 1,

(r−1
1 n1)2 = 1, [r, �] = 1, [r1, �] = 1, n1�

−1n1� = 1, r−1wrw = 1,

r−1
1 wr1w = 1, (n1w)2 = 1, (�−1w)2 = 1, [r, f1] = 1, [r1, f1] = 1,

n1f
−1
1 n1f1 = 1, (wf−1

1 )2 = 1, (f−1
1 �−1)3 = 1, �−2f−1

1 �2f−1
1 �2f−1

1 = 1,

�−1f1�
−1f−1

1 w�−1f−2
1 �f1 = 1.

(c) G has 3 r-special conjugacy classes represented by the following classes of the
character table of N = NG(r) given in Appendix B.4:

3a, 15a, 15b.

(d) A system of representatives ni and the corresponding centralizer orders |CN (ni)|
of the 42 conjugacy classes nN

i of N = NG(r) are given in Appendix A.5.
(e) n1 ∈ N −CG(r) inverts r and centralizes the subgroup U1 = 〈�, w, f1〉 ∼= A6 of N .
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Proof. (a) By Lemma 3.3 CH(r) = R×D1, where R is elementary abelian of order
9 and D1 = 〈�, w〉 is a dihedral Sylow 2-subgroup of C = CG(r).

Let j be any involution of CG(r). By Proposition 3.2(a) there is an x ∈ G such
that z = jx. Hence

rx ∈ CG(jx) = CG(z) = H.

By Lemma 2.1(l) H has a unique conjugacy class of elements of order 3 represented
by r. Hence there is an h ∈ H such that rxh = r and z = zh = jxh. Therefore
xh ∈ CG(r). Thus all involutions of C = CG(r) are conjugate in C.

Let Q = O(C). Then C/Q �= D1, because D1 has 3 conjugacy classes of involu-
tions. Now the Gorenstein–Walter theorem (see [5]) asserts that

C/Q ∈ {A6, A7, L2(7)}.
In the case of A7 the 2-central involution would have a centralizer in A7 of order
divisible by 3. Hence |H | = |CG(z)| would be divisible by 33, a contradiction to the
order of H . Thus C/Q ∈ {A6, L2(7)}.

Suppose that C/Q ∼= L2(7). By Lemma 3.3 |NH(r)/CH(r)| = 2, and there is
an involution n1 ∈ NH(r) satisfying rn1 = r2. If the residue class of n1 in C/Q

were operating like an outer automorphism of L2(7), then the Sylow 2-subgroup of
NG(r) would be a dihedral group of order 16. Since N = NG(r) and NH(r) have
conjugate Sylow 2-subgroups, this is impossible by Lemma 3.3(c).

Hence we may assume that n1 centralizes the normal subgroup L2(7) of N/Q.
If the residue class of n1 were not generating a direct factor of L2(7) in N/Q,
then N/Q = SL2(7). In particular, N would have a generalized quaternion
Sylow 2-subgroup of order 16 as a Sylow 2-subgroup, which is a contradiction to
Lemma 3.3(c). Therefore N/Q = 〈n1〉 × L2(7). As G has a unique conjugacy class
of involutions n1 is conjugate to z, and L2(7) is a subgroup of H up to conjugation.

Another application of MAGMA yields that H has a unique conjugacy class
of subgroups U ∼= L2(7) and that their dihedral Sylow 2-subgroups D2 of order 8
contain a unique class of elements v of order 4 which are H-conjugate to (rs)2 ∈ 4c.
By Lemma 2.1(l) � = (rc)3 ∈ D1 belongs to 4a Proposition 3.2(c) implies that � and
(rs)2 are not conjugate in G. Hence the Sylow 2-subgroup D1 of C = CG(r) and
the Sylow 2-subgroup D2 of L2(7) ≤ C cannot be conjugate in C, a contradiction
to Sylow’s Theorem. Therefore C/Q = A6.

Applying the Brauer–Wielandt theorem to the Klein 4-subgroup V = 〈z, w〉 of
D1 it follows that

|Q||CQ(V )|2 = |CQ(z)|3, (3.1)

because C has a unique class of involutions. Furthermore, r ∈ CQ(z), and CQ(z) ≤
H ∩ CG(r) = CH(r). Since |CH(r)| = 2332 by Lemma 2.1, we get that |CQ(z)| ∈
{3, 9}.

Suppose that |CQ(z)| = 3. As r ∈ CQ(z) ∩ CQ(w) it follows from (3.1) that
|CQ(V )| = |CQ(z)| = |Q| = 3. Hence Q = 〈r〉, and C/Q ∼= A6. Therefore either
C ∼= 3A6 or C ∼= 〈r〉 × A6.
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Let C1 = CG(R). As CH(r) = R × D1 = CH(R) also C1 has a dihedral Sylow
2-subgroup D1. Let W = O(C1). Then the Gorenstein–Walter theorem asserts that

C1/W ∈ {L2(7), A6, A7, D1}.
As C1 ≤ C and 7 does not divide |C| = 3|A6|, the simple groups L2(7) and A7 are
not involved in C1. Clearly, R ≤ W . If C1/W ∼= A6, then

3|A6| = |C| ≥ |C1| = |W ||A6| ≥ 9|A6|,
a contradiction. Thus C1/W ∼= D8, the dihedral group of order 8.

Applying now the Brauer–Wielandt theorem again to the Klein 4-subgroup
V = 〈z, w〉 of the Sylow 2-subgroup D1 of C1 it follows that

|W ||CW (V )|2 = |CW (z)||CW (w)|2,
because the involutions w and wz are conjugate in D1. As |CW (z)| = |R| ≤
|CW (w)|, we get |CW (V )| = |R|. Therefore |W | = |R|−1|CW (w)|2. Since C1 ≤ C

and |C| has a Sylow 3-subgroup of order 27 we see that W = R. Hence

C1 = CG(R) ∼= W × D8
∼= R × D1.

In particular, |R| = 9 divides the order of CG(D1). However, if C ∈ {3A6, 3× A6},
then |CC(D1)| = 6. This contradiction proves that Q = R, and C/R ∼= A6. Hence
CG(R)/R ∼= A6. By Lemma 3.3(e) NH(R) = (R × D8) : Q8. Furthermore, Q8 acts
irreducibly on R, because n1 inverts both generators r and r1 of R. Since the Schur
multiplicator of A6 is cyclic of order 6 this implies that CG(R) ∼= R × A6, and so

C = CG(r) = CG(R) ∼= R × A6,

which completes the proof of (a). The remaining assertions are now easy to verify
computationally by means of MAGMA. In particular, statement (e) follows from
the table of representatives of the conjugacy classes given in Appendix A.5.

4. Embedding of the Janko Group J1 into Simple ON-Type
Groups

In this section we show that each finite simple group G of ON-type having a 2-central
involution z with centralizer CG(z) = H = 〈c, r, s〉 has a subgroup J = 〈r, f, g〉
isomorphic to the small Janko group J1 of order |J1| = 175560, where g is the
element of G defined in Proposition 3.1, and f is a suitable element of order 5 in H .

Lemma 4.1. Let G be a finite simple group of ON-type with a 2-central involution z

having centralizer CG(z) = H = 〈r, s, c〉. Let A = 〈z, t, u〉 be the unique elementary
abelian normal subgroup of the finite Sylow 2-subgroup S of H defined in Lemma 2.1.
Let g ∈ G be the element of order 3 defined in Proposition 3.1. Then the following
assertions hold:

(a) The element f = r−1c−1r−1c−2rc−1r−1 ∈ H has order 5.
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(b) H1 = 〈z, t, u, r, f〉 is the only subgroup of H of shape 〈z〉 × A5 containing the
subgroup 〈A, r〉.

(c) H1 has the following set R(H1) of defining relations:
t2 = u2 = r3 = f5 = (zt)2 = (zu)2 = (tu)2 = 1,

zr−1zr = tr−1ur = zf−1zf = (tf−1)2 = 1,

r−1utzru = f−1r−1utfr−1 = f−2utf−1r−1 = 1.
(d) E1 = 〈r, g〉 is the split extension of the elementary abelian group A = 〈z, t, u〉

with a Frobenius group F21 = 〈[r, rg ]〉 : 〈r〉 ∼= 7 : 3. Moreover, CA(r) = 〈z〉,
CA(g) = 〈u〉.

(e) E1 has the following set R(E1) of defining relations:
t2 = u2 = r3 = g3 = (zt)2 = (zu)2 = (tu)2 = 1,

zr−1zr = tr−1ur = tg−1zg = ug−1ug = 1,

g−1tzgz = r−1utzru = r−1gr−1zgrg−1 = 1.

