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Abstract

In this article we give a self contained existence and uniqueness proof for that sporadic simple
group which was discovered by J.G. Thompson [J.G. Thompson, A simple subgroup of Eg(3), in:
N. Iwahori (Ed.), Finite Groups, Japan Soc. Promotion Science, Tokyo, 1976, pp. 113-116]. The
centralizer H of a 2-central involution of that group has been described in terms of generators and
relations by Havas, Soicher and Wilson in [G. Havas, L.H. Soicher, R.A. Wilson, A presentation
for the Thompson sporadic simple group, in: W.M. Kantor, A. Seress (Eds.), Groups and Computa-
tion III, de Gruyter, Berlin, 2001, pp. 192-200]. Taking this presentation as the input of the second
author’s algorithm [G.O. Michler, On the construction of the finite simple groups with a given cen-
tralizer of a 2-central involution, J. Algebra 234 (2000) 668—693] we construct a simple subgroup &
of GLy4g(11) which has a 2-central involution 3 whose centralizer is isomorphic to H. In order to
prove that the order of & is 219 .310.53.72.13.19.31, a faithful 143,127,000-dimensional per-
mutation representation of this matrix group has been constructed on a supercomputer. In the second
part of this article it is shown that any simple group G having a 2-central involution z with centralizer
Cg(2) = H is isomorphic to &. We construct its concrete character table as well.
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1. Introduction

A sporadic simple group of Th-type was originally discovered by J.G. Thompson. In
[19] he announced the following theorem.

Theorem. There is precisely one group E with the following properties:

(a) All involutions of E are conjugate.
(b) Ifzis aninvolution of E, H = Cg(z) and P = O>(H), then P is extra special of order
2% and H/P = A,.

Among several other properties, he mentioned that

(c) |E|=215.310.53.72.13.19.31, and that
(d) E has just one irreducible character of degree 248.

Details of the proof for Thompson’s theorem have not been published so far. In particu-
lar, the uniqueness question of the Thompson group has been considered to be an open
problem.

It is the purpose of this article to show that the sporadic simple Thompson group G is
uniquely determined up to isomorphism by an explicitly given presentation of the central-
izer C(z) of a 2-central involution z of G. This presentation is due to Havas, Soicher and
Wilson [7]. It belongs to that sporadic simple group E which was originally constructed
by J.G. Thompson and his collaborators, see [23]. A finite simple group G is called to be
of Th-type if it has a 2-central involution z such that its centralizer Cg(z) = H.

In his preprint “A computer aided existence proof of Thompson’s sporadic simple
group” the first author took the presentation of H as the input of the second author’s algo-
rithm [12] and constructed a simple subgroup & of GLy4g(11) which he proved to have a
2-central involution 3 with centralizer C (3) = H. Thus he gave a new existence proof for
a simple group of Th-type. In the introduction of his preprint he wrote: “Recently, Mich-
ler [13] published a uniqueness criterion which allowed uniform uniqueness proofs for 11
other sporadic simple groups. It requires that for a given centralizer H of a 2-central involu-
tion z at least one simple group G with Cg(z) = H has been constructed. Therefore a new
construction of a finite simple group G with a 2-central involution z and C¢ (z) = 2148 Aq
is given in this article using the uniform construction method [12].” He continued: “It is
the purpose of this and a subsequent paper to give a self contained proof for the existence
and the uniqueness of Thompson’s group.” The referee of that article suggested that the
first author combines both efforts in a revised version.

The first author’s anticipated “uniqueness proof” quoted some essential results from
Parrott’s article [17] which assumes without explicit mention that up to isomorphism there
is only one extension H of an extra-special group 2'*3 of +-type by an alternating group
Ag. This is not the case as has been noted by the third author who asked then Derek Holt to
provide explicit presentations for two nonisomorphic extensions H by means of the recent
Cannon—Holt algorithm [2] implemented in MAGMA. The uniqueness proof given here is
due to the second and third author. It realizes Weller’s original plan without quoting results
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from [17]. Since it depends on the first author’s existence proof we have written a joint
article.

In Section 2 the explicit definition of the group H with center of even order is given, and
all its important group and representation theoretic properties are derived. In particular, it is
shown that a fixed Sylow 2-subgroup S of H contains a unique elementary abelian normal
subgroup A of order 32 such that D = Ny (A) is maximal among the normalizers in H
of all noncyclic elementary abelian normal subgroups of S. Complete classifications of
the conjugacy classes of H and D are given, and the character tables of both groups are
calculated. They are stated in Sections 9 and 10, respectively.

Section 3 studies the fusion of the involutions of H in a finite simple group G of Th-type.
Using Glauberman’s Z*-theorem it follows that any such group G has a unique conju-
gacy class of involutions. Applying the methods of [12] we also show that the normalizer
E = Ng(A) is uniquely determined up to isomorphism in any simple group G of Th-type.
A presentation of E is given as well. A concrete character table of E has also been calcu-
lated. In fact, E is generated by D and the Glauberman-element fusing two involutions in
the unique Klein four group V of S.

In Section 4 the first author’s existence proof of a finite simple group & of Th-type is
described. He realizes & inside GLy4g(11). In order to calculate the order of & the first au-
thor constructed a permutation representation of degree 143,127,000 on the supercomputer
of Karlsruhe University and he verified the conditions of Gollan’s double coset trick [6].

The second part of this article is devoted to the uniqueness proof. Starting from the
structure of the nonisomorphic centralizers of representatives dy, d» and da of the three
H -conjugacy classes of elements of order 3 we show in Section 5 that any simple group
G of Th-type has 3 conjugacy classes of elements of order 3 as well, and that they are
represented by these 3 elements of H. Furthermore, we derive for each normalizer Ng(d;)
a uniquely determined presentation in terms of well defined generators and relations. The
same has been done for the normalizer Ny of the unique elementary abelian characteristic
subgroup D; of order 9 in a fixed Sylow 3-subgroup of G. For each of these groups a
complete classification of all its conjugacy classes is given, and a character table has been
calculated. These tables are stated in Sections 9 and 10. We also determine the fusion of
the conjugacy classes of these normalizers in any group G of Th-type. In particular, we
have classified all 3-singular conjugacy classes of G.

In Section 6 we determine the 5- and 13-singular conjugacy classes of G. We also show
that any simple group G of Th-type has either one or 2 conjugacy classes of elements of
order 7. In each case, its Sylow 7-subgroups are shown to be of order 72. Presentations for
the normalizers of the 7-elements in G are obtained as well. Unfortunately, at this stage we
are not able to decide whether a Sylow 5-subgroup of G has order 5 or 125.

Using the second author’s group order formula for abstract finite simple groups with a
unique conjugacy class of involutions proved in [14] we are able to dismiss three of the 4
possibilities in Section 7. In particular, it follows that each finite simple group G of Th-type
has a Sylow 5-subgroup of order 125, a single conjugacy class of elements of order 7, and
that |G| =2'9.310.53.72.13.19.31.

Using our complete information about the conjugacy classes and the character tables
of the normalizers of all elements of prime order of G and their fusion patterns in any
simple group G of Th-type we are able to apply Brauer’s characterization of characters in
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Section 8. Thus we prove that such a simple group G has a unique irreducible character
of degree 248. Since 11 does not divide |G| it reduces to an irreducible 11-modular char-
acter of G which is realizable over GF(11). Now we can apply the uniqueness criterion of
[13] and obtain the main theorem of this article which asserts that any simple group G of
Th-type is isomorphic to the simple matrix group & < GLosg(11), see Theorem 8.2. As
an application we also determine a complete system of representatives of all conjugacy
classes of & and its character table, see Section 11.

Concerning our notation and terminology we refer to the books by Feit [5], Isaacs [8]
and Kurzweil and Stellmacher [11]. The algebra software packages MAGMA [1] and GAP
[18] are frequently used.

2. The centralizer of a 2-central involution

In Lemma 2.2 of this section a presentation of the finite group H is given, which is
assumed to be the centralizer of a 2-central involution in a simple group of Th-type. This
presentation of H is due to Havas, Soicher and Wilson [7]. It is restated in Lemma 2.2 and
provides the essential details of the following definition.

Definition 2.1. A finite simple group X is called to be of Th-fype if it possesses a 2-
central involution z such that Cx(z) = H, where H is the group of even order defined by
generators and relations in Lemma 2.2.

Lemma 2.2. Let H :=(z,c,d, e, s, t, u) with the following set R(H) of defining relations:

P=c=d’=¢®=(ze)’ = (ce)’ = (sd)* =1,
z=(cd)4, dey =u*=s"=13=1,
[s,z]=[s,cl=[t,z]l=[t,cl=[t,d]=[t,e] =1,
[e,s]:eSS, st = s2, u? = ze, =11
[u,zl=[u,cl=[u,e]=1,

(ded”)2= 1, ze = (us)* =[u, s1*,

(dusz) _cha'cdes 1 des

In H define the following elements:

U=z, Uy = uz, Uz = C(”d)’ Ug = C(uds)’ us = C(du_la'st_l)’
V] = (uc(defl)ucd)s7 vy = u(cdecd)(v )u, v = (s_l)t(szcd)ecde(fl)7
v =z, x=1""utese (w)su, y=ts""t(us?u?)*sut,

w) = U4u3u2xu2v3v1u5u4v4xugv3v2v1v4y2xy2u3xy2x_1y2,
W2 = V4U3UQXUQVIV]V3YVAUIUQXUQ VIV V3 YV4UZUQXUQ VIV V3 YV4UZVAUZUQLX U VS

. v1xu2yxu2v3v1xu2v3v2v1uz_lxuzly_lvglvl_lvgluz_lx_luz_luglyx_ly_l.



M. Weller et al. / Journal of Algebra 298 (2006) 371-459 375

Then the following assertions hold:

(a) The center of H is generated by z = u;.

® S ={uy,...,us, v1,...,v4,x3, w1, wy) is a Sylow 2-subgroup of H with center
Z(S) = (z).

(©) P=0x(H)=(uy,...,us,vi,...,v4) = {1} U{z} Uull.

(d) V =(z,uy) is the uniquely determined normal Klein four subgroup of S.

() V=Z(Cu(V)).

(f) The Sylow 2-subgroup S of H has a unique elementary abelian normal subgroup A =
(U1, ..., us) of order 32 such that D = Ny (A) = A.2* As.

(g) The Sylow 2-subgroup S of H has a unique elementary abelian normal subgroup B of
order 32 such that Ny (B) = 212 PSLy (7).

(h) D=(uy,...,us,vy,...,04,x,y) has the following set R(D) of defining relations:

%:n-:ug:[ui,uj]:l for1<i<j<5, x24:1:y3,
=

v1=u15 U%ZI’{I’ vi:I/ll,
[ur, vi] =[ur, v2] =[ur, v3] = [u1, val = [v1, u2l =[v, uzl = [vy, us] =1,
[vi, us] = [v2, u3z]l = [v2, us] = [v3, u3z] = [v3, us] =[v3, us] = u,

[v2, uz] = [v2, ug] =[v3, uz] =1,

[va, u2] = [va, uz] = [v4, ug] = [va, us] = uy, [vi,vjl=1 forl1<i<j<4,
x6u2u4v1v4 =1, (xy)7 =1,
[y, xPPuiuouzugusvy =1, (yx_zyx2)2u2u3 =1,
[y,x3]2u3v1v3v4=1, [y, x]=1,
uyuiusus =1, uzuiuy =1, uyuiuz =1, usuiuzug =1,
i, yl=1,  wuus=1,  wjusuzus=1,
uiu1u3u5:1, ugugusz 1,
vy uausvrvz =1, Vyusvivvs = 1,
VIU1U3U4VIV3V4 = 1, VU 1U3V V0304 = 1,
vlyulu5v2v4:1, v%u5v3v4:1,
v§u1u5v1v4=1, viu1u2u5v1v2v3=1.