Proof. (a) and (b) have been checked by means of MAGMA and the faithful
permutation representation of H described in Lemma 2.1(k).

(c) The presentation of H1 has been calculated by means of MAGMA.
(d) E1 = 〈z, t, u, r, g〉 ≤ E = NG(A) = 〈r, s, g〉 by Proposition 3.1. Using the

faithful permutation representation of E given in Proposition 3.1(f) and MAGMA
it follows that E1 is generated by r and g, and that A = 〈z, t, u〉 is a normal Sylow
2-subgroup of E1 having a Frobenius group F21 = 〈r, rg〉 as complement, where

z = rg−1rgr−1g−1, u = (rg−1)2rgr, t = zg.

The remaining statements are now trivial.
(e) The presentation of E1 has been determined by means of MAGMA.

Proposition 4.2. Each finite simple group G of ON-type has a simple subgroup J

isomorphic to the Janko’s small sporadic simple group J1 of order |J1| = 175560.
Furthermore, J = 〈r, f, g〉 has the following set R(J) of defining relations:

f5 = r3 = g3 = (rf)3 = (f2r−1)2 = rgfr−1f−1grg = 1,

rg−1r−1frf−1gr−1g−1 = rgf−2g−1r−1fgrf−1g−1f−1 = 1.

Proof. Let z be a 2-central involution with centralizer CG(z) = H = 〈r, s, c〉
defined in Lemma 2.1. Let S be the fixed Sylow 2-subgroup of H chosen in
Lemma 2.1. Let A = 〈z, t, u〉 be the unique maximal elementary abelian normal
subgroup of S. Proposition 3.1 asserts that there is an element g ∈ NG(A)−NH(A)
of order 3 such that zg = t, tg = zt and ug = u.

By Lemma 4.1(a) and (b) the element f = r−1c−1r−1c−2rc−1r−1 ∈ H has order
5 and the subgroup H1 = 〈z, t, u, r, f〉 ∼= 〈z〉×A5. Let R(H1) be the set of defining
relations of H given in Lemma 4.1(c). Let R(E1) be the set of defining relations of
the subgroup E1 = 〈z, t, u, r, g〉 ∼= A : F21 of G given in Lemma 4.1(e).
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Keeping the notations of Proposition 3.4 we know that in any group G of ON-
type

N := NG(r) = [〈r, r1〉 : 〈n1〉] × 〈l, w, f1〉,

where X = 〈l, w, f1〉 ∼= A6 and f1 is of order 5.
Using MAGMA and the faithful permutation representation of H given in

Lemma 2.1(k) one can see that h = (frs2)2s12 ∈ H has order 8 and satisfies
the following equations nh

1 = zt and rh = [r2, f ]. Hence nhg
1 = z by Proposition 3.1.

Therefore

Xhg ≤ CG(nhg
1 ) = CG(z) = H,

Nhg = NG(rhg) = [〈rhg, rhg
1 〉 : 〈z〉] × Xhg.

Now using MAGMA again we see that wh ∈ D = NH(A). As lh = l it follows that
the dihedral Sylow 2-subgroup Y = 〈l, w〉 of X is mapped under conjugation by
hg to

Y hg = 〈l, wh〉g ≤ H ∩ E = D,

because g ∈ E = NG(A) by Proposition 3.1.
Another application of MAGMA yields then that there are exactly 2 subgroups

Li
∼= 〈z〉 × A6 of H containing Y hg. Hence Xhg ∈ {L1, L2}. Furthermore it has

been checked that f ∈ L1 and fu ∈ L2 up to choosing the indices of the Li. Hence
exactly one of the following relations holds:

[rhg, f ] = [[r2, f ]g, f ] = 1, (4.1)

[rhg , fu] = [[r2, f ]g, fu] = 1. (4.2)

Using the Todd–Coxeter Algorithm implemented in MAGMA it has been
checked that the subgroup J = 〈H1, E1〉 = 〈z, u, t, r, f, g〉 of G having the set

R(J) = R(H1) ∪R(E1) ∪ (4.2)

as defining set of relations with respect to its generating set {z, u, t, r, f, g} is the
identity group. This contradiction shows that f ∈ L1 = Xhg. In particular, the
relation (4.1) holds in J . Another application of the Todd–Coxeter Algorithm now
shows that the subgroup J = 〈H1, E1〉 = 〈z, u, t, r, f, g〉 of G with the set

R(J) = R(H1) ∪R(E1) ∪ (4.1)

as defining relations has a faithful permutation representation of degree |J : H1| =
1463 with stabilizer H1. Using this new permutation representation we see that J is
simple and has order 175560. Therefore J ∼= J1 by [11, Theorem 9.4.2], see also [8].
The short presentation of J given in the statement of this proposition has been
obtained by MAGMA and the above permutation representation.
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5. Main Theorem

In this section it is proved that all finite simple groups of ON-type are isomorphic by
showing that they all have the same presentation. Furthermore, this presentation
also yields an existence proof of a finite simple group G of ON-type. It follows that
the O’Nan group G has a faithful permutation representation of degree 2.624.832
with stabilizer J isomorphic to Janko’s smallest sporadic simple group J1.

Lemma 5.1. Let G be a finite simple group of ON-type having a 2-central involu-
tion z with centralizer CG(z) = H. Let S be the fixed Sylow 2-subgroup of H and let
A = 〈z, t, u〉 be the unique maximal elementary abelian normal subgroup of S given
in Lemma 2.1. Then the following assertions hold:

(a) G has a unique conjugacy class of involutions.
(b) G = 〈H, NG(A)〉.

Proof. (a) holds by Proposition 3.2(a).
(b) By Lemma 2.1 the Sylow 2-subgroup S of H has derived length 3. Thus a

simple group G of ON-type cannot be isomorphic to PSL2(q), Sz(q) or PSU3(q),
where q is a power of 2. Therefore the Bender–Suzuki theorem stated as Theorem 4.2
in Suzuki [17, p. 392] implies that G = 〈H, NG(S), CG(t) | t ∈ I(H)〉, where I(H)
denotes the set of all involutions t of H . Clearly, A is a characteristic subgroup of S.
Hence NG(S) ≤ NG(A) = E. By (a) G has a unique conjugacy class of involutions.
Now the proof of Proposition 3.2 implies that all involutions t ∈ I(H) are fused to
z in the subgroup 〈H, E〉 of G. Thus

G = 〈H, NG(S), CG(t) | t ∈ I(H)〉 ≤ 〈H, E〉 ≤ G,

which completes the proof.

Theorem 5.2. Let G be a finite simple group of ON-type with a 2-central involution
z having centralizer CG(z) = H = 〈r, s, c〉 and fixed Sylow 2-subgroup S ≤ H

defined in Lemma 2.1. Let A = 〈z, t, u〉 the unique maximal elementary abelian
normal subgroup of S. Then the following assertions hold:

(a) There exists an element g ∈ NG(A)−NH(A) of order 3 such that zg = t, tg = zt

and ug = u, and E = NG(A) = 〈r, s, g〉.
(b) The elements f = r−1c−1r−1c−2rc−1r−1 and c = s2fr2frs2r2 of H have order

5, and

H = 〈r, s, c〉 = 〈r, s, f〉.

(c) G = 〈r, s, f, g〉 has the set

R(G) = R1(H) ∪R(J) ∪R(E)
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as a set of defining relations, where H = 〈r, s, f |R1(H)〉. Leaving out repeti-
tions R(G) is described by the following relations:
r3 = s16 = f5 = g3 = 1,

r−1g−1f−1rgf2g−1r−1fgf = s−1r−1gr−1s−1rsgr−1g−1 = 1,

frf−1s−2r−1s2r−1s−2 = (r−1g−1r−1s−1)2 = s−1f−1s4f−1s−3 = 1,

(rf−1sf−1s−1)2 = (r−1s2rs−1)2, f−2gf−1g−1f2r−1gfg−1r = 1,

(gr−1s−1)3 = (sg−1r−1g−1)2 = (sgs2)2 = (s−1f−1)4 = 1,

r−1sfrs−1r−1sf2s−1f−1 = (f−1r−1)3, (rf−2)2 = 1,

(sf−1)4 = 1, sr−1sr−1g−1s−1g−1 = (fr−1f)2 = (rs2r−1s−1)2 = 1,

s−2g−1r−1s−1rs−2rg = fr−1f−1r−1s−1r−1fr−1f−1s = 1,

rgfr−1f−1grg = rg−1fr−1f−1rgr−1g = 1.

(d) The simple subgroup J = 〈r, f, g〉 of order 175560 has index |G : J | = 2.624.832.
(e) G is uniquely determined by H up to isomorphism and has order

|G| = 29 · 34 · 5 · 73 · 11 · 19 · 31.

(f) The finitely presented group G = 〈r, s, f, g〉 with set R(G) of defining relations is
a simple group with 2-central involution z = s8 such that CG(z) = 〈r, s, f〉 ∼= H.

Proof. Assertion (a) holds by Proposition 3.1(a) and (d). (b) Lemma 4.1(a) states
that f = r−1c−1r−1c−2rc−1r−1 ∈ H has order 5. Using MAGMA and the faithful
permutation representation of H given in Lemma 2.1(k) we checked that

H = 〈r, s, c〉 = 〈r, s, f〉
and that c = s2fr2frs2r2.

(c) Furthermore, it has been verified that the following set R1(H) is a defining
set of relations of H with respect to {r, s, f}:

r3 = s16 = f5 = (f−1r−1)3 = (rf−2)2 = (s−1f−1)4 = (sf−1)4 = 1,
(rs2r−1s−1)2 = fr−1f−1r−1s−1r−1fr−1f−1s = (r−1s2rs−1)2 = 1,
(rf−1sf−1s−1)2 = s−1f−1s4f−1s−3 = r−1sfrs−1r−1sf2s−1f−1 = 1,
frf−1s−2r−1s2r−1s−2 = 1.

By Proposition 4.2 the subgroup J = 〈r, f, g〉 has the following set R(J) of
defining relations:

f5 = r3 = g3 = (fr−1f)2 = rgfr−1f−1grg = rg−1fr−1f−1rgr−1g = 1,
f−2gf−1g−1f2r−1gfg−1r = r−1g−1f−1rgf2g−1r−1fgf = 1.

Proposition 3.1 asserts that E = NG(A) = 〈r, s, g〉 has the following set R(E)
of defining relations:

r3 = g3 = s16 = 1, sr−1sr−1g−1s−1g−1 = (r−1g−1r−1s−1)2 = (sgs2)2 = 1,
(sg−1r−1g−1)2 = (gr−1s−1)3 = (rs2r−1s−1)2 = 1,
s−2g−1r−1s−1rs−2rg = s−1r−1gr−1s−1rsgr−1g−1 = 1.

Hence G1 = 〈H, J, E〉 = 〈r, s, c, f, g〉 = 〈r, s, f, g〉 is a subgroup of G with the set

R(G1) = R1(H) ∪R(J) ∪R(E)
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as set of relations. As J is a subgroup of G1, we applied the Todd–Coxeter algorithm
implemented in MAGMA and asked it to count the residue classes of J in G1. After
a few minutes it returned:

|G1 : J | = 2.624.832.

Hence R(G1) is a set of defining relation of G1. Now, Lemma 5.1 asserts that

G = 〈H, E〉 ≤ 〈H, J, E〉 = G1,

which completes the proof of (c).
Assertions (d) and (e) are immediate consequences of Proposition 4.2 and

statement (c).
(f) Now let G = 〈r, s, f, g〉 be the finitely presented group with set R(G) of

defining relations. By (b), (e) and Lemma 2.1 z = s8 is a 2-central involution with
centralizer CG(z) ≥ 〈r, s, f〉 ∼= H . Using the faithful permutation representation
of G with stabilizer J = 〈r, f, g〉 and MAGMA we see that the involution z has
1344 fixed points on the permutation module (1J)G. By Propositions 4.2 and 3.2
both groups J and G have a unique conjugacy class of involutions represented
by z, respectively. Hence [11, Proposition 2.6.6] asserts that 1344 = CG(z)

CJ (z) . Thus
|CG(z)| = 161280, and CG(z) = 〈r, s, f〉 ∼= H .

Let X �= 1 be a proper normal subgroup of G. If |X | is even, then zG ⊆ X

by Proposition 3.2. As H := CG(z) = 〈r, s, f〉 we can apply all statements of
Lemma 2.1. Therefore y = (sc2)3 ∈ H −H ′ by Lemma 2.1(l), and H has a faithful
permutation representation of degree 448 by Lemma 2.1(k). Using it together with
MAGMA it follows that H = 〈yH〉. Hence H ≤ X . In particular, r ∈ X . By
Proposition 3.1 we know that E = 〈r, s, g〉 has a unique conjugacy class rE of
elements of order 3. Hence g ∈ rE ≤ X , and G = 〈H, g〉 = X . This contradiction
shows that |X | is odd. By Lemma 2.1(l) W = 〈z, t〉 with t := (rs)4 is a Klein
four group and CX(z) = X ∩ CG(z) = 1. As W acts on X by conjugation the
Brauer–Wielandt Lemma asserts that

|X ||CX(W )|2 = |CX(z)||CX(t)||CX(zt)| = |CX(z)|3,
because all involutions are conjugate in G. Now CX(W ) ≤ X ∩ CH(t) = 1. So
|X | = |H ∩ X |3. But H ∩ X ≤ O(H) = 1. Thus X = 1, and the proof is complete.

Lemma 5.3. The normalizers NG(p) of the Sylow p-subgroups of G for the primes
11, 19, 31 are Frobenius groups of orders 11 · 10, 19 · 6, 31 · 15, respectively.

Proof. Using Theorem 5.2 and Sylow’s Theorem it is easy to get the orders of
NG(p).

6. A Permutation Representation of Degree 122.760

In this section a small faithful permutation representation of the O’Nan group G

with stabilizer L ∼= L3(7) : 2 is determined. It is used to get a complete classification
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of all conjugacy classes of G = 〈r, s, f, g〉 in terms of short words in the generators
of G. Thus we are able to determine the fusion of the conjugacy classes of the
local subgroups and the Janko subgroup J of G found in the earlier sections in G.
Furthermore, the classification of the conjugacy classes of G and Theorem 5.2 allow
us to apply Wilson’s concept of standard generators [18] to get another subgroup
L2

∼= L3(7) : 2 which is not conjugate to L in G.

Proposition 6.1. Let G = 〈r, s, f, g〉 = 〈c, r, s, f, g〉 be the finitely presented group
with set R(G) of defining relations given in Theorem 5.2. Let

w = rsrc−2sc−1r−1s−1,

p1 = rs3c−1r−1s−1c−1,

p2 = s2c−1rc2s−1,

n1 = (s−1c[c2, s])2,

x1 = [r−1, f ]g
2(rfr)−1

,

a = p1p2p1x
−1
1 p1x

−1
1 n1p1p

−1
2 x1,

d = p−1
2 x−1

1 p1p
−1
2 p1x

−1
1 p1n1p

−1
2 x1,

a1 = rfr−1s−4r,

d1 = g−1rf−1r−1fg,

q1 = s−1grs2r−1g.

Then the following assertions hold:

(a) Y = NG(f) = 〈a1, d1, q1〉 admits the following presentation:
d3
1 = q4

1 = q1a
3
1q

−1
1 a−1

1 = a1d1a
−2
1 d1a1 = a1q

−2
1 a2

1q
2
1a1 = d1q

−2
1 d1q

2
1 = 1.

(b) A system of representatives yi and corresponding centralizer orders |CY (yi)| of
the 18 conjugacy classes yY

i of Y is given in Appendix A.6.
(c) The character table of Y is given in Appendix B.5.
(d) R = 〈a, d〉 ∼= NG(7A) ∼= 71+2 : (3 × D8), where D8 is a dihedral subgroup of

order 8.
(e) A system of representatives ri and corresponding centralizer orders |CR(ri)| of

the 24 conjugacy classes rR
i of R is given in Appendix A.8.

(f) The character table of R is given in Appendix B.6.
(g) L = 〈p1, p2, x1, n1〉 is a subgroup of G with the following set R(L) of defining

relations:

p4
1 = p6

2 = x3
1 = n2

1 = 1,

p−1
1 p−1

2 p2
1p2p

−1
1 = p−1

1 n1p
2
1n1p

−1
1 = (p−1

1 n1p
−1
2 )2 = 1,

x−1
1 n1p

−2
1 x1p

2
1n1 = n1x

−1
1 n1x

−1
1 p2

1x
−1
1 = x1n1x

−1
1 p−1

2 p1p2n1p2 = 1,

n1p
−3
2 x−1

1 p3
2n1x

−1
1 = (p−1

2 p−1
1 p−1

2 )3 = n1x
−1
1 p2

2p
−1
1 p−1

2 n1p1x1 = 1,

x−1
1 p−1

1 x−1
1 p−1

1 x−1
1 p2x1p2x1p

−1
2 = 1.
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(h) L ∼= L3(7) : 2.
(i) A system of representatives �i and the corresponding centralizer order |CL(�i)|

of the 26 conjugacy classes �L
i of L is given in Appendix A.7.