(1) H has a faithful permutation representation of degree 34,560 with stabilizer Hy =
(e,s,t,u).

Proof. Using the faithful permutation representation of H defined in (i) and MAGMA all
assertions have been derived computationally from the given presentation of H. O
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Lemma 2.3. With the hypothesis of Lemma 2.2 the following statements hold:

(@ D=Ng(A)=(uy,...,us,v1,...,04,x,y) ={x,y).

(b) H=1{(d,x,y).

(¢) Representatives h; of the 52 conjugacy classes th of H and the corresponding cen-
tralizer orders |Cy (h;)| are given in Table 9.1.

(d) The character table of H is given in Table 10.1.

(e) Representatives d; of the 48 conjugacy classes diD of D and the corresponding cen-
tralizer orders |Cp(d;)| are given in Table 9.3.

(f) The character table of D is given in Table 10.3.

Proof. (a) Using the faithful permutation representation of H defined in Lemma 2.2(i) and
MAGMA it has been checked that D = Ny (A) is generated by x, y defined in Lemma 2.2.

(b) Similarly it has been verified that H = (d, x, y).

(c) The representatives h; of the conjugacy classes th of H have been determined by
means of algorithm [10].

(d) The character table of H has been calculated by means of the faithful permutation
representation of H given in Lemma 2.2(i), MAGMA and algorithm of the first and second
author [15].

(e) and (f) have been obtained, similarly. O

3. Conjugacy classes of elements of even order

In this section we study the fusion of the involutions of H in any finite simple group
G of Th-type. Thus we obtain a classification of all conjugacy classes of G of elements
of even order. Furthermore, it is shown that the normalizer Ng(A) of the unique maximal
elementary abelian normal subgroup A of the fixed Sylow 2-subgroup of H is uniquely
determined up to isomorphism in all such simple groups G.

Lemma 3.1. Let G be a finite simple group of Th-type with a 2-central involution z such
that C;(z) = H. Let A be the unique elementary abelian normal subgroup of order 2° in
the Sylow 2-subgroup S of H defined in Lemma 2.2. Let E = Ng(A) and D = Ny (A).

Then the following assertions hold:

(@) G has a unique conjugacy class z8 of involutions.
(b) There is an involution a in E — D such that

E=Ng(A)=(D,a)=(uy,...,us5,01,...,04,X,y,0a)
has a set R(E) of defining relations consisting of R(D) and the following relations:

a’ =1, u§ = usug, Uy = uiuru3sits,

[uz,al=1, uy =uu3, [us,al=1,
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Table 3.1

G| 24 44 4p 64 03B 6c 84
H)| 24 2p 2¢ 44 4 4y 44 4, 4y 64 6p 64 6c 6. 8a 8¢
E 24 2p 44 4 4c 6p 64 6, 8a
[ 124 125 12c 12p 14,4

H 8a 84 8¢ 124 124 12 12, 12 12¢ 14,4 14, 14,

E| 8 S 12, 124 12, 14, 14,  14e 14y
O Ty I8 25 2 2y Zc Zp 3y 0, 305 36y 3w
H 18, 18, 20, 24, 24, 24 245 28, 30, 30, 364 36
E 24, 24, 28, 28, 30, 30,

ax®a = vyvyvaax’,
(x6)v1 v3y = xy2x_lyzx_lyxzyzx(yzx_l)zyx_zyzxy(yx_l)3xyx_lyx_z,
x“xfzyay _ xyzxfl yzxfl yxzyzxyzxfl y2x*1 yxfzyzxy(xyz)z
-xyx_lyxzyzx(yzx_l)Zyx_4y2xy2x_l(xyz)zyzxyxzul.
(¢) E has a faithful permutation representation of degree 7440 with stabilizer

—1 -1 -1
M, = (xvzax(yxy) ™ via(uiv) ™, vayx(Uiyv3) T u, uiuz, us, us,

~1
uyug, a,vza(uivy) ).

(d) The amalgam H <— D — E has Goldschmidt index 1.

(e) Representatives m; of the 41 conjugacy classes mlE of H and the corresponding cen-
tralizer orders |Cg(m;)| are given in Table 9.2.

(f) The character table of E is given in Table 10.2.

(g) G has 27 z-special conjugacy classes of elements of even order represented by the
H-classes:

26{74a94b5 6&76b96C9 86{’ 8177 106{’ 12(15 12177 12C7 12f7 14(15 18&9 18b7 20(15
24,4,24,24.,244,28,, 304, 30, 364, 36, and 36..

As G-classes they are denoted by: 24,4 4,4p,64,6p, 6c, etc.

(h) Using the classification of the conjugacy classes of elements of 2-power order of H =
Cg(2) and E = Ng(A) given in Tables 9.1 and 9.2, respectively their fusion patterns
into the conjugacy classes of G are given in Table 3.1.

Proof. (a) By Lemma 2.2(d) V = (z, u3) is the unique normal Klein four subgroup of the
Sylow 2-subgroup § defined in Lemma 2.2(b). By Table 9.1 H has 3 conjugacy classes of
involutions represented by z, uy and d with centralizer orders |Cy (z)| = |H|, |Cx (u2)| =
215.34.5.7and |Cy(d)| =210 - 3.
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Suppose that us ¢ z¥, then d € z¢ by Glauberman’s Z*-theorem. Let P = O»(H)
and Q = Cp(d). Then using the faithful permutation representation of H given in
Lemma 2.2(i) and MAGMA it follows that |Q| = 2*. By Lemma 2.2(c) P = O»(H) =
{1}U{z} Uu® . Hence Q = (uff N Q). Let d = z8 for some g € G. Then H® = C(j) =J
and (ug NQ) < 02(J).Hencez € uéf N Q < 03(J). Another application of Lemma 2.2(c)
yields that O2(J) = {1} U {d} Uuj . As z #d it follows that z € u3, a contradiction. Thus
uy € z9, and there is a g € G — H such that z8 = u,. Now Proposition 5.2.2 of [14] implies
that g € Ng (V).

By Lemma 2.2(f) A = (z, u», u3, us, us) is the unique maximal elementary abelian nor-
mal subgroup of the Sylow 2-subgroup S of H. Another application of MAGMA yields that
A= 0[Cy(V)]and Cy(A) =A.As Cg(V) =Cg(V)<Ng(V) and A is a characteristic
subgroup of Cy (V) it follows that Ng (V) < Ng(A).Hence g € Ng(V) — Ny (V) belongs
to Ng(A) — Ny (A). Since Ny (A)/Cg(A) = 2* Ag by Lemma 2.2 and 2*. Ag = 2*GL4(2)
is a maximal subgroup of GLs5(2) it follows that Ng(A)/A = GL5(2).

Using MAGMA and the faithful permutation representation of H given in Lemma 2.2(i)
it has been checked that D = Ny (A) is a nonsplit extension of D/A = 24 Ag by A= 25,
Hence the theorem of Gaschiitz implies that £ = Ng(A) is a nonsplit extension of A by
E/A=GL5(2).

Let n: D — GL5(2) be the representation of D = (x,y, vy, vz, v3,v4, A) afforded
by the conjugate action of D on A with respect to the basis A = {uy,...,us}. Then
Lemma 2.2(h) implies that

1 1 1 1 1 1 1 1
R T A A |
nx)y=1. . . 1 11, n»=1}|. . 1 1 .],
1 L1
1 1 1 1
1 1 1 1 1
I R
nvp)=1}. . 1 . .|, nvy=|. . 1 . .1,
1 1
1 1
1 . 1 1 1 1 1 1 1
I . .
nwy)=. . 1 . . and n(vy)=1| . . 1
1 1
1 1

Let 7 be the extension of n to E = Ng(A) = (x, y, g). Since 7(E) = GL5(2) the image
7(g) of the new generator g of E can be exchanged by any other matrix n(a). Using
MAGMA it follows that n(E) = GL5(2) = (n(x), n(y), n(a)) for the matrix
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1

1 1 . of order 2.

—

1
Furthermore, E = n(E) = GL5(2) = (n(x), n(y), n(a)) has the following set R(E) of
defining relations:

n(a)? =1,
n(@n(x)*n(a) = n@W)n@Nnn@nx)?,
(169%™ DN = n@nM 2 e eI (1) 20 )
()2 @) I 2P0
(@) nenmnE) eI 2,
n()" @) P n(n@n(y) =n@)n() @) ) NE T NN ) @) ()
@) ) @) @ () n@)n(y)
(@A 1M @) @)
(2 @) @ ) 0y 0!

() ) @GN ).

As n(a) is a well determined matrix in GL5(2) its operation of the GF(2)-vector space A
is given explicitly. Let a be an inverse image of n(a) in G. Then a operates on A as n(a).
Hence the following relations also hold:

a’ =1, u§ = usug, Uy = uiuru3it4,
[u3,al=1, Uy =uius, [us,a]=1.

Multiplying the last equation by u; and replacing all n(v;), n(x), n(y) by v;, x and y,
respectively, one obtains the set R(E) of relations given in assertion (b). Using the Todd—
Coxeter algorithm implemented in MAGMA it has been checked that R(FE) is a defining
set of relations for a nonsplit extension

1-A— E—GL;22)—> 1,
and that the subgroup

—1 —1 —1
My = (xvzax(yxy) ™' via(uiv) ™, vayx(uiyv3) T u, uiuz, uz, us,

—1
uyug, a,vza(uivy)”")

of E defines a faithful permutation representation of E with degree 7440.
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M D H G
4a 4a 4A
4 4 —1=Z4
P b b/f/ B
WE] a0
4b< 44 4d////
p— /
4(:§ 4(; ;; 4(‘/
47 4
49
Fig. 3.1.

Using also the faithful permutation representation of H defined in Lemma 2.2(i) and
Algorithm 7.1.10 of [14] it has been checked that the Goldschmidt index of the amalgam
H <~ D — E is one. Hence E = Ng(A) is uniquely determined up to isomorphism for
any finite simple group G of Th-type by Theorem 7.4.2 of [14].

Using the faithful permutation representation of M of degree 7440 and MAGMA the
representatives m; of the 41 conjugacy classes mlE of E have been calculated by means of
Kratzer’s algorithm [10]. The results are stated in Table 9.2.

It follows that E = (x, y, a) has 2 conjugacy classes of involutions represented by z =
x'% and a. Since d is not conjugate to z in H, but H-conjugate to (xyxy>)? by Tables 9.1
and 9.2, and as (xyxy?)? € D and a are conjugate in E, it has been proved that G has a
unique conjugacy class of involutions.

The fusion patterns of D-classes into the ones of H and M are computed with
MAGMA [1]. For example, the fusion graph for the elements of order 4 looks as shown
in Fig. 3.1.

4. Existence proof of Th inside GL34g(11)

In this section we describe the first author’s construction of a simple group of Th-type
by means of the second author’s algorithm [12]. For that application the following notation
and definitions are restated.

In the following text the set of all faithful characters of the finite group U is denoted by
fcharc(U), and mf charc(U) denotes the set of all multiplicity-free faithful characters
of U.

Definition 4.1. Let U;, U, be a pair of finite groups intersecting in D. Then
X ={(v,w) € mf charc(Uy) x mf charc(U2) | vIp = w|p}

is called the set of compatible pairs of multiplicity-free faithful characters of U; and Uj.
For each (v, w) € X the integer n = v(1) = w(1) is called the degree of the compatible
pair (v, w).
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Theorem 4.2. Let A be the unique elementary abelian normal subgroup of order 2° in the
Sylow 2-subgroup S of H defined in Lemma 2.2. Let D = Ny (A) = (uy,...,us,v1,...,
v4, x, y) with set R(D) of defining relations given in Lemma 2.2. Let E = (D, a) be the
finite group with set R(E) of defining relations consisting of R(D) and the additional
relations given in Lemma 3.1. Then the following statements hold.:

(a) The smallest degree of a nontrivial pair (x,t) € mf char(H) x mf char(E) of com-
patible characters is 248.