(j) The character table of L coincides with the one of L3(7) : 2 given in [2, p. 51].
(k) The subgroup T = 〈ti | 1 ≤ i ≤ 6〉 of L with generators:

t1 = p1n1p
−1
2 x1p

−2
2 p1x

−1
1 p−1

1 n1,

t2 = p1x1p1p
−1
2 x1p1p2p1p

−1
2 p−1

1 x1,

t3 = p1x1p
−1
2 n1x

−1
1 p1x

−1
1 n1p2p1,

t4 = n1p1x1p
−1
2 n1p2n1x1p1x

−1
1 ,

t5 = p−1
2 n1p1x1p1p2p1x1p

−1
2 n1,

t6 = x1p2n1p1x
−1
1 p1x1p2p

−1
1 n1,

is the stabilizer of a faithful permutation representation of L having degree 456.

Proof. (g) It is well known that L′ = PSL3(7) has a unique conjugacy class
of involutions z with centralizer H2 = CL′(z) ∼= SL2(7) · 2. Using the faithful
permutation representation of H described in Lemma 2.1(k) and MAGMA we found
the two generators p1 and p2 of H2 with orders 4 and 6, respectively. Another
application of MAGMA yields that H3 = H2〈n1〉 is isomorphic to the centralizer of
a 2-central involution of L = L3(7) : 2. By Theorem 5.2 G = 〈r, s, f, g〉 has a faithful
permutation representation of degree 2.624.832 with stabilizer J = 〈r, f, g〉. Using
this faithful permutation representation and MAGMA it has been checked that the
subgroup L = 〈p1, p2, x1, n1〉 of G has index 122.760. Hence |L| = 26 · 32 · 73 · 19
by Theorem 5.2. We now use the faithful permutation representation of G with
stabilizer L and MAGMA to get the given presentation of L.

(k) It also has been used to check that T = 〈ti | 1 ≤ i ≤ 6〉 is a subgroup of L

with index |L : T | = 456. It affords a faithful permutation representation of L.
(h), (i) and (j): This small permutation representation of L and MAGMA were

applied to verify that L ∼= L3(7) : 2. Using then also Kratzer’s algorithm 5.3.18
of [11] the representatives of the conjugacy classes of L stated in Table A.7 were
calculated. The character table of L was then obtained by means of MAGMA.

(d), (e) and (f): Using again the small permutation representation of L it follows
that NL(d4) = 〈a, d〉 = R ∼= NL(7A) ∼= 71+2 : (3 × D8). By Theorem 5.2(e)
and Sylow’s Theorem we have NG(7A) = NL(7A). Assertions (e) and (f) have
been proved by means of the small permutation representation of L, MAGMA and
Kratzer’s algorithm mentioned above.

(a), (b) and (c): These 3 assertions have been proved by means of the faith-
ful permutation representation (1L)G constructed in (g), MAGMA and Kratzer’s
algorithm mentioned above.

Corollary 6.2. Let G = 〈r, s, f, g〉 be the finitely presented O’Nan group with set
R(G) of defining relations given in Theorem 5.2. Then G has 30 conjugacy classes.
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In Table A.9 a complete set of their representatives are given in terms of short
words in the generators of G.

Proof. The representatives x and the orders |CG(x)| given in Table A.9 have been
calculated by means of the faithful permutation representation of G constructed in
Proposition 6.1, MAGMA and Kratzer’s algorithm 5.3.18 of [11].

Corollary 6.3. Let G = 〈r, s, f, g〉 be the finitely presented O’Nan group with
set R(G) of defining relations given in Theorem 5.2. Representatives of the
conjugacy classes of the local subgroups H = CG(z), N = NG(3A), Y =
NG(5A), R = NG(7A) and the subgroups J = 〈r, s, g〉 and L of G are given in
Tables A.1, A.5, A.6, A.8, A.4 and A.7, respectively. Using their abbreviations for
the conjugacy classes of these subgroups the fusion of the conjugacy classes of these
6 subgroups of G into the 30 conjugacy classes of G is given in Table A.10.

Proof. The fusion of the conjugacy classes of H and N is given in the previous
sections. The fusion of the classes of the other subgroups has been determined
computationally by means of MAGMA and the faithful permutation representation
of G constructed in Proposition 6.1.

Corollary 6.4. Let G = 〈r, s, f, g〉 be the finitely presented group with set R(G)
of defining relations given in Theorem 5.2. Let w = sgr3gr7fsfsr7g2r3fgf and
b = (rs2)3w. Then L and L2 = 〈b−1zb, (zb2)−2b(zb2)2〉 are two subgroups of G

which are both isomorphic to L3(7) : 2, but they are not conjugate in G.

Proof. As mentioned in the introduction the group H = CG(z) defined in
Lemma 2.1 is isomorphic to the centralizer of that O’Nan group ON for which
2 generating permutations of degree 122.760 are given in Wilson’s Atlas [18]. Thus
G ∼= ON by Theorem 5.2. By Table A.9 the elements z and b1 = (rs2)3 are repre-
sentatives of the conjugacy classes 2A and 4A of G, respectively. Using MAGMA
and the faithful permutation representation of G constructed in Proposition 6.1 it
has been checked that for the element w given in the statement the elements z and
b = bw

1 have a product p = zb of order 11. So z and bw are standard generators
according to Wilson’s definition. Now the Atlas [18] provides an explicit recipe to
obtain the given generators of L2 from these standard generators.

7. Constructing the Character Table

In [12] the first author has given a deterministic algorithm which determines all
multiplicity-free irreducible constituents χr of a permutation character. Let L and
L2 be the subgroups of the O’Nan group G constructed in Propositions 6.1 and 6.4.
In this section we apply this character formula to the permutation characters of the
derived subgroups M and M2 of L and L2, respectively. Applying then Brauer’s
character formulas for the 5-blocks of defect 1, we obtain 3 more characters. Using
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the fusion information on some maximal and some local subgroups, we can induce
their characters. We apply the LLL algorithm [10] implemented in GAP 4.4 to the
permutation constituents and to the induced characters and obtain the complete
character table of the O’Nan group G.

Proposition 7.1. Let Z be a commutative semisimple algebra of finite dimen-
sion over a separable field F . If |F | is big enough, then Z = F [Z] for some
element Z ∈ Z. Moreover, we may express the primitive central idempotents of Z
as polynomials in Z over the splitting field E of Z.

Proof. By Artin–Wedderburn Theorem there exists an F -algebra isomorphism φ

from
⊕r

i=1 Fi to Z, where Fi/F is finite dimensional. Thus Fi = F [Ai], for some
Ai ∈ Fi. Let mi denote the minimal polynomial of Ai over F . If |F | is big enough,
we may modify Ai by non-zero scalars so that the mi’s are pairwise coprime. By
the Chinese Remainder Theorem there exist pi ∈ F [x] such that pi ≡ δij (mod mj).
Let Z = φ(A1, . . . , Ar), then φ(0, . . . , Ai, . . . , 0) = Zpi(Z). Since Fi = F [Ai], we get
Z = F [Z]. Let αi1, . . . , αisi be the roots for the minimal polynomial mi of Ai in E.
Let �ij be the Lagrange polynomial associated to the αij ’s, namely �ij(αik) = δjk.
Then eij = �ij(Zpi(Z)) are the primitive central idempotents of Z. We remark
that these polynomials coincide with the Lagrange polynomials associated to all
the roots of all mi’s in E.

Proposition 7.2. Let G = 〈r, s, f, g〉 be the finitely presented O’Nan group with
set R(G) of defining relations given in Theorem 5.2. Let L and L2 be the subgroups
of G defined in Proposition 6.1 and Corollary 6.4. Set M = L′ and M2 = L′

2. Then
the following statements hold:

(a) M is the stabilizer of a faithful permutation representation (1M )G of G of degree
245520.

(b) G is the disjoint union of 7 double cosets MwiM . The corresponding subdegrees
ki = |M : M ∩ Mwi | are 1, 1, 11172, 12768, 52136, 52136, 117306.

(c) The endomorphism ring E = EndQG((1M )G) is commutative and isomorphic
to the subalgebra B of (Q)7 generated by Z = D4 + D5 :

D4 =




0 0 0 1 0 0 0
0 0 0 1 0 0 0
0 0 432 602 564 564 608

12768 12768 688 698 684 684 640
0 0 2632 2793 2736 2736 2688
0 0 2632 2793 2736 2736 2688
0 0 6384 5880 6048 6048 6144




,
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D5 =




0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 2464 2303 2394 2394 2352
0 0 2632 2793 2736 2736 2688

52136 0 11172 11172 11124 10933 11088
0 52136 11172 11172 10933 11124 11088
0 0 24696 24696 24948 24948 24920




.

(d) Z has eigenvalues −184,−152,−72,−51, 343, 383, 64904.
(e) The primitive central idempotents of the intersection algebra D are li(Z), where

the li are the Lagrange polynomials corresponding to the eigenvalues of Z.
(f) The permutation character (1M )G has 7 irreducible constituents χi of multi-

plicity 1 having degrees 1, 10944, 26752, 32395, 37696, 52668, 85064.
(g) The same holds for (1M2)

G and all constituents coincide but those of degree
32395.

(h) The Gollan Ostermann numbers mj,i = |{t ∈ T : tgjt
−1 ∈ MwiM}|, where

T is a right transversal for M in G, and the values χr(gj) of the characters
obtained above on the 30 conjugacy classes of ON are reported in Table 2.

Proof. (a) follows from Proposition 6.1.
(b) MAGMA shows that G has 7 (M, M)-double coset representatives. Further-

more, MAGMA also calculates the 7 subdegrees ki = |M : M ∩ Mwi |.
(c) Let pj

ik = |1wiM ∩1w−1
k Mwj |, where M is viewed as the stabilizer of G viewed

as a permutation group of degree 245520 acting on the M -right cosets. It turns out
that the intersection matrices Dk = (pj

ik) generate a commutative algebra B. By
Proposition 7.1 we know that B is a cyclic algebra.

(d) Since all intersection matrices have minimal polynomial of degree at most
6, we looked for generators of shape Di + Dj . MAGMA shows that Z = D4 + D5

has eigenvalues −184,−152,−72,−51, 343, 383, and 64904, hence generates B.
(e) Using Proposition 7.1 we obtain the primitive central idempotents er of B

evaluating the Lagrange polynomial �i relative to the eigenvalues of Z at Z.
(f) We read off the scalars cri such that Dier = crier. Next we get the Gollan

Ostermann numbers:

mji = |{t ∈ T : tgjt
−1 ∈ MwiM}|,

where T is a right transversal for M in G and gG
j is the jth conjugacy class of

G. Since storing such a transversal would require too much memory we fix p ∈
{1, . . . , 122760} and we construct, using strong generators and Schreier vectors for
G ≤ S122760, g ∈ G such that pg = 1 and browse through all conjugacy classes
representatives. Since B is commutative all irreducible constituents of (1M )G occur
with multiplicity 1. If χr is the unique constituent corresponding to er, then it is
proved in [12] that
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(1) χr(1) = |G : M |(∑7
k=1 |M : M ∩ Mwk |−1crkcrk)−1.

(2) χr(gj) = χr(1)
|G|

∑7
k=1 crk|M : M ∩ Mwk |mjk.

(g) We calculate the permutation character of (1M2)G and reduce it using the
constituents of (1M )G. We are left with an irreducible character of degree 32395.

(h) Using the faithful permutation representation (1M )G and Kratzer’s algo-
rithm (see [9]), short words in r, s, f, g for the conjugacy classes representatives and
their centralizer orders are obtained. In particular the class number of ON is 30.

We now apply Brauer’s character formula for 5-blocks of defect one.

Proposition 7.3. The principal 5-block B0 of G contains 5 irreducible characters.
They are 1, χ2, χ6, χ8 and

χ9 = (58311, 71,−9, 71, 7, 1,−1, 1, 1,−1,−1, 1, 0,−1, 1, 1, 1,−1,−1,−1,−1, 0, 0, 0, 1, 1, 1, 1, 0, 0).

Let B be the 5-block containing χ3. Then B contains χ7 and two exceptional char-
acters
χ10 = (25916,−36,−4, 20, 4, 1, 0,−5, 2, 0, 0,−1, 0, 2,−1, 1, 1, 0, 0, 0, 0, 0, 0, 0,−i

√
5, i

√
5,−1,−1, 0, 0),

χ11 = (25916,−36,−4, 20, 4, 1, 0,−5, 2, 0, 0,−1, 0, 2,−1, 1, 1, 0, 0, 0, 0, 0, 0, 0, i
√

5,−i
√

5,−1,−1, 0, 0).

Proof. By [3, Lemma IV.4.2] χ, η are in the same p-block if and only if |xG|χ(x)
χ(1) ≡

|xG|η(x)
η(1) (mod p) for all p′-elements x. From Proposition 7.2(h) follows that the set

S of irreducibles in (1M )G and in B0 is {1, χ2, χ6, χ8}. Since k(b0), the number
of characters in the principal 5-block b0 of Y = NG(5A), is 5, there is only one
character left in B0. By Brauer theory

∑
χ∈B0

δχχ(x) = 0 for any 5′-element x,
where δχ ≡ χ(1) (mod 5). So χ9(x) = −1 + χ2(x) − χ6(x) + χ8(x) for any 5′-
element.

Since χ9(1) ≡ 1 (mod 5) then χ9(x) = ±ψ(x), where ψ is the Green correspon-
dent of χ9 in Y = NG(5A). Now every ψ in the principal 5-block b0 of Y assume
the same value a on any 5-singular class and a = ±1. From [χ9, 1G] = 0 we get
a = 1.

Analogously we prove that χ3 and χ7 belong to the same 5-block B. As χ3(1) ≡
2 (mod 5) and χ7 ≡ 3 (mod 5), [3, Theorem VI.2.14] and Table B.5 of Y imply
that the Brauer correspondent b of B in Y has two irreducible characters ψ3 and
ψ7, say, such that

χi(x) = εiψi(x),

for all 5-singular elements x and where ε3 = 1 = −ε7.
Another application of [3, Lemma IV.4.2] shows that k(b) = 4. We denote

ψi, i = 10, 11 the remaining characters of b. They do not vanish on 5-singular
elements. Now [3, Theorem VII.2.15] states that B has two exceptional characters
χi, i = 10, 11, that there is a common sign ε0 such that χi(x) = −ε0ψi(x) for
i = 10, 11, and that ε0χ10(x) + χ3(x) − χ7(x) = 0 for all 5′-classes, and that
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χ10(x) = χ11(x) for all 5-regular elements. Notice that χ3(1) + χ7(1) does not
divide |G|. Thus ε0 = 1 and we can obtain χi.

Theorem 7.4. Let G be the O’Nan group. Then:

(a) The character table of G coincides with the one for ON given in [2, p. 133].
(b) G admits a 495-dimensional simple module M over F3.

Proof. (a) In Corollary 6.2 a complete classification of all conjugacy classes is
given. Corollary 6.3 and Proposition 6.1 provide complete information about the
local subgroups NG(p) containing all p-elementary subgroups of G up to conju-
gation for all prime divisors of |G| which is determined in Theorem 5.2. In par-
ticular their conjugacy classes and character tables are given in the Appendix.
Using the fusion obtained in Corollary 6.3 we induce the characters of L, L2, J, H ,
and NG(31A) to G. The calculation of the induced characters was done by means
of the following formula ψG(g) = |CG(g)|∑m

i=1
ψ(xi)

|CS(xi)| , where ψ ∈ IrrC(S) and
gS =

⊔m
i=1 xS

i , for any S ≤ G, see [7, p. 64]. We add the characters χr obtained
in Proposition 7.2 to this set. They may be viewed as elements of F 30, where F

is the cyclotomic field Q(ζ164920). We construct in GAP 4.4 (see [14]) the inte-
gral lattice generated by these vectors with scalar product defined as [v, w] =∑30

i=1 |CG(gi)|−1viw̄i, where the gi’s are the representatives for G-conjugacy classes.
An application of the LLL algorithm immediately yields the complete character
table of ON.