(b) There are two compatible pairs (x,t) € mf char(H) x mf char(E) of degree 248 of
the groups H = (d, x,y) and E = {a, x, y):

X14 + X18 = T6»

X114+ X19=T6

with common restrictions

T6|p = Vo4 + VY27.

(c) Let U and 23 be the up to isomorphism uniquely determined faithful semisimple
multiplicity-free 248-dimensional modules of H and E over F = GF(11) correspond-
ing to the first compatible pair x = x14 + x18 and T = tg, respectively.

Let kg : H — GLogg(11) and kg : N — GLygg(11) be the representations of H and
E afforded by the modules U and 20, respectively.

Lety =xy(x), y =k (y), and 0 = kg (d) € kg (H) < GLpsg(11). Then the following
assertions hold:

(1) U|p =W|p, and there is a transformation matrix T € Glosg(11) such that

r=7T 'kgy()T and 9y=T k(7.
Let a =T 'kqy(a)T € GLag(11).
(2) & =(x,9,0,a) has a subgroup ‘T stabilizing a 52-dimensional subspace \\ of 0 =
F?* such that T is the stabilizer of the permutation group action of & on the
G-orbit U® of degree 143,127,000, and
17| =212.3%.72.13.
3) & ={x,v,0,0a) is a finite simple group with 2-central involution kg3(z) such that
Co(ky(2)) =kp(H), and |&|=2".3".5%.72.13.19.31.
(4) Its generating matrices can be down loaded from the first author’s web side.
Proof. (a) The character tables of the groups H, D and E = Ng(A) are known by Lem-

mas 2.3 and 3.1, respectively. They are stated in Section 10. Furthermore, Lemma 3.1
asserts that the amalgam H <— D — E has Goldschmidt index one. Therefore the free
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product P = H xp N with amalgamated subgroup D is uniquely determined up to iso-
morphism by Corollary 7.1.9 of [14]. The fusion of the conjugacy classes of D into
the ones of the two groups H and E has been determined in Lemma 3.1. Therefore
Kratzer’s algorithm [10] can be applied to check that there are no compatible pairs
(x, 1) e mf char(H) x mf char(E) of degree smaller than 248.

(b) The application of Kratzer’s deterministic algorithm also yields that there are exactly
two compatible pairs of faithful semisimple characters of degree 248. Their irreducible
constituents are stated in the assertion.

(c) By Lemma 2.2 the group H = (x,y,d) has a faithful permutation representa-
tion of degree 34,560. Let Py be the corresponding FH-module over F = GF(11). As
gcd(|H|, 11) =1 its endomorphism ring Endry (Pp) is semisimple by Maschke’s theo-
rem. Therefore we can apply first and second authors algorithm from [15] to calculate the
centrally primitive idempotents e;, e1g, €19, e37 of Endpy (Py) corresponding to the irre-
ducible characters x2, x18, X19, x37 in Irrc (H) occurring as irreducible constituents in the
permutation character of Py, respectively. Let U; = ¢; - Py fori =2, 18, 19, 37, and let
014 be the irreducible FH-module belonging to the irreducible character x4 of H. Form-
ing now the tensor product U, ® V37 of degree 7680 and applying then Parker’s Meat-Axe
algorithm [16] implemented in MAGMA one obtains an irreducible constituent which is
isomorphic to U14.

The centralizer C = Cg(x®) of x8 in the group E = (x, y, a) has order |C| = 2160. It
has been checked by the first author that lg is a faithful permutation character of degree
79,360. Let Pg be the corresponding FE-module over F = GF(11). As gcd(|E|,11) =1
the endomorphism ring Endrg(PE) is also semisimple. Another application of algorithm
[15] yields the centrally primitive idempotent fg of Endrg(Pg) corresponding to the ir-
reducible constituent tg of the permutation character of Pg. Hence 20 = fg - Pg is the
simple FE-module corresponding to t¢ in Irrc (E). Thus all irreducible constituents of the
two pairs of semisimple faithful multiplicity-free FH- and FE-modules corresponding to
the two compatible pairs determined in (b) have been constructed.

Let U =U4 & V3. Then V| p = W|p by (b). In each restricted FD-module UV |p and
| p we fix an F-vector space basis B and S, respectively. Let ¢/, y’” and a’ be the matrices
of the generators x, y and a of E with respect to the basis S. Let r, y and ? be the matrices
of the generators x, y and d of H with respect to the basis B. Applying then Parker’s
Isomorphism Test described in [16] one obtains a transformation matrix 7 € GLoag(11)
corresponding to the base change S — B such that

r=7 YT and y=T"'y7T.

From (b) and Thompson’s theorem [20] follows that the free product P = H xp N with
amalgamated subgroup D has a unique simple 248-dimensional module over F' = GF(11).
Let « be the irreducible representation of P afforded by this module. Let ¥ (P) = &. Then
Thompson’s theorem also asserts that

G =(r,1,a,0) <GLoyg(11),
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and that this finite group has a 248-dimensional irreducible representation. Its generating
matrices r, 1), a and 0 are too large to be printed in this article. They can be obtained from
the first author by e-mail.

Of course, all the steps of this construction can also be done for the second compatible
pair

X14 + X19 = T6-

All we have to do is to replace the FH-module U = V14 & Y1g by U = V4 & Vyo.
However, the matrix group &= we obtain this time does not satisfy the Sylow 2-subgroup
test of step 5c) of algorithm [12]. Constructing random words in the generators of &x the
first author has found elements of order 16 in this group. But H does not have elements
of order 16 by Table 9.1. In the remaining case he was not able to find such elements.
Therefore, we have now to give a proof for the correct order of the Sylow 2-subgroups
of &.

By technical reasons steps 6 and 7 of algorithm [12] cannot be applied directly to deter-
mine the order of the matrix group &. Therefore the first author has constructed a suitable
subgroup as follows.

In order to simplify our notation in the remainder of this proof we replace the Gothic
letters ¢, v, a, 0 and by x, y, a, d, respectively. In particular, & = (x, y,a,d) < GLag(11)
is also denoted by G.

In G ={d, x, y, a) define the following elements:

by = yay(xy)za_lxy_1axaxzyxayxzaxa_lx_3a_l (xa)’x’

—1.-2 —1.—-1 — — 1. —1\2. -1 —1.—
.ylx 2a lx la lyx la(y lx l)yla ly lx’

b= (b3daby)",
br = (((db)zde(db)4db2(db)2b)5)(db)ll’
¢ = (dbr)*(brdbr)*(dbr)>.

Using the Parker’s algorithm [16] it follows that the subgroup T' = (d, br) fixes a 52-
dimensional subspace U of the FG-module V = Vi4 @ Vig. The multiplication of the
generating matrices of G by the vectors v of V defines a permutation action of G on
the G-orbit £2 = UY. Now one constructs a permutation representation 7 : G — S, of de-
gree n = 143,127,000 with stabilizer Stabg (U) := S > T. The points i of §2 correspond
to the cosets Sg; of Sin G fori =1,2,..., 143,127,000, where g; = 1. This permutation
module has been established by the first author on a supercomputer at the University of
Karlsruhe. In order to save memory, he only stored suborbits of the element ¢ of order 13
in a hash table using the methods described in his article [22].

Clearly, the subgroup T = (d, br) of G acts on 2. Tracing the Schreier vector of G on
£2 at the starting points of the T -orbits of §2 one gets the double coset representatives of T
in G. The first author computed also a base and strong generating set for 7 (G). It follows
that:
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Table 4.1

Representative |TriT| o Point

r 1 1 1 23,078,732
r b3brebrctbrcObrc2brSbrSbr bl bed 17,199 14 37, 140, 703
" beb2.cbrcObr b ?brc b ctbrctbr dbe 45,864 20 41, 102, 441
ry b3brcSbyebrc  brc2by c*brc®by by c3bc® 179,712 20 90, 617, 375
rs be'2br M by c?b2.cor3brc3brbc® 1,304,576 19 14,019, 617
re bebrc b by b byt brcdbed 2,201,472 31 116, 942, 791
ry bebrc2brebr b by Obr Abrctbp dbed 5,031,936 28 15, 874, 808
rg betObr e 2br b by by by by c2by Cbeld 8,128,512 24 30, 184, 585
ro rebrc brc'Obrc*brebr c2brcl%bc® 8,805,888 15 142,921, 133
10 belObr e 2brebr byt brcObr by ctbyrcl2be? 11,741,184 18 105, 310, 456
11 bed 105,670,656 12 48, 089, 759
Table 4.2

Coset representative Point 8; = Vy; o Fixed by [(Vy;) (810054}
7 1 23,078,732 1 52,53, 54 143,127,000
” i 48,089,759 12 53,54 105, 670, 656
73 riic 48,089, 760 21 - 6
Strong generator 4 Fixes

S1 b 3 -

52 br 3 Vi

s3 C3I7Tc4chchlO(cllec7chbT612)_1 3 Vyi, Vo
S4 cszc7b2Tc3ch3(ch6ch10chbTc7)_1 2

() G has 11 double cosets T'r; T with representatives r; of order o = o(r;), see Table 4.1.
(B) The element c of T has exactly 3 fix points:

23,078,732 =V,

38,447,957 = Vrgc’brc®brebrcbrebrc’by  and

75,513,376 = Vrsbrc brebr b brc?bre by,

(y) m(G) has a base and strong generators given in Table 4.2.
(8) T =(s2,s3,84) = (br,c) and G =(T, D).

Statement (&) holds by the following equations which have been verified computation-
ally:

d= s3ZS2S3S2S3ZS2S3s22s3ZS2S4szs32s§S3szs§S2S3S2s32s%S4s32s%s3ZS4s%S4s§S3sz

. S4S2S4S3S2S3S4S2S3S%S%S%S3S22S§S2S3S22S4S%S3S2S§S%S3S%S§
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22,2 2 2 2.2 2 22,222
© §5835485525385285525352852555254528555 53528352835285355545355538525453

. S2S3S4S2S3S%S%S%S:},S%S%stgS%S4S%S3S%S%S%S%S3S%S§S%S§S4S2S4

. S3S2S3S4S2S3S§S§S%S3S%S32S2S3S%S4S§S3S2S§S§S3S%S32S22S32S22,

c:gméémgnmnmﬁmnémnnnﬁméméumumg
-s§S45253SQS3S%S4S3S4S%S4S§S§S453S4SQS453S§S3S%S§S%S4S3S§S4S3S4s%54
-s%s§S4S3szs§S4S3szS4szS4S§S4szs§s%s§s%S4szs§s§s§
'S%S%S4S3S2S4S2S4S§S4S2S%S4S2S3S2S§S2S%S4S%S4S2S3S§S§S4
-gmmmmﬁmn%é%ﬁmn%mmmunﬁg%ﬁﬁmgﬁmgmém
-s%s§S4S3S%S3SZS3S4S%S§S%S4S3S%S3S%S4SQS3SQS3S%S4S3S4S%S4S§S§S4S3S4

. S2S4S3S%S3S%S§S%S4S3S§S4S3S4S%S4S§S§S4S3S2.