(b) It is well known that the adjacency matrices Ak belonging to the 5 double
cosets LwkL form a basis for the endomorphism ring E = EndCG((1L)G). Applying
A5 to P = (1L)G ⊗F3, one obtains M = A5P . Using MAGMA it has been checked
that M is an irreducible F3G-module of dimension 495.
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Appendix A. Representatives of Conjugacy Classes

Table A.1. Conjugacy classes of H = CG(z) = 〈c, r, s〉.

i hi |CH(hi)| 2P 3P 5P 7P

1a 1 29 · 32 · 5 · 7 1a 1a 1a 1a

2a (s)8 29 · 32 · 5 · 7 1a 2a 2a 2a

2b (rs)4 28 1a 2b 2b 2b

2c (sc2)3 24 · 32 1a 2c 2c 2c

3a r 23 · 32 3a 1a 3a 3a

4a (rc)3 28 · 32 · 5 · 7 2a 4a 4a 4a

4b (s)4 28 2a 4b 4b 4b

4c (rs)2 27 2b 4c 4c 4c

4d rcscs 27 2b 4d 4d 4d

4e rsrsrc 26 2b 4e 4e 4e

4f rcs 24 2b 4f 4f 4f

5a c 22 · 5 5 5 1 5
6a (rc)2 23 · 32 3 2a 6a 6a

6b sc2 22 · 32 3 2c 6b 6b

6c rsc2 22 · 32 3 2c 6c 6c

7a (r2c)2 22 · 7 7a 7a 7a 1a

8a (s)2 25 4b 8a 8a 8a

8b (sc)2 25 4b 8b 8b 8b

8c rs 24 4c 8c 8c 8c

8d rsc 24 4c 8d 8d 8d

10a (s2c2)2 22 · 5 5a 10a 2a 10a

12a rc 22 · 32 6a 4a 12a 12a

14a r2c 22 · 7 7a 14a 14a 2a

16a s 24 8a 16b 16b 16a

16b (s)3 24 8a 16a 16a 16b

16c sc 24 8b 16d 16d 16c

16d (sc)3 24 8b 16c 16c 16d

20a s2c2 22 · 5 10a 20a 4a 20a

20b (s2c2)11 22 · 5 10a 20b 4a 20b

28a rc2 22 · 7 14a 28a 28b 4a

28b (rc2)5 22 · 7 14a 28b 28a 4a

Table A.2. Conjugacy classes of D = NH(A) = 〈r, s〉.

i di |CD(di)|
1a 1 29 · 3
2a (s)8 29 · 3
2b (rs)4 28

2c rsrs3 25

2d r2s2rs3 24

3a r 22 · 3
4a (rs2)3 28 · 3
4b (s)4 28

4c (rs)2 27

4d r2sr2srs3rs 27

4e r2srs2rs 26

4f r2sr2s3 25

i di |CD(di)|
4g r2srs2 24

6a (rs2)2 22 · 3
8a (s)2 25

8b (r2s)2 25

8c rs 24

8d r2s3 24

12a rs2 22 · 3
12b (rs2)5 22 · 3
16a s 24

16b (s)3 24

16c r2s 24

16d (r2s)3 24



March 1, 2007 0:45 WSPC/171-JAA 00213

O’Nan Group Determined by Centralizer of an Involution 159

Table A.3. Conjugacy classes of
E = NG(A) = 〈r, s, g〉.

i ei |CE(ei)|
1a 1 29 · 3 · 7
2a (s)8 29 · 3
2b s2gsg 25

3a r 22 · 3
4a (rg)3 28 · 3
4b (s)4 28

4c rsrg 25

6a (rg)2 22 · 3
7a r2g 7
7b (r2g)3 7
8a (s)2 25

8b (r2s)2 25

12a rg 22 · 3
12b (rg)5 22 · 3
16a s 24

16b (s)3 24

16c r2s 24

16d (r2s)3 24

Table A.4. Conjugacy classes of Janko subgroup J = 〈z, t, u, f, r, g〉.

i ji |CJ(ji)| 2P 3P 5P 7P 11P 19P

1a 1 23 · 3 · 5 · 7 · 11 · 19 1a 1a 1a 1a 1a 1a

2a z 23 · 3 · 5 1a 2a 2a 2a 2a 2a

3a r 2 · 3 · 5 3a 1a 3a 3a 3a 3a

5a f 2 · 3 · 5 5b 5b 1a 5b 5a 5a

5b (f)2 2 · 3 · 5 5a 5a 1a 5a 5b 5b

6a zr 2 · 3 3a 2a 6a 6a 6a 6a

7a r2g 7 7a 7a 7a 1a 7a 7a

10a zf 2 · 5 5b 10b 2 10b 10a 10a

10b (zf)3 2 · 5 5a 10a 2a 10a 10b 10b

11a frg 11a 11a 11a 11a 11a 1a 11a

15a zfg 3 · 5 15b 5b 3a 15b 15a 15a

15b (zfg)2 3 · 5 15a 5a 3a 15a 15b 15b

19a trgf 19 19b 19b 19b 19a 19a 1a

19b (trgf)2 19 19c 19c 19c 19b 19b 1a

19c (trgf)4 19 19a 19a 19a 19c 19c 1a
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Table A.5. Conjugacy classes of N = NG(3A) = NG(r) =
〈r, r1, n1, l, w, f1〉.

i ni |CN1 (ni)| 2P 3P 5P

1a 1 24 · 34 · 5 1a 1a 1a

2a n1 24 · 32 · 5 1a 2a 2a

2b (l)2 24 · 32 1 2b 2b

2c n1w 24 1 2c 2c

3a r 23 · 34 · 5 3a 1a 3a

3b r1 23 · 34 · 5 3b 1a 3b

3c rr1 23 · 34 · 5 3c 1a 3c

3d r2r1 23 · 34 · 5 3d 1a 3d

3e lf1 2 · 34 3e 1a 3e

3f l2f1 2 · 34 3f1 1 3f1
3g rlf1 34 3g 1a 3g

3h r1lf1 34 3h 1a 3h

3i rr1lf1 34 3i 1a 3i

3j rl2f1 34 3j 1a 3j

3k r1l2f1 34 3k 1a 3k

3l r2r1lf1 34 3l 1a 3l

3m rr1l2f1 34 3m 1a 3m

3n r2r1l2f1 34 3n 1a 3n

4a l 23 · 32 2b 4a 4a

4b n1l 23 2b 4b 4b

5a f1 2 · 32 · 5 5b 5b 1
5b (f1)2 2 · 32 · 5 5a 5a 1
6a (rl)2 23 · 32 3a 2b 6a

6b (r1l)2 23 · 32 3b 2b 6b

6c (rr1l)2 23 · 32 3c 2b 6c

6d (r2r1l)2 23 · 32 3d 2b 6d

6e n1lf1 2 · 32 3e 2a 6e

6f1 n1l2f1 2 · 32 3f1 2a 6f1
10a n1f1 2 · 5 5b 10b 2a

10b (n1f1)3 2 · 5 5a 10a 2a

12a rl 22 · 32 6a 4a 12a

12b r1l 22 · 32 6b 4a 12b

12c rr1l 22 · 32 6c 4a 12c

12d r2r1l 22 · 32 6d 4a 12d

15a rf1 32 · 5 15b 5b 3a

15b (rf1)2 32 · 5 15a 5a 3a

15c r1f1 32 · 5 15d 5b 3b

15d (r1f1)2 32 · 5 15c 5a 3b

15e rr1f1 32 · 5 15f1 5b 3c

15f (rr1f1)2 32 · 5 15e 5a 3c

15g r2r1f1 32 · 5 15h 5b 3d

15h (r2r1f1)2 32 · 5 15g 5a 3d



March 1, 2007 0:45 WSPC/171-JAA 00213

O’Nan Group Determined by Centralizer of an Involution 161

Table A.6. Conjugacy classes of Y = NG(5A) = 〈a1, d1, q1〉.

i yi |CY (yi)| 2P 3P 5P

1 1 24 · 32 · 5 1 1 1

2a a2
1q2

1 24 · 32 1 2a 2a

2b (a1)10 24 · 5 1 2b 2b

2c (q1)2 24 1 2c 2c

3 d1 2 · 32 · 5 3 1 3

4a (a1)5 23 · 5 2b 4a 4a

4b q1 23 2c 4c 4b

4c (q1)3 23 2c 4b 4c

4d a1q1 23 2c 4e 4d

i yi |CY (yi)| 2P 3P 5P

4e (a1q1)3 23 2c 4d 4e

4f a1q2
1 23 2b 4f 4f

5 (a1)4 22 · 32 · 5 5 5 1

6 a2
1d1q2

1 2 · 32 3 2a 6

10 (a1)2 22 · 5 5 10 2b

15a a4
1d1 32 · 5 15b 5 3

15b (a4
1d1)2 32 · 5 15a 5 3

20a a1 22 · 5 10 20a 4a

20b (a1)11 22 · 5 10 20b 4a

Note: Where the generators a1, d1, q1 have orders 20, 3, and 4, respectively.