By statement (y) G has a base and strong generating system. Therefore we can apply a
membership test. Its application yields the following equations completing the proof of (8):

3 0. .6

a=s3c szc1 s7C S26‘8S2C3S26‘5S2C10

9.2 .1

s5¢ 2szc2szc8

szc9szcloszc3szc,

by = s32c3s22c6szc12nc7s§cllszc432012x11closzcloszcgs%cuszczszcs,

X =3 cgszclzszczszc7szc10szc3szx11cészc9szc7szc5szcgszc5s§c7,

y= S3S4cl 1szc1 1szcﬁszcsszcszclzszcsszc3szcl 1xl1C7S206S26‘6S2C7S26‘8S2C6

szczxuc

. 52C4S26‘2.

In order to show that the subgroup T equals the stabilizer S of the permutation representa-
tion U we now apply Gollan’s double coset trick [6]. Its hypothesis has been satisfied as
follows.

Using a computer it has been checked that the 2-point stabilizers

Stabr (1) =T N T = (yi1, yi2), 1<i <11,

can be generated by the following words in the strong generators s2, s3 and s4 in Table 4.3.
With these generators the first author checked in that [StabT(lri)]’fl < T for i =

1,...,11. The proof was done by finding explicit words w in the generators of T that
satisfy (y;, j)’f L. They are given in the following list:
)
yl’ll = bT ’
o _
Yipg =6

—1
;
yéﬁ = y121 1ClszCSbTCIObTC6bTCSch7ch6,
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Table 4.3

Generator o(yi,j)
Y11 br 3
1,2 c 13
2,1 Abrc®brcd (PbpcBhrc®)~! 8
2.2 clszc3ch12(c7ch3)_l 12
y31 clszcﬁchlo(clOchstcg)_l 18
3.2 cmbrcgbrcllbrcs(c9brclzbrc9)7l 18
V4.1 CbTC4bTCbTClo(CszCSbTC7bTC4)7l 6
Yan Abrctbrcbrd (brcl2bypcd)! 3
¥5.1 c7chllecngcg(cszcstc4)_1 6
¥5.2 AbrcObrctbr (b Obrcdbrd)~! 6
Ye,1 c7th6thllth4th4(clszc4b%c)_l 6
V6,2 cngcloch(’szclO(chzb%-cﬁ)_1 6
7,1 cngCSch(’ch(’(c4ch4chlle02)71 6
7.2 cmbrcl1b7010b7c7(c11b7c9b762)71 6
¥8.1 clzbZTc*ngﬂ(c4b7~c4brc4)71 3
¥8,2 clochl1chloch4Z7Tc3(chc3ch4)71 6
¥9,1 c7chloch6ch7(cngcb%clo)_lc4ch6bTc2b706(c]0b%06b7-62)_1 3
¥9,2 CszC4bTCbTC7bTL'10(bTC4bTCSbTL'9)_1 6
y10,1 chcngclszc“(c’/chjb%cz‘)_1 3
Y10,2 ClobTC3bT69bTC7bT(ClObTC4bTC3bTC4)_l 6
Yi1,1 CSbTC4bTCbTCIO(ClleC7bTCbTL‘12)7l 3
11,2 cszc7szc3brc3(chﬁchmchch7)71 2

ryhH

Y2
r;H

Y31

—1

(r37) 65, Ay Ty 2p Ay 123 5. 5 10
Y35 =yuayiic bre'bre'brebre’ bre “bre’brebre’”,

oh
Va1

el
e
)33
e

= yh1.1br®brebrcbrc* bbbyt

2, 9 T 4y 5. 2 10, 3
=yi1yn.2c°brc’bre’brc*bre’brebre "brc?,

b 8

= y11,1011chstcngcszc6chch3ch2chTc ,
) = yl1’1CSbTC2bT6‘6bTCéchngclszclleCbTCS,

) 8, 4 12, 73 T3 35 6
=y11,1y11,2¢ brc bre “bre'brc'brc’brcbr,

= y11,1c2chl1b%cszc()ch9ch6ch9chl1ch3,

= clsz cbrcnb%cﬁbrczbrcs ,
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rgh
Yoo = y11,1cébrcsbrcgb%csbrc7chloch5,

—1
,
ysi ) = y121’1chlobTCSchlszc7ch10ch5,

1
.
ysg ) = yl21 1bTCSchngCSbTCSbTCIOchszclleclo,

rgh
yg ) = y11,2c7bTc7ch6ch7chlzb%chcl1,
()
g5 =yiabrcbrcbrebre bre®brbrbrc®,
(W)
Vo1 = y11,2bTc3ch6ch2ch12chsb%c7bT09,
r5H 3. T3 67 T3 1032 3
Yoo =YiLyi2c bre’brc’bre’bre Tbrc’,
(g
ylol’ol) = y11’267bTc6brcngclochl2chstcg,
(i) 9 2 6, 12, 65 65 3
Yioa =Yiayinacbre’brebyc®bre “brc®brcbre’,
riH

11 =c4bTcbrclobrclobrc2b7c9b7c12,

-1
y](rll"z) = y11.2¢%7¢ b7 b2 br by,

Thus condition (a) of Gollan’s result holds.

Let K=TNT"' . As K is a subgroup of T, each T-orbit rl.T decomposes into s;
K -orbits (r,-k,-,j)K for i =1,2,...,11. The numbers s; and the T — K double coset
representatives k; ; were determined computationally by the first author using the large
permutation representation §2. He showed that K decomposes the T -orbits of §2 as shown
in Table 4.4.

All together there are 4188 double coset representatives k; ; defining the starting points
rik;, j of the K-orbits (7;k;, j)K . They cannot be listed here. Condition (b) of Gollan’s dou-
ble coset trick [6] requires to check that

11
r,-k,-,,-rj—l € UTr,-T forall 1 <i<1land1<j<¢.

i=1

With the explicit elements k; ; defined above these 4188 conditions were checked by the
first author using the strong base and generating system given above. The resulting relations

Table 4.4

T T T T T T T T T T T
" " 3 4 ’s e "7 "3 9 "o M

# of K-orbits 1 12 9 13 53 97 158 253 259 358 2975
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rik; jrjfl = w with words w in the strong generators s, $2, s3 and s4 of G can be received
from the first author by e-mail. As an example we state that:

3 2 3
k11,1288 1= Y3 232,1¥722,1¥3 207,

—1 2 2 3;2 2,2 5 2, 2 2 2
x11k11,1288%, = y11,1¢"brcbyc’brc bz’ brebrcbrc™brXx11y2,1Y50Y2,15 2
2 , ,

32 2 2 2 3
CV21Y32Y5 1 Y2 2bT Y5 1Y2,2Y2,1¥2,22,152,2Y5 1 V3. 2Y2,1Y2,2-

The 4188 relations hold also for the corresponding matrices in the group G =
(x,y,d,a) < GLasg(11). Now Gollan’s result asserts that the stabilizer S = 7. Hence
|G| =T|- 14,312,700 =215.310.53.72.13.19.31.

By Table 9.1 the element z = x® is a 2-central involution of G. The group G = (H, E)
is perfect, because H and E are perfect by Lemmas 2.2 and 3.1, respectively. Now the
odd order theorem of Feit and Thompson implies that any proper normal subgroup N of
G has even index. Suppose that N N H # 1. By the proof of Lemma 3.1 the group G has
a unique conjugacy class of involutions. Thus z € N. Hence A < N because E/A = Ls5(2)
acts irreducibly on A by Lemma 3.1. Since A is a normal subgroup in a Sylow 2-subgroup
of G by Lemma 2.2, it follows that |G : N| is odd, a contradiction. Thus N N H = 1, and
|N| is odd. As G has a unique conjugacy class of involutions it follows that Cy (w) =
NN Cg(w) < O(Cg(w)) =1 for all involutions w of G. Now the theorem of Brauer and
Wielandt implies that N = 1.

Using the faithful permutation representation of 7 afforded by its double coset Tr,T
of degree 17,199 and MAGMA the first author has checked that 7 has two conjugacy
classes of involutions le and y2T with centralizer orders |Cr(y1)| = 2'?-310.7 and
|Cr(y2)| =20 32, respectively. Since there is only one conjugacy class of involutions
in G, both involutions y; and y, fuse to z in G. In order to determine the order |Cg (z)|
one calculates the number of fixed points of z on the permutation representation module
2 = UY constructed above. It follows that

1 1 1 1
10200=7() = |CG(Z)|[|cr<y1>| il 6@ (774144 * %)}

by [8, p. 64]. Hence |Cg(z)| =2 -3*.5.7=|H|, and C5(z) = H. Thus G =& is a
simple group of Th-type. O

Remark 4.3. Table 4.5 lists computational resources used at the Computer Center of the
University of Karlsruhe and the Institute of Experimental Mathematics for the construction
permutation group of degree 143,127,000 corresponding to the simple matrix group ®.

For details concerning the implementation and the algorithms used in these demanding
calculations see Weller’s articles [21,22].
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Table 4.5

Task Architecture Nodes Elapsed time Parallel (%)
Sequential setup of hash table SP-256 1 2:54 -

Hash table of 143 mil. spaces SP-256 64 99:06 98
Compute b on 143 mil. points SP-256 64 133:32 98
Compute b7 on 143 mil. points SP-256 64 133:05 98
Construct y; ; RS-590 1 3:34 -

Construct Dy and D3 RS-590 1 61:16 -

Construct D5 RS-590 cluster 4 366:18 100

5. Determination of 3-singular conjugacy classes

In this section it is proved that all finite simple groups G of Th-type have isomorphic
Sylow 3-subgroups S. This is done by showing that S has a noncyclic subgroup D; of
order 9 such that M = Cg(Dy) is a subgroup of order 3%, and Ng(M)/M = GL>(3).
Then it is shown that any simple group G of Th-type has 3 conjugacy classes of elements
of order 3 represented by explicitly given elements dy, d», and ds in H = Cg(z), and
that their normalizers Ng(d;) are uniquely determined by d; up to isomorphism. For each
of these normalizers Ng(d;) a system of generators and defining relations and a faithful
permutation representation are given. Furthermore, their character tables and systems of
representatives of their conjugacy classes are calculated. Thus a complete classification of
all 3-singular conjugacy classes of G has been obtained.

Lemma 5.1. Let G be a finite simple group of Th-type having an involution z with central-
izer

H=Cg(x)=(z,c.d,e,s,t,u)=(uj,vj,x,y,d | 1<i <5, 1<j<4)
defined in Lemma 2.2. In H define the following elements:

do =X,
dy = flsflfleusfltdusedut,
d> =sesus2zdcdedusedt,

d; = t_lesustzduds_ledsu_l,
k1 =xv2x_1,

ky = vy,

—1
k3 = upugqvqv; -,

1, -1, -1 -1 —1_—1 —1 —1_—1
ka=y vy v vy Uy X7 uy uz v, uzxviy,
ls_lus_ldudes_lut,

1

ks =t~

ke = st~ usezdu_ldsuts,
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k7 = ksdads3,
kg =s_lesdudcdu_ld,
ko =szeuzduds_lt_lu_ls_lt_l,

k1o = esudcdu~'dsudet.

Then the elements d;, 0 <i <3, kj, 1 < j<<4, k;, 5<1<8, have orders 3, 4 and 2,
respectively. Furthermore, kg and k1o have orders 8 and 4, respectively.
With these notations the following statements hold:

(@) Hy={(d; |0<i <3)< H isaSylow 3-subgroup of H with center Z(H3) = (d>), and
C = (dy, d1, d>) is a maximal elementary abelian normal subgroup of H3, which is a
wreathed product of a cyclic group of order 3 by a cyclic group of order 3.

(b) do, da, and d4 = dyd, form a complete set of representatives of the conjugacy classes
of elements of order 3 in H.

(¢) di, d>, and d3 are conjugate in H.

(d) Co=Cg(do) = (do) x Ho, where Hy = (Hy), ks), and the commutator subgroup H} of
Hy is the central product L % Lo with amalgamated subgroup (z) of its normal sub-
groups L1 = (k1, k>, d1) and Ly = (k3, k4, d2) which are both isomorphic to SL;(3).

(©) Ni(do) = ((do) x Ho) : (ke), and di® =d.

(f) Cr, =Cpg(dr) =C : Hy, where C = {(dy, d, dr) and Hy = {(ky, ko, d3) = SL,(3).

(g) T» = (k1, k2) is a quaternion group of order 8 with center (z); it is a Sylow 2-subgroup
of Hy, and C = O(C3) is elementary abelian of order 27.

(h) Ng(da) = (Ca, ke), and di = d2.

(i) C4 = Cpy(dy) = (d4) x Hy, where Hy = (do,dld_l,kg,km) = 2A¢ has a Sylow 2-
subgroup Ty = (kg, k19) which is a generalized quaternion group of order 16.

() Nu(da) = (Ca, ky), dy? =d3, |Chi (k7)| = 2103, |Chy (da) N Cpy(ky)| =233, and
and k77 are conjugate in Ny (da).

(k) The 3-elements dy, dr and d4 are not conjugate in any simple group G of Th-type.

Proof. The statements (a)—(j) have been checked by means of MAGMA and the faithful
permutation representation of H given in Lemma 2.2.

(k) Cg(dp), Ci(da) and C(ds) have Sylow 2-subgroups of order 32, 8 and 16 by (d),
(f) and (i), respectively. Thus (k) holds. O

Lemma 5.2. Keep the notations of Lemma 5.1. Let ds = dd ~1 and let A be the unique
maximal elementary abelian normal subgroup of the Sylow 2-subgroup S of H defined
in Lemma 2.2. Let E = Ng(A) and Ay = (z,k1k4,k]k2k§1) < Ho. Then the following
statements hold:

(a) Ag is a maximal elementary abelian normal subgroup of the Sylow 2-subgroup Sy =
(ki | 1 <i<5)of Hy, and |Ag| =8.
(b) Do = Npy(Ag) = EN Hy = (S0, ds), and Cg(dp) = (dp) x (Do, to), where
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1 1 1 -1

. 2 —1,.— -1, -1 2 —
fo:=v3yvavia 'y V2V, U, UIV3YV2AV3YXV2Y

Uz a
. y_1)c2axulv3yv2aU§yxv2y_la_ly_1
has order 7.
() Eo = (Dy, ty) = (ki,ds,to | 1 <i <5) has the following set R(Ey) of defining rela-
tions:

kK=k=ki=ki=ki=di=1]=1,
K Udky =k ek =k Gk =k kg =1,
[k1, k3] = [ko, k3] = [k1, k4] = [k2, ka] = 1,
kg ' sk ! =k ksky ks = (k5 ks) =1,
ks kds = k;'dS kads = (ksds ) =1,
ds 'y 'k sk = kM rokd e kgt =1,
ksky 'k 'kska = (katy 'ks) =1,
toky ' d5 'k Hoks = ki M tods Tk todS ! =1,
t3dskstoky ' = 1.
(d) W = (Ko, Eo) < G is a simple subgroup of G with a unique conjugacy class ad of
involutions, and Cw (z) = Hyp.
() Cg(do) = (do) x W, and W = G»(3).

(f) The involution ke defined in Lemma 5.1 is the unique involution of H satisfying the
following conditions:

ke € DN Ny (Ao) N Ny (do), ke, ds] = ke, sl =1,
[k,al=1 forallae Ay, and d(l)€6 = dg,
where so = k5k4t0d52.
(& INg(W):WCa(W)|=2.

(h) No = Ng(do) = (ki,do,di,d2, 50| 1 <i<6)=((do) x W) : (ke) has the following
set R(No) of defining relations:

K=k =ki=ki=ki=ki=dy=di=d5=s)=1,

ky 'Ky =k kG = kg Gk =k ks kg =1,

k1, k3] = [ko, k3] = k1, ka]l = [k2, k4] = [k3, d1] = [k4, d1] =1,
Kk ek =k sk ks = (K 'ks) S =k ' kg = 1,
(ksdi') =[ki,dal, ko, o] = k3 'dy kady = (ksdy ) =1,
[di, do] =dy "ky 'k tdiky = ksky 'k Thska =1,
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k3 sy ey kisoks = soksky ey tsg ko = sgksky soka =1,

kit sg ke ke Ysoka = dad sk sy kaso = 1,

di sy d sod; sy dysodysy dvso = (disy )0 =1,

o=kl K =lkake, K=k, K=k

K =idks,  di°=dy',  d=d',  lkesol=1, dy =d},

[do, kil=1 forall1<i<5, [do, d1]1 = [do, d2] = [do, so] = 1.

(1) Representatives of the 51 conjugacy classes nlNO of No = Ng(dp) and the correspond-
ing centralizer orders |Cy,(n;)| are given in Table 9.6.

(G) The character table of Ny is given in Table 10.6.

(k) No has a faithful permutation representation of degree 44,226 with stabilizer Hy =
(ki,di,dy |1 <i<5).

Proof. Assertions (a) and (b) have been checked computationally by means of MAGMA
and the faithful permutation representations of H and E given in Lemmas 2.2 and 3.1,
respectively. Furthermore, the character tables of Hy and E( have been calculated by means
of MAGMA. They are stated in Section 10.

(c) It also has been verified computationally that R(Ep) is a set of defining relations for
Eo= (ki,ds,s0|1<i<5),and that Ag is normal in Eg with eg/Ag = L3(2).

(d) Lemma 5.1 states that Cg(dp) = (do) x Ho. Let W = (Hp, E¢) < G, where G is
a simple group of Th-type having an involution z such that H = Cg(z). By Lemma 5.1
we know that Hy has center Z(Hy) = (z). Hence Hy < Cw(z). Let w € Cw(z). Then w €
Cg(z) = H,and w € Cg(dp), because W = (Hy, Eo) < Cg(dp). Thus w € HN Cg(dy) =
Cpy(do) = {dp) x Hpy, and w € Hy. Therefore Cw (z) = Hp.

Furthermore, Sy is a Sylow 2-subgroup of W. Using the faithful permutation represen-
tation of £ = Ng(A) given in Lemma 3.1 and MAGMA it has been verified that Eq has 2
conjugacy classes of involutions. They are represented by z and k5.

Suppose that T is a normal subgroup of W with |W : T'| = 2. Since Ep/Ao = L3(2),
and L3(2) operates irreducibly on Ag, the group Ej is perfect. Thus |EqT/T|=|Eo/T N
Eo| = 1 because EqT/T is a subgroup of W/T. Hence So < Eg < T, and |W : T| is odd,
a contradiction. Therefore W does not have any normal subgroups of index 2.

Since ks € So — S, Thompson’s transfer lemma now implies that ks is conjugate to z
in W. In particular, W has a unique conjugacy class of involutions.

Suppose that X = O(W) #£ 1. Let V = (z, ks) operate on X by conjugation. Then

IX]|Cx (V)] = [Cx (2| |Cx (k)| |Cx (ks2)| = [Cx (2) ]

by the Brauer—Wielandt theorem. From the character table of Hy follows that
|CHh,(ks)| = 23. Hence |Cx(V)| = 1. Furthermore, Cx(z) = Cw(z) N X = Hy N X <
O(Hp) =1, because H6 = SL,(3) * SLp(3) by Lemma 5.1. Therefore, X = 1.

Let Y # 1 be a minimal normal subgroup of W. Then O (W) = 1 implies that O(Y) is a
characteristic subgroup of Y. Hence Y has even order, and all involutions of W belong to Y.
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Therefore W/Y has odd order. Since Ey and Hp do not have proper normal subgroups of
odd index, it follows that W = (Hp, Eg) < Y < W.Thus W =Y, and W is a simple group
with a unique conjugacy class of involutions.

Using algorithm [12] and MAGMA we find the missing relations between the additional
generator so of W = (Hy, Eg) = (Ho, So) and the generators of Hy as follows.

By (a) Ag is a maximal elementary abelian normal subgroup of the Sylow 2-subgroup
So of Hy. From (c) and (d) follows that Eg = Nw(Ag). The character tables of Hy, Ey
and Do = Npy,(Ao) are stated in Section 10. Using their notations it has been checked by
means of MAGMA and Kratzer’s algorithm [10] that there is a unique compatible pair

(x, )= (X7+ X9 + X138, T9) € mf char(Ho) x mf char(E)
with common restriction to Dg:
XDy =Tlpy =83+ 84 + 89, where & € Irrc (Do),

which by means of algorithm [12] leads to a simple matrix group 20 < GL14(5) with a
centralizer €oy3(z) = Hy of an involution 3 corresponding to the involution z of Hy.

By the character tables of Hy and Ej it follows that the prime field F = GF(5) is a
splitting field for the irreducible FHy- and FEy-modules corresponding to the characters
X7, X9, x18 of Hy and 19 of Ey, respectively, because 5 does not divide | Hy|| E¢|. Using the
faithful permutation representations of Hy and Eg with degrees 32 and 168, respectively,
the simple FH- and FEy-modules of degrees 3, 3, 8 and 14 corresponding to x7, x9, X18
and 79, respectively, have been constructed.

(e) From (d) and the main theorem of Janko’s article [9] follows that W = G, (3), where
the finite group of Lie type G2(3) and its properties are described in R.W. Carter’s book
[3, p- 206].

(f) Assertion (f) has been verified computationally by means of MAGMA and the faithful
permutation representation of E = Ng(A) described in Lemma 3.1.

(g) By (d) and (e) we know that W is a simple group which is isomorphic to the
Chevalley group G2(3). Theorem 12.5.1 of [3, p. 211] states that the outer automor-
phism group Out(G2(3)) = Z/2Z. Since kg € Ng(W) — Ca(W)W by (f) it follows that
Neg(W)/Cc(W)W = Z/27.

(h) As Hy = (k;, d1,dy | 1 <i <5)=(Hj, ks), and Hj = SL»(3) * SL2(3) it is easy to
determine a defining set R(Hp) of relations for Hy with respect to its given generators. In
order to find a defining set R(W) of defining relations for the simple group W we apply the
main theorem of Janko’s article [9] again, which asserts that W is uniquely determined up
to isomorphism by the centralizer Cy (z) = Hy of its involution z. It allows us to construct
W from Cyw (z) Hy by means of algorithm [12].

Since 31 @ 3, ® 8|p, = 14| p, the Meat-Axe isomorphism test has been used to identify
the two 14-dimensional FDy-module by means of a transformation matrix. It follows that
20 < GL14(5) is generated by the following matrices:
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Another application of MAGMA to the matrix group
W = ((k;). (d1). (d2). (s0) | 1 <i <5)<GL14(5)

enables one to construct a faithful permutation representation of 20 of degree 7371 with
stabilizer

90 =((ki), (d1), (d2) | 1 <i <5).

Let (z) = (k1)%. Then $H9 = Cop(3) = Hp. In particular, 20 = W by Janko’s theorem
mentioned above.

Using now this faithful permutation representation and MAGMA one is able to determine
a set R(W) of defining relations for W with respect to its generators. It consists of all the
relations stated in assertion (h) which do not involve the additional generators dy and kg of
No = Ng(dp). In particular, R(Hp) is a subset of R(W).

By (f) the involution kg normalizes Hy = Cw (z). Hence it is very easy to determine
x*6 as a word in the generators k1, ko, k3, ka, ks, d1 and dp of Hy for each generator x of
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Hj using MAGMA and the faithful permutation representation of H given in Lemma 2.2.
The resulting relations involving k and d fori =1,2,3,4,5and j = 1,2 are stated in
the third and second last lines of (h) The remalnlng relations [kg, so] = 1, dg" = dO, and
[do, w] =1 for all w € W are restatements of some relations in (f) and (e), respectively.