Table A.7. Conjugacy classes of L = 〈p1, p2, x1, n1〉 � L3(7) : 2.

i li |CL(li)| 2P 3P 7P 19P

1a 1 26 · 32 · 73 · 19 1a 1a 1a 1a

2a (p1)2 26 · 3 · 7 1a 2a 2a 2a

2b n1 25 · 3 · 7 1a 2b 2b 2b

3a (p2)2 23 · 32 3a 1a 3a 3a

4a (p1n1)3 25 · 3 · 7 2a 4a 4a 4a

4b p1 25 2a 4b 4b 4b

6a p2 23 · 3 3a 2a 6a 6a

6b x1n1 22 · 3 3a 2b 6b 6b

7a (p1p2x1)2 22 · 73 7a 7a 1a 7a

7b p2x1 2 · 72 7b 7b 1a 7b

7c p1x1p2x1p2
2 72 7c 7c 1a 7c

8a (p1p2)2 25 4b 8b 8a 8b

8b (p1p2)6 25 4b 8a 8b 8a

8c p1p2n1p2 24 4b 8c 8c 8c

12a p1n1 22 · 3 6a 4a 12a 12a

14a p1p2x1 22 · 7 7a 14a 2a 14a

14b p1x1p1n1 2 · 7 7b 14b 2b 14b

16a p1p2 24 8a 16b 16a 16b

16b (p1p2)3 24 8b 16a 16b 16a

16c p2n1 24 8b 16d 16c 16d

16d (p2n1)3 24 8a 16c 16d 16c

19a p1x1 19 19b 19b 19a 1a

19b (p1x1)2 19 19c 19c 19b 1a

19c (p1x1)4 19 19a 19a 19c 1a

28a p1x1n1 22 · 7 14a 28a 4a 28a

28b (p1x1n1)5 22 · 7 14a 28b 4a 28b
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Table A.8. Conjugacy classes of NG(7A) � R = 〈d, a〉.

i ri CR(ri) 2P 3P 7P

1a 1 23 · 3 · 73 1a 1a 1a

2a (d)14 23 · 3 · 7 1a 2a 2a

2b (a)3 22 · 3 · 7 1a 2b 2b

2c (da)3 22 · 3 · 7 1a 2c 2c

3a (a)2 23 · 3 3b 1a 3a

3b (a)4 23 · 3 3a 1a 3b

4a (d)7 22 · 3 · 7 2a 4a 4a

6a (da2)2 23 · 3 3a 2a 6a

6b (da2)10 23 · 3 3b 2a 6b

6c a 22 · 3 3a 2b 6c

6d (a)5 22 · 3 3b 2b 6d

6e da 22 · 3 3a 2c 6e

i ri CR(ri) 2P 3P 7P

6f (da)5 22 · 3 3b 2c 6f

7a (d)4 22 · 73 7a 7a 1a

7b (da3)2 2 · 72 7b 7b 1a

7c (d2a3)2 2 · 72 7c 7c 1a

7d dada5 72 7d 7d 1a

12a da2 22 · 3 6a 4a 12a

12b (da2)5 22 · 3 6b 4a 12b

14a (d)2 22 · 7 7a 14a 2a

14b da3 2 · 7 7b 14b 2c

14c d2a3 2 · 7 7c 14c 2b

28a d 22 · 7 14a 28a 4a

28b (d)5 22 · 7 14a 28b 4a

Table A.9. Conjugacy classes of ON � G = 〈r, s, f, g〉.

i gi gG
i CG(gi) 2P 3P 5P 7P 11P 19P 31P

1 1 1 29 · 34 · 5 · 73 · 11 · 19 · 31 1 1 1 1 1 1 1
2 s8 2857239 29 · 32 · 5 · 7 1 2 2 2 2 2 2
3 r 142227008 23 · 34 · 5 3 1 3 3 3 3 3
4a (rs2)3 5714478 28 · 32 · 5 · 7 2 4a 4a 4a 4a 4a 4a

4b s4 1800060570 28 2 4b 4b 4b 4b 4b 4b

5 f 2560086144 22 · 32 · 5 5 5 1 5 5 5 5

6 rg 6400215360 23 · 32 3 2 6 6 6 6 6
7a (rs2f)2 335871360 22 · 73 7a 7a 7a 1 7a 7a 7a

7b r2g 9404398080 72 7b 7b 7b 1 7b 7b 7b

8a s2 14400484560 25 4b 8a 8a 8a 8a 8a 8a

8b rs 14400484560 25 4b 8b 8b 8b 8b 8b 8b

10 fg 23040775296 22 · 5 5 10 2 10 10 10 10
11 rgf 41892318720 11 11 11 11 11 1 11 11
12 rs2 12800430720 22 · 32 6 4a 12 12 12 12 12
14 rs2f 16457696640 22 · 7 7a 14 14 2 14 14 14
15a fg2 10240344576 32 · 5 15b 5 3 15b 15a 15a 15a

15b (fg2)2 10240344576 32 · 5 15a 5 3 15a 15b 15b 15b

16a s 28800969120 24 8a 16b 16b 16a 16b 16b 16a

16b s3 28800969120 24 8a 16a 16a 16b 16a 16a 16b

16c r2s 28800969120 24 8b 16d 16d 16c 16d 16d 16c

16d (r2s)3 28800969120 24 8b 16c 16c 16d 16c 16c 16d

19a r2fg 24253447680 19 19b 19b 19b 19a 19a 1 19a

19b (r2fg)2 24253447680 19 19c 19c 19c 19b 19b 1 19b

19c (r2fg)4 24253447680 19 19a 19a 19a 19c 19c 1 19c

20a s2f 23040775296 22 · 5 10 20a 4a 20a 20b 20b 20b

20b (s2f)11 23040775296 22 · 5 10 20b 4a 20b 20a 20a 20a

28a rsfg 16457696640 22 · 7 14 28a 28b 4a 28b 28a 28a

28b (rsfg)5 16457696640 22 · 7 14 28b 28a 4a 28a 28b 28b

31a sfg 14865016320 31 31a 31b 31a 31a 31b 31a 1
31b (sfg)3 14865016320 31 31b 31a 31b 31b 31a 31b 1
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Table A.10. Fusion table of conjugacy classes of seven subgroups in G.

x |CG(x)| CG(2A) NG(3A) NG(5A) NG(7A) J L

1A |G| a a a a a a
2A 29 · 32 · 5 · 7 a, b, c a, b, c a, b, c a, b, c a a, b
3A 23 · 34 · 5 a a, . . . , n a a, b a a
4A 28 · 32 · 5 · 7 a, d a a, b a a
4B 28 b, c, e, f b c, d, e, f b
5A 22 · 32 · 5 a a, b a a, b
6A 23 · 32 a, b, c a, . . . , f a a, . . . , f a, b
7A 22 · 73 a a, b, c a a, b
7B 72 d c
8A 25 a, d a, b, c
8B 25 b, c

10A 25 · 5 a a, b a a, b
11A 11 a
12A 22 · 32 a a, b, c, d a, b a
14A 22 · 7 a a, b, c a, b
15A 32 · 5 a, c, e, g a a
15B 32 · 5 b, d, f, h b b
16A 24 a a, c
16B 24 b b, d
16C 24 c

16D 24 d
19A 19 a a b
19B 19 b b c
19C 19 c c a
20A 22 · 5 a a
20B 22 · 5 b b
28A 22 · 7 a a, b b
28B 22 · 7 b a
31A 31
31B 31
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Table B.4. Character table of N1 = NG(r).

2 4 4 4 4 3 3 3 3 1 1 . . . . . . . . 3 3 . 3
3 4 2 1 1 4 4 4 4 4 4 4 4 4 4 4 4 4 4 2 . 2 2
5 1 . . . 1 1 1 1 . . . . . . . . . . . . 1 .