(k) Using MAGMA and the permutation of Ny given in (h) a faithful permutation repre-
sentation of Ny with stabilizer Hy has been calculated. It has degree 44,226.

(j) The character table of Ny has been calculated by means of MAGMA and the faithful
permutation representation given in (k).

(1) Similarly, Table 9.6 of the representatives of the 51 conjugacy classes of Ny has been
calculated using Kratzer’s algorithm [10]. This completes the proof. 0O

Lemma 5.3. Keep the notations of Lemmas 5.1 and 5.2. Let C = (dy,dy,dr) < H. In
No = Ng (dy) define the following elements:

y = ksdidy ' kikokskakesy 'dy sy Hksdy !,

do = dz_1k3d250k1d1s0d2_1s0_1d2s0_1,

-1 -1 -1 -1 -1
d10=k1k3 S()kldz Sodlso dl SO .

Then the following statements hold:

(@) dy =dyo, 2¥ =k7, dj =dg, and y* =1.

(b) K = O[Cg(C)] =C x Dy, where D1 = [K, z] = (dy, d10) is an elementary abelian
group of order 9 and dlo =do and dk7 = dg.

(©) Cg(C)=K:(z).

(d) Ng(C)=KNH(C).

(e) Ng(C)/K =Ng(D1)/Cg(Dy) =GL2(3).

Proof. (a) The element y of order two has been found by means of MAGMA and the faith-
ful permutation representation of Ny = Ng(do) = ({dp) x W) : (k¢) given in Lemma 5.2
after having checked that k7 € Ny.

(b), (c): By Lemma 5.1 C = (dy, d1,d>) is an elementary abelian normal subgroup
of the fixed Sylow 3-subgroup Hz = (do, d1,d>,d3) = 7Z 1 Z3. Let Co = Cg(dp). Then
Co = (dp) x W by Lemma 5.2. Another application of MAGMA and the faithful per-
mutation representation of Ny mentioned above yields that Cg(C) = C¢,(C) has an el-
ementary abelian normal subgroup K of order |K| = 3% such that Ccy(C) =K : (z) =
(C x [K,z]) : (z), and that D1 = [K, z] = (d9, d1¢) is elementary abelian of order 9. Fur-
thermore, Cp, (k7) = (d10), and dé” = d92.

(d) K is a characteristic subgroup of C¢ (C). Thus it is normal in Ng(C). As Cg(C) =
K : (z) it follows that Ng(C) = Ny (C)K.

(e) Hence Ng(C)/K = Ng(C)K/K = Ny (C)/C.Using MAGMA and the faithful per-
mutation representation of H given in Lemma 5.1 it has been checked that Ny (C) has a
semi-dihedral Sylow 2-subgroup, and that Ny (C)/C = GL2(3).
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As K = C x Dj is normal in Ng(C) it follows that each x € Ng(C) normalizes D;.
Therefore Ng(D1)/Cg(D1) = GL,(3). This completes the proof. O

Lemma 5.4. Keep the notations of Lemma 5.1. Let ds = did, ' Then the following state-
ments hold:

(@) C4=Cpy(dy) = (d4) X Hy, where Hy = (dy, ds, ko, k10) has a Sylow 2-subgroup Ty =
(ko.ki0 | k§ =2 =K. ks' =kg '), and Ny (ds) = (C4. k7) = (Ca. kg).

(b) Cy(dy) N Cy(kg) has order 23 - 3.

(¢) R:= 0[Cg(ds)] = (ds) x B, where B = (b1, b>, b3, ba) is an elementary abelian nor-
mal subgroup of Cg(ds) with order |B| = 3% and B=[R,z].

(d) N4 = Ng(ds) is a split extension of its normal subgroup R by Q4 := Ny (da)/{ds) =
(do, ds, ko, k10, kg) described by the following matrices of the generators of Q4 corre-
sponding to their conjugate action on R with respect to its basis B = {d4,b; | 1 <i <
4}:

10000 1 0000
00202 01201
@)=0 2 00 2], @=|0o0o0 o0 1],
002 11 01 1 11
02200 0020 2
1000 O 10000
00222 01100
k)=]0 01 2 0], (&o=]0 1 2 0 o],
001 10 02001
021 21 01120
200 0 0
01022
Ghs)=]0 1 2 1 1
000 2 1
00001

() Ny = Ng(dy) = (da, b1, b2, b3, ba, dy, ds, ko, k10, kg) has the following set of defining
relations:
di=b}=b3=by=b; =d; b, dsby =1,
dy ' by tdaby = by by biby = d by Ydubs = 1,
by by biby = by by by = dy b dubs =1,
by by bibs = by by baby = by b} b3ba =1,
dy ' dadody " = dy ' brdobabs = dy "brdobby = 1,
dy 'b3dobaby by = dy 'badobiby = d5 ' dadsd) "t = 1,
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ds 'bidsby 'bob) ' = di  badsh) ! =di  badshy by b3 b =1,
d5 ' badsbrbs = kg 'dakod; ' = kg 'bikobrbsbs = 1,
ky ' bakoby b3 = kg 'b3koby 'by! = kg 'bakobiby 'b3by =1,
kg dakiody " = kyy bikioby 'by ' = kig' bakioby by =1,
ko bskiobiby ' = ko bakioby 'by by = kg 'dakgds = 1,
kg 'bikgby ' b3ba = kg 'bokghy ' baby by = 1,
kg 'b3kgbsb) ! =kg 'bskshy ' =dj =d3 =1,
kS =k} =k2 =d; 'd dods = dy 'ky M dsko = 1
9 = Rjg =HKRg =dy ds5 dods =4y K9 d5K9 =1,
d kg ko = kg Tk kg Tk = ki 2dy Yk ydo = 1
5 Ko Go K9 =Kg KRighg K10 =Ko dp Kjpd0o =1,
ko Kok ! = kskg *kskio = doksds 'dy 'ksdsky, =1,
dy ki kg Ny Tkiodskio = 1.
(f) N4 has a faithful permutation representation of degree 243 with stabilizer {dy, ds, k9,
k1o, k7}.
(g) Sa = (do,d1,dr,b1,b2,b3,bs) = RC is a Sylow 3-subgroup of Ny = Ng(da) with
center Z(S4) = (da) x (dy, d10), where C = (do, dy, d2), do = bib, " and dyo = b1b} .

(h) A system of representatives n; and the corresponding centralizer orders |Cy,(n;)| of

the 48 conjugacy classes nlN“ of Ny is given in Table 9.7.
(1) The character table of Ny is stated in Table 10.7.

Proof. The statements (a) and (b) hold by Lemma 5.1.

(c) By the same result we know that any Sylow 2-subgroup T4 of C(ds) is a generalized
quaternion group of order 16. Furthermore, Cy(ds)/(ds) = 2Ae and Ny (da)/{ds) = 2Ss.
Therefore the Brauer—Suzuki theorem implies that

Cg(ds) = RCy(ds), where R = 0[Cq(ds)].

By Lemma 5.1 we know that the Klein four group V = (z, k7) operates on R by conjugation
and that k7 and k7z are conjugate involutions in H. Furthermore, |Cy (ds) N Cy (k7)| =
23 . 3. Applying the Brauer—Wielandt theorem we get

IRI|CR(V)|* = |Cr@)||Cr K. (+)

By Lemma 3.1 G has a unique conjugacy class of involutions. Therefore |Cx (k7)| <
|Cc(z)| = |H]|. Since Cy(da)/{ds) =2As it follows that Cx(z) = (da). Clearly, Cr(V) <
Cr(z) = (ds). As d4 is inverted by k7 it follows that Cr(V) = 1.

Let R = R/(ds). Then R = R/Cg(z) is inverted by z. Hence R is an abelian group by
Burnside’s lemma. Thus R = R3 x Rs x R7, where R, denotes the Sylow p-subgroup of R
for each prime p € {3, 5, 7}. Since Ny (ds)/{ds) = 2S¢ it follows that each p-socle 2(R)
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of R is a faithful F p-module for p € {3,5,7}, where F), = Z/pZ. However, the smallest
dimension of a faithful irreducible F,[2S¢]-module is 4, and if p = 3, then the second
smallest dimension is 12. Now (x) implies that |R,| < |Cr(k7)|> = p? for each prime
p € {5,7}. Hence R is an abelian 3-group. Since a Sylow 3-subgroup of H is isomor-
phic to the ones of the alternating group Ao, it is a wreathed product of order 81. Hence
|ICr(k7)|3 < 33 and |I§| <30 In particular, 2(R3) is elementary abelian of order 3%, As
IR : 2(R3)| <32, and z inverts R/$2(R3) it follows that |R| = 3*.

Hence R/(ds) = B = (b1, b2, b3, ba) as F3[2S¢]-modules. By the 3-modular character
table of 2S¢ we know that B does not belong to the principal 3-block. Hence R splits over
(d4), and so we may assume that R = (d4) X B, because dy is in the center of C(ds).

(d) L = Ny(ds)/{da) = 2S¢ has a unique 4-dimensional faithful irreducible mod-
ule over F3 = 7Z/37. By (c) the normal subgroup B = (b1, b2, b3, ba) is such a faith-
ful irreducible F3L-module, on which L acts by conjugation. With respect to its basis
B = {b1, by, b3, bs} the generators of L = (dy, ds, kg, k10, k3) have the matrices as given in
statement (d).

Clearly, in Cy(ds) = (da) X (do, ds, k9, k19) the abelian 3-group C = (dy, d1,d2) =
(ds) x (do,ds) is a Sylow 3-subgroup which splits over (ds). Hence Si4 = R(do, ds) is
a Sylow 3-subgroup of C¢(ds) by (c) which splits over R = (d4) x B. Therefore Ny =
Ng(ds) is a split extension of R by L by Gaschiitz’ theorem. Using now MAGMA it is
easy to construct the unique split extension N4 = R : L by means of the matrices of the
generators of L.

(e) The output of MAGMA is the presentation of N4 given in statement (e).

(f) Clearly, L = (do, ds, ko, k10, k7) can be chosen as a stabilizer of a faithful permuta-
tion representation of Ny. It has degree 33,

(g) Let C = (dp, d1,dz). Then K = O[Cg(C)] = C x Dj by Lemma 5.3, where D; =
(dy, d10). Clearly, Cg(C) < Cg(ds). Furthermore, S4 = RC is a Sylow 3-subgroup of Ny,
because R is normal in N4. By (d) R = (ds4) x B, and B — {1} consists of all elements of R
which are inverted by z. Since B is a normal subgroup of N it is normalized by k7. Using
MAGMA and the faithful permutation representation of N4 given in (f) it has been checked
that (b]bZl) is the only cyclic subgroup of B which is centralized by k7, and that (b2b471)
is the only cyclic subgroup of B which is inverted by k7. Let ¢5 = blb;] and cg = bzb;].

By Lemma 5.3 we know that K = O[C¢g(C)] = C x Di, where Dy = (dy, d1o) and
dy = dy', dff = dip. As K = O[CG(C)] < O[C, (C)] we calculate the latter group by
means of MAGMA and the faithful permutation representation of N4 given in (f). It yields
that O[Cy, (C)] =C x (c5) x {cg). Hence K = C x Dy = C x {(cs, cg). Since both c5 and
djo are centralized by k7 and both elements c¢ and dy are inverted by k7, we may assume
that cs = bib, ' = dig and ¢ = b1b, ' = do. In particular, D = (cs, c6) = (d10,do) < B <
R ={(d4) x B.

Another application of MAGMA and the faithful permutation representation of N4 given
in (f) yields that the center Z(S4) of the Sylow 3-subgroup S4 has order 27. Since S4 = RC,
and D; commutes with all elements of R and C it follows that Z(S4) = (d4) x Dj.

The final assertions (h) and (i) have been shown by means of MAGMA and the faithful
permutation representation of N4 given in (f). This completes the proof. O
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Lemma 5.5. Keep the notations of the previous lemmas. Let:

dig =d1k1k2k3sod2_1s0_1d1s0_1d1_1 € Ny,

t=kiks,  disdl,,  bs=bibs and bebyb;".
Let M = Cg (D). Then the following assertions hold:

(a) t has order 2, and 3 is the order of d14, dis, bs and be.
(b) dy=d?, d} =d3, d=dyo, bl = b2, ki =kz.
(c) Yo =Cpy(D1) = (do,d1,d>,do, d1o, d14, d15) has the following set R(Yy) of defining
relations:
3_3_ 3_ 3 3 3 3
do =dj =d, =‘19 =d10=d14=d15 =1,
[do, d1] = [do, d2] = [do, d9] = [do, d10] = [dp, d14] = [do, d15] =1,
[di,d2) =[dy,dol =[dy,dio] =[di1,d15] =1,
[d2, do]l = [d2, d1o] = [d2, d14] =1,
[do, d1o] = [dg, d14] = [dy, d15] =1,
[d10, d14] = [d10, d15] = 1,
—1 =1 -1 1 =1 -1
di) i d diady = dysdy 'y i dy =1,
dig'diody 'dy d T diadisd = 1.
(d) Y4 = Cn,(D1) = (do,d1,d>, do, d10, b5, be) has the following set R(Y4) of defining
relations:
di3=di=d} =dj =djy=b}=b}=1,
[do, d1] = [dy, d2] = [do, do] = [dy, d10] = 1,
[di,d2]1=[di,do]l =[d1,di0] =1,
[d2, do] = [d2, d1p] =1,
[dy, d1o] = [dg, bs] = [dy, bg] = 1,
[d10, bs] = [d10, be] = [b5, be] = 1,
glp—1 g g =l g=ly—1, _ =1 ;=1 4—1 _
bedy 'dy by 'do = bsd;y dy b3 do = b3 \dy 'y bsdy = 1,
bed;y d; by 'dy = bsdy 'dy b3 dy = bg 'dy dy  bedy = 1.

(e) M = (Cy2),Cpky), Cyk72)), Cm(z) = {do,d1,d2) = C, Cp(kyz) = (do, d10,
dis, bs), and Cpr(k7) = [Cy(k72)1" = (do, do, d14, bs).



402 M. Weller et al. / Journal of Algebra 298 (2006) 371-459

Table 5.1

x do dy dy doy dio dig ds bs be
xk7 do ay! dy! dy! dio dp! dis bs by
x? do_ a @ dy! dy! dy4 i b;i bgi
x! dy dy dy dig dy dis dig be bs
Table 5.2

x do dy dp doy dio dig dis bs be
xk7 do day! dy! dy’! dio dp! dis bs b
x? do dy d dy! dyy dia dpg b3 by

(f) Besides the relations in (c) and (d) the generators of Cy(k7) = (do, dy, d14, be) and
Cy(k72) = (do, d10, d15, bs) satisfy the additional relations

bedy, dy by 'da = 1, b3 dysdy 'bsd;y = 1.

(g) |M|=3%and Z(M) = D;.
(h) M/K is elementary abelian of order 3*, where K = C x D;.
(1) The involutions z, k7 and t operate on

M = (dy, dy,d>, dy, dyo, d14,d15, bs, be)

by conjugation as shown in Table 5.1.
() The group M = Cg(D1) = (do,d\, d>, do, d1o, d14, d15, bs, bg) has a set R(M) of
defining relations consisting of R(Yo), R(Ya) and the following relations:

[be, disl =dy,  [b3.dis]=do,
[be, di5] = d3dodiy,  [b3.dy4] = didiods.
[bé’ dis] = dadidiy, [b%’ d125] = dydgdyo.

(k) U = (z,k7,t) is a dihedral group of order 8, and the subgroup MU < Ng(Dy) is
uniquely determined by H up to isomorphism.

Proof. (a) Using the faithful permutation representations of No and N4 given in Lem-
mas 5.2 and 5.4 and MAGMA one can easily verify that di4 € Cy,(D1), d]34 =1,
t € Ny, (D1), t* =1, and that bs, b € C,(D1), b, = b5 ', b3 = b3 = 1. Hence (a) holds.

(b) can be checked similarly.

(c) and (d) are proved computationally by the methods described in (a).

(e) The involutions z and k7 of G operate on the generators of Yy and Y4 as described
in Table 5.2.
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By Lemma 5.3 djp and d, are conjugate in G. Hence Cg(dio) = Cg(d2). From
Lemma 5.1 and Brauer—Suzuki’s theorem follows that

Ly:=Cg(d2) = O(L2)Ch(d2) and Cp(d2) =C:SL2(3),

where C = (dy, d1, d>) is elementary abelian of order 27. Let X = O(L,). Then V =
(z,k7) operates on X by conjugation and k7 and k7z are conjugate in Np(dz) by
Lemma 5.1. Furthermore,

Cx(V)=XNCs()NCglk7) =CNCyky) = {do)

by Table 5.2. Theorem of Brauer and Wielandt states that

IX]|Cx (V)] = [Cx (@] |Cx (k)| |Cx (k72)| = [Cx ()| |Cx (k)| ()

As |Cy(dr)| =23 3% and Cy(d»)/O[Cr(d2)] = SL»(3) we know that Cx(z) = C has
order 27. The involution z operates fixed point freely on X := X/Cyx(z). Therefore X
is a faithful SL,(3)-module. Since all involutions of G are conjugate, and all Sylow p-
subgroups of H for p € {5, 7} are cyclic, it follows from the character table of SL,(3) and
Maschke’s theorem that X is a 3-group. Therefore Cx (k7) is a 3-group of order |Cx (k7)| <
3% by Lemmas 2.2 and 3.1. Hence |X| < 3° by (%). Furthermore, C(d2)/X = SL2(3)
implies that |Cg (dy)| < 23 - 319,

Lemma 5.3 states that Ng(D1)/Cg(D1) = GL»(3), and that dJ = djo for some in-
volution y € No = Ng(dy). Thus |Cg(dr)| = |Cs(dio)]. As M = Cg (D) < Cg(dyo) it
follows that |M| < 3%, and Cy(z) = C = (do, d1, do).

Clearly, M > (Cp(z), Cyr(k7), Cpr(k72)). Since the involutions z and k7 operate on Yy
and Yy it follows from the relations given in (c) and (d) and Table 5.2 that Cps(k7z) >
(do, do, d14, be) = T. Furthermore, by (c) and (d) the subgroup T satisfies the following
set S(T) of relations:

& =1=b; fori=0,9,14,
[do, do] = [do, d14] = [dy, d14] = [do, b] = 1, and
bedy 'dy g dy = 1.

Hence (dy, do, d14) is elementary abelian of order 27, and does not contain bg. Since all
involutions of G are conjugate by Lemma 3.1 it follows now from Lemma 2.2 that

T = (do, dy, d14, be) = Cp1(k12) = Z3 2 Z3.
Let di5 = d{,. Then (b) and these equations imply that

Cu(ky) = [Cu k)] = (dh. db. diy. bs) = (dy. dro. dis, b3 ') = (do. d1o, dis, bs).
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Therefore |Cpr(2)| = 27, |Car (k7)| = |Cr (k72)| = 81, and
Cu () NCuyky) = (do) = Cpy(z) N Cpy(kyz) = Cpp(k7) N Cpy(k72).

As |M| < 3 it follows that M = (Cps(z), Cay (k7), Car(k7z)), and |[M| = 3°. Hence (e) and
the first equation of (g) hold.

(f) Applying MAGMA to the finitely generated group T = (do, do, d14, be) of order 81
it follows that T has a set R(T") of defining relations consisting of S(7') and the following
relation: b6d1741 dy lbg la’14 = 1. The second statement of (f) holds now by (b) and (e).

(g) By the proof of (e) it remains to show that Z(M) = D;. Clearly, D1 = {(dy, d19) <
Z(M). As dy = biby ", dio = bib; ', bs = bybs and bg = byb; ' it follows that the
elementary abelian group R = (b1, b2, b3, bs) = (do, dy0, b5, bs). Hence S4 = CR =
(do, d1,d>, do, d10, b5, be) is a Sylow 3-subgroup of N4 = Ng(da) with center Z(S4) =
(d4) x D1 by Lemma 5.4, where dy = did>. By (c) the following equations hold:
dldi =dod14, [d>, d1o] = [d>, d14] = 1. Hence d4_ld14d4 =djod14 # dy4, because djg # 1.
Therefore, ds ¢ Z(M), and assertion (g) holds.

(h) K =C x Dy = (dy,d1,d>,dy, dyp) is a normal subgroup of M, because Z(M) =
(dy, d1p) and (b) and the relations given in (c) and (d) imply that:

ng4 = dgls = dy, dé’5 =dodip and d2° = dydo,
dfu =didyo, dfls =d\, dfs =didj and dfﬁ = didyo,

A =dy, A5 =dyd}, AP =drd} and Y =dod},

From (b) and (e) follows that the involution z operates on M by conjugation. As Cys(z) =
C < K the involution z inverts the factor group M /K. Hence M /K is abelian by Burn-
side’s lemma. Thus M /K is an elementary abelian group of order 34 by (c), (d), and (g).

(1) This assertion follows immediately from (h), (b) and the table given in the proof of
statement (e).

() By (h) the group M /K is elementary abelian and generated by the residue classes
of dy4, di5, bs and bg. Therefore for each pair x, y € {d14, d15, b5, bg} the commutator
[x,y] € K =C x D1 = (dy,d1,d>,dy, d1o). In particular, there is a 5-tuple of integers
c; €{0,1,2}, 1 <i <5, such that

(1) [be, dis] = dS'ddS S S5,
Now (i) implies that [bg, d15]" = [bg, di4] and so:
) b2, dig] = (d5' d2d)2dC4dS

Using the equations [bg, d15]k7 = [bé, dis] and [bg, di5]°F = [bZ, d125] the following equa-
tions hold by (i):
©) 165, dis] = dy! (]! dy’dy')
C C: C.
4) bz, dis] =d0‘d12d23(d94d1(5))2.
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Since b and dj4 are centralized by k7 it follows that [be, d14] € Cpr(k7) N K = (dp, do).
Hence there are integers ai, a» € {0, 1, 2} such that

(5) [bs. dial = d'di*.
Since [bg, d1a]' = [b2, di5] by (i) it follows that
(6) [b2, bis)=dy""d5.

Therefore for each 7-tuple T = (ay, a2, c1, ¢2, ¢3, ¢4, ¢5) € [0, 1, 2]7 there is a finitely
presented group

M, = {dy, d1,d>,do, dyg, d14, d15, bs, be)

satisfying the relations R (Yy), R(Y4) and the corresponding relations (1)—(6). Hence there
are 37 such groups M. Using MAGMA it has been checked that |M7| < 3° for each 7, and
that | M, | = 3° for exactly the following nine 7-tuples:

0,0,0,0,0,0,0), (0,1,0,0,0,0,0), (0,2,0,0,0,0,0),
(1,0,0,0,1,2, 1), (1,1,0,0,1,2, 1), (1,2,0,0,1,2,1),
(2,0,0,0,2,1,2), (2,1,0,0,2,1,2), (2,2,0,0,2,1,2).