1a 2a 2b 2c 3a 3b 3c 3d 3e 3f 3g 3h 3i 3j 3k 3l 3m 3n 4a 4b 5a 6a

2P 1a 1a 1a 1a 3a 3b 3c 3d 3e 3f 3g 3h 3i 3j 3k 3l 3m 3n 2a 2a 5a 3b
3P 1a 2a 2b 2c 1a 1a 1a 1a 1a 1a 1a 1a 1a 1a 1a 1a 1a 1a 4a 4b 5a 2a
5P 1a 2a 2b 2c 3a 3b 3c 3d 3e 3f 3g 3h 3i 3j 3k 3l 3m 3n 4a 4b 1a 6a

X.1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X.2 1 1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 1 1
X.3 2 2 . . −1 −1 −1 2 2 2 2 −1 −1 2 −1 −1 −1 −1 2 . 2 −1
X.4 2 2 . . −1 −1 2 −1 2 2 −1 2 −1 −1 −1 2 −1 −1 2 . 2 −1
X.5 2 2 . . 2 −1 −1 −1 2 2 −1 −1 −1 −1 2 −1 −1 2 2 . 2 −1
X.6 2 2 . . −1 2 −1 −1 2 2 −1 −1 2 −1 −1 −1 2 −1 2 . 2 2
X.7 5 1 3 −1 5 5 5 5 −1 2 2 2 −1 −1 −1 −1 2 2 −1 1 . 1
X.8 5 1 −3 1 5 5 5 5 −1 2 2 2 −1 −1 −1 −1 2 2 −1 −1 . 1

X.9 5 1 1 −3 5 5 5 5 2 −1 −1 −1 2 2 2 2 −1 −1 −1 −1 . 1
X.10 5 1 −1 3 5 5 5 5 2 −1 −1 −1 2 2 2 2 −1 −1 −1 1 . 1
X.11 9 1 3 3 9 9 9 9 . . . . . . . . . . 1 −1 −1 1
X.12 9 1 −3 −3 9 9 9 9 . . . . . . . . . . 1 1 −1 1
X.13 10 2 . . −5 −5 −5 10 −2 4 4 −2 1 −2 1 1 −2 −2 −2 . . −1
X.14 10 2 . . −5 −5 −5 10 4 −2 −2 1 −2 4 −2 −2 1 1 −2 . . −1
X.15 10 −2 2 −2 10 10 10 10 1 1 1 1 1 1 1 1 1 1 . . . −2
X.16 10 −2 −2 2 10 10 10 10 1 1 1 1 1 1 1 1 1 1 . . . −2
X.17 10 2 . . −5 −5 10 −5 −2 4 −2 4 1 1 1 −2 −2 −2 −2 . . −1
X.18 10 2 . . −5 −5 10 −5 4 −2 1 −2 −2 −2 −2 4 1 1 −2 . . −1
X.19 10 2 . . 10 −5 −5 −5 −2 4 −2 −2 1 1 −2 1 −2 4 −2 . . −1
X.20 10 2 . . 10 −5 −5 −5 4 −2 1 1 −2 −2 4 −2 1 −2 −2 . . −1
X.21 10 2 . . −5 10 −5 −5 −2 4 −2 −2 −2 1 1 1 4 −2 −2 . . 2
X.22 10 2 . . −5 10 −5 −5 4 −2 1 1 4 −2 −2 −2 −2 1 −2 . . 2
X.23 16 . . . −8 −8 −8 16 −2 −2 −2 1 1 −2 1 1 1 1 . . 1 .
X.24 16 . . . −8 −8 −8 16 −2 −2 −2 1 1 −2 1 1 1 1 . . 1 .
X.25 16 . . . 16 16 16 16 −2 −2 −2 −2 −2 −2 −2 −2 −2 −2 . . 1 .
X.26 16 . . . −8 −8 16 −8 −2 −2 1 −2 1 1 1 −2 1 1 . . 1 .
X.27 16 . . . −8 −8 16 −8 −2 −2 1 −2 1 1 1 −2 1 1 . . 1 .
X.28 16 . . . 16 −8 −8 −8 −2 −2 1 1 1 1 −2 1 1 −2 . . 1 .
X.29 16 . . . 16 −8 −8 −8 −2 −2 1 1 1 1 −2 1 1 −2 . . 1 .
X.30 16 . . . −8 16 −8 −8 −2 −2 1 1 −2 1 1 1 −2 1 . . 1 .
X.31 16 . . . −8 16 −8 −8 −2 −2 1 1 −2 1 1 1 −2 1 . . 1 .
X.32 18 2 . . −9 −9 −9 18 . . . . . . . . . . 2 . −2 −1
X.33 18 2 . . −9 −9 18 −9 . . . . . . . . . . 2 . −2 −1
X.34 18 2 . . 18 −9 −9 −9 . . . . . . . . . . 2 . −2 −1
X.35 18 2 . . −9 18 −9 −9 . . . . . . . . . . 2 . −2 2
X.36 20 −4 . . −10 −10 −10 20 2 2 2 −1 −1 2 −1 −1 −1 −1 . . . 2
X.37 20 −4 . . −10 −10 20 −10 2 2 −1 2 −1 −1 −1 2 −1 −1 . . . 2
X.38 20 −4 . . 20 −10 −10 −10 2 2 −1 −1 −1 −1 2 −1 −1 2 . . . 2
X.39 20 −4 . . −10 20 −10 −10 2 2 −1 −1 2 −1 −1 −1 2 −1 . . . −4
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Table B.4. (Continued)

2 3 3 3 1 1 2 2 2 2 . . . . . . . .
3 2 2 2 1 1 2 2 2 2 2 2 2 2 2 2 2 2
5 . . . . . . . . . 1 1 1 1 1 1 1 1

6b 6c 6d 6e 6f 12a 12b 12c 12d 15a 15b 15c 15d 15e 15f 15g 15h

2P 3a 3d 3c 3f 3e 6d 6c 6b 6a 15a 15b 15c 15d 15e 15f 15g 15h
3P 2a 2a 2a 2b 2c 4a 4a 4a 4a 5a 5a 5a 5a 5a 5a 5a 5a
5P 6b 6c 6d 6e 6f 12a 12b 12c 12d 3d 3a 3c 3b 3c 3a 3b 3d

X.1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X.2 1 1 1 −1 −1 1 1 1 1 1 1 1 1 1 1 1 1
X.3 −1 2 −1 . . −1 2 −1 −1 2 −1 −1 −1 −1 −1 −1 2
X.4 −1 −1 2 . . 2 −1 −1 −1 −1 −1 2 −1 2 −1 −1 −1
X.5 2 −1 −1 . . −1 −1 2 −1 −1 2 −1 −1 −1 2 −1 −1
X.6 −1 −1 −1 . . −1 −1 −1 2 −1 −1 −1 2 −1 −1 2 −1
X.7 1 1 1 . −1 −1 −1 −1 −1 . . . . . . . .
X.8 1 1 1 . 1 −1 −1 −1 −1 . . . . . . . .

X.9 1 1 1 1 . −1 −1 −1 −1 . . . . . . . .
X.10 1 1 1 −1 . −1 −1 −1 −1 . . . . . . . .
X.11 1 1 1 . . 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1
X.12 1 1 1 . . 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1
X.13 −1 2 −1 . . 1 −2 1 1 . . . . . . . .
X.14 −1 2 −1 . . 1 −2 1 1 . . . . . . . .
X.15 −2 −2 −2 −1 1 . . . . . . . . . . . .
X.16 −2 −2 −2 1 −1 . . . . . . . . . . . .
X.17 −1 −1 2 . . −2 1 1 1 . . . . . . . .
X.18 −1 −1 2 . . −2 1 1 1 . . . . . . . .
X.19 2 −1 −1 . . 1 1 −2 1 . . . . . . . .
X.20 2 −1 −1 . . 1 1 −2 1 . . . . . . . .
X.21 −1 −1 −1 . . 1 1 1 −2 . . . . . . . .
X.22 −1 −1 −1 . . 1 1 1 −2 . . . . . . . .
X.23 . . . . . . . . . 1 A /A A A /A /A 1
X.24 . . . . . . . . . 1 /A A /A /A A A 1
X.25 . . . . . . . . . 1 1 1 1 1 1 1 1
X.26 . . . . . . . . . A A 1 /A 1 /A A /A
X.27 . . . . . . . . . /A /A 1 A 1 A /A A
X.28 . . . . . . . . . A 1 A A /A 1 /A /A
X.29 . . . . . . . . . /A 1 /A /A A 1 A A
X.30 . . . . . . . . . A /A /A 1 A A 1 /A
X.31 . . . . . . . . . /A A A 1 /A /A 1 A
X.32 −1 2 −1 . . −1 2 −1 −1 −2 1 1 1 1 1 1 −2
X.33 −1 −1 2 . . 2 −1 −1 −1 1 1 −2 1 −2 1 1 1
X.34 2 −1 −1 . . −1 −1 2 −1 1 −2 1 1 1 −2 1 1
X.35 −1 −1 −1 . . −1 −1 −1 2 1 1 1 −2 1 1 −2 1
X.36 2 −4 2 . . . . . . . . . . . . . .
X.37 2 2 −4 . . . . . . . . . . . . . .
X.38 −4 2 2 . . . . . . . . . . . . . .
X.39 2 2 2 . . . . . . . . . . . . . .

Note: Where A = − 1
2
(1 + i

√
15).
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