By Lemma 5.3 we know that Ng(D1)/Cg(D1) = GL>(3). In particular, each possible
group M; = Cg(D1) must have an automorphism group Aut(M,) which contains a semi-
dihedral 2-subgroup of order 16.

Using MAGMA it has been checked that in the first 6 cases a Sylow 2-subgroup of
Aut(M;) has order 8, and that Aut(M-) has a semi-dihedral Sylow 2-subgroup of order
16 in the last 3 cases. Furthermore, these 3 groups M, of order 3° are isomorphic by
application of the isomorphism test for p-groups implemented in MAGMA. Hence we may
take the relations of the 7-tuple (2,0, 0,0, 2, 1, 2), which confirms statement (j).

(k) By (b) the 2-group U = (z, k7, t) is dihedral of order 8. Its action on M = Cg (D7)
is uniquely determined by (i). Hence the semi-direct product MU < Ng (D) is uniquely
determined by (j). This completes the proof. O

Lemma 5.6. Keep the notations of the previous lemmas. Then the following statements
hold:

(@) Ng(Dy) is a uniquely determined extension of M = Cg(D1) by (ko, d3) = GL(3).
(b) N1 = Ng(D1) = (M, ko,d3) = (do, d1,da,do,di0, d14, d15, bs, be, ko, d3) has he fol-
lowing set R(N1) of defining relations:
dg =dj =dj =d3 =d130 = di =d135 Zdo_]dl_ldodl =1
dy'dy 'dody = d; 'y dvdy = dy ' dy M dodo = 1,
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dildy  dvdo = dy ' dy ' dady = dy ' dy dodyo = 1,

dild didio = dy ' dy dodio = dy ' dy dodio = 1,

dytd; dodia = dy'd;) dodia = dy 'y dodia = 1,
diyditdvodia = dy 'dg dodis = dyd didis = 1,
dy'd i dodis = dpy d g dvodis = dy) dy d diady = 1,
disdy 'dy 'dig do = di5 diody ' dy  d ] diadisdy)! = 1,

b2 =b = dy ' b5 dobs = dyy b3 ' diobs = 1,

dy 'bg 'dobe = dyy by ' diobe = b5 by 'bsbe = 1,
bedy 'dy ' bg 'do = bsdyy dy 'bs ' do = b5 'dg 'dy bsdy =1,
bed;y'd; ' bg tdy = bsdy 'dy b3 dy = bg 'dyy dy Thedy = 1,
di,'bg 'diabedd = d i3 b dishidy = 1,

di'bg 'disbed3dodly = d; b5 2disbidtdiods = 1,

di5'bg 2disbididodidod?y = dibg *disbid3dod?yded?y = 1,
ko 'dy ' kobg 'dadobed; ! = kg 'dy 'kodody td My = 1,

kg 'dy ' kodod dy dy !t = kgt dy T kodod)! = 1,

kg 'd;o kododyo = kg ' b5 Tkobebs Tdod; dy N dyy =1,

ky 'bg ko3 by tdadio = kg 'd ) kobg 'didis bs  dig = 1,
ky 'dis kobsbedodiadishe = dy 'dy 'dsbsdy tdy b =1,
dy'd  dydy = dy ' dy  dsdidadody ! = dy 'y dsdio = 1,
dy ' dyy dydy ' dyy) = dy ' bs  dsbebs  dododys = 1,

dy g tdsbebs dy Thsd ) d i = dytdy dsbs b T dydiady td T =1,
dyld dsbs didad; ) bs = d5 = kody 'kedy ! = 1,

kS = kodskjdsk3 = 1.

(¢) N1 = Ng(Dy) has a faithful permutation representation of degree 3° with stabilizer

(ko, d3) = GL2(3).

(d) Sy = (M,d3) is a Sylow 3-subgroup of the simple group G of Th-type, and |S1| = 3'°.
(e) The Sylow 3-subgroup S1 of G has center Z(S1) = (d10), normalizer NG(S1) = 51 :

(z, k7), and Dy is the unique elementary abelian normal subgroup of order 9 in S;.

(f) A system of representatives n; of the 52 conjugacy classes nlNl of N1 = Ng(D1) and

the corresponding centralizer orders |Cy, (n;)| is given in Table 9.8.

(g) The character table of N1 = Ng (D) is stated in Table 10.8.
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Proof. (a) By Lemma 5.5 the center of M equals D| = (dg, djo). Hence Ng(M) <
Ng(Dy). Using the faithful permutation representation of H given in Lemma 2.2 one can
check that Ng(C) = C : (ko, d3), where C = (dp, d1, d2). Therefore Lemma 5.3 implies
that

NG(D1)/M = Ng(D1)/C(D1) = Nu(C)/C = (ko, d3) = GLa (3).

By Lemma 5.5 we may assume that the dihedral group U = (z, k7, t) of order 8 is a sub-
group of Ng(M)/M, and hence of Ny (C)/C. Using MAGMA and the faithful permutation
representation of H again it follows that

(U,d3) =(z,k7,t,d3) = (ko, d3) = GL,(3).

Therefore Ng(M) = Ng(D1), and S| = (M, d3) is a Sylow 3-subgroup of G.

Another application of MAGMA yields that Aut(M) has a semi-dihedral Sylow 2-
subgroup of order 16 which belongs to a subgroup A of Aut(M) such that the image of M
in Aut(M) has trivial intersection with A, and A = GL;(3). Therefore we may assume that
N1 = Ng(D1) = Ng(M) = (M, kg, d3), and that kg9 and d3 operate on M by conjugation
as their images im(kg) and im(d3) in Aut(M) operate on M.

Thus Ng(D1)/D1 = Ng(M)/Z(M) is uniquely determined up to isomorphism. Since
Dy = Z(M) is elementary abelian of order 9 we can now apply the algorithm of Can-
non and Holt implemented in MAGMA, and find that the group Ng (D) = (M, ko, d3) is
uniquely determined up to isomorphism.

(b) Furthermore, this application of MAGMA also provides the presentation of Ny =
Ng (D) given in statement (b).

(c) From the faithful permutation representation of N follows by means of MAGMA
that N is a split extension of M by (ko, d3) = GL»(3). As |M| = 3° statement (c) holds.

(d) This assertion has already been shown in the proof of (a).

(e) As Z(M) = (dg, d1o) and dg does not commute with d3 by the relations given in
(b) it follows that Z(S1) = (d10). By the proof of statement (e) of Lemma 5.5 we know
that Ng(d>) and Ng(djp) are conjugate in G and that Ng(d>)/ X = GL,(3), where X =
O[Cg(d»)] has order at most 3°. Hence |X| = 3° by (a), and Ng(S7) is isomorphic to a
subgroup of Ng(dp). Thus Ng(S1) = S1: (z, k7) by Lemma 5.5. Furthermore, D is the
only noncyclic elementary abelian normal subgroup of order 9 in S as has been checked
by means of MAGMA and the faithful permutation representation of N described in (c).

(f) The representatives n; of the 52 conjugacy classes of N1 = Ng (D7) have been de-
termined by means of algorithm [10], MAGMA and the faithful permutation representation
of Np given in (c).

(g) The character table of Nj has been obtained by application of MAGMA and the
faithful permutation representation of Nj.

This completes the proof. O

Lemma 5.7. Let S1 = (M, d3) be the Sylow 3-subgroup of G with center Z(S) = (dio)
constructed in Lemma 5.6. Then the following statements hold:
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(a) The Frattini subgroup ®(S1) of S1 has order 37.

(b) Sy has a uniquely determined maximal subgroup L of order 3°suchthat L =
O[Ng(d10)].

(¢) Ny(dy) = C : Ji,whereld; = (k1,ky,d3, k7) = GLy(3), and C = (dy,d;,dp) =
O[Np (d2)].

(d) Nio=Ng(di9g)=LJ and LNJ =1, where J = le and y is the involution of Ny =
N (dp) defined in Lemma 5.3 satisfying dio = dzy.

(e) There are 4 elements 1y, I, I3 and 1y in L — ® (L) of orders 9, 9, 9 and 3, respectively,
which generate L, and there are 2 elements k and d of orders 8 and 3, respectively,
which generate J such that N1g = Ng(dio) = (li, k,d | | <i < 4) has the following
set R(N1o) of defining relations:

B=08=8=03="5"1L=05"};*=1,

KRG =510 =g g g =1,

G i =5 b b T =1,

I T Y R I o P A P et

Bl s T = 0 R Pl = 1,

N G T B bl = bl s T T =,

Ll ' bl =a® =k ta 'k ta ! =1,

K =kd ™' K2k = kN ko G =k ksl Ll =1,

kU kbl G = e g =,

7N AT Ll b = a7 G A s = 1,

d= N G ol = d T Al s =1
(f) Nio has a faithful permutation representation of degree 3° with stabilizer J = (k, d).
(g) A system of representatives n; of the 62 conjugacy classes nlNlo of N1op = Ng(dio) and

the corresponding centralizer orders |Cy,,(n;)| are given in Table 9.9.
(h) The character table of N1o = Ng(d10) is stated in Table 10.9.

Proof. (a) By Lemma 5.6 N = Ng(D;) has a faithful permutation representation of
degree 3°, and S| = (M, d3) < Ny is a Sylow 3-subgroup of G with order |S;| = 3'°.
Applying MAGMA to this faithful permutation representation it is easy to check that the
Frattini subgroup @ (S) of Sy has order 3.

(c) This statement is an immediate consequence of assertions (f), (g) and (h) of
Lemma 5.1.

(b) By Lemma 5.1 and the Brauer—Suzuki theorem we know that

NG (d2)/O[Ng(d2)] = Ny (da)/ € = GLa(3). (%)
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As |O[Ng(dy)]| = |0[Cg(dr)]]| < 39 by the proof of Lemma 5.5 and dy = dlyo for some
involution y € Ny = Ng(dp) by Lemma 5.3, it follows that |O[Ng(d2)]| = 3%, because
Z(S1) = (dio) and |S1| = 3'0. Hence L = O[N¢(dio)] has order 3°.

By (a) S1 = S1/®(S1) is a 3-dimensional vector space over F3 = Z/3Z. Thus each max-
imal subgroup of §; corresponds uniquely to a one-dimensional subspace of S;. Therefore
there are exactly 333%11 = 13 maximal subgroups L;, 1 < j <13, in Sj. One of them is
M = Ly, say.

By (c) and Lemma 5.3 we know that k7 =27, J = J{' = (ki, k2, 3, k7) < Nip =
Ng(dip) and kl-2 =z for i =1,2. Hence V = (z,k7) < Ng(L). Using MAGMA again
it follows that there are only two maximal subgroups L; of the 12 remaining maxi-
mal subgroups of S; which are normalized by V. If L, and L3 denote these 2 maxi-
mal subgroups then another application of MAGMA yields that | Aut(L,)| = 2* - 3'> and
| Aut(L3)| =22 - 312 As djg = d; Eq. (*) implies that N1o/L = GL,(3). Hence L = L, is
the unique maximal subgroup of S which equals O[N¢g (d10)].

(d) As Ji < Ny(dy) < Ng(dy) and dig = d; it follows that J = J; < Nyg =
Ng(dio) = [Ng(d2)]?. Since J = GL;,(3) does not have a proper normal subgroup of
3-power order we also get / N L = 1. Hence Nip = J L by another application of (x).

(e) The Frattini subgroup @ (L) of L = O(Njp) has order 3% as has been checked by
means of MAGMA. Hence L can be generated by 4 elements. The specific generators I1, I,
I3 and /4 have been determined by means of MAGMA and the faithful permutation represen-
tation of N1 = Ng (D7) given in Lemma 5.6. Since J = GL,(3) and (k9, d3) = GL,(3) by
the proof of Lemma 5.6 the subgroup J of Njp can be generated by an element k of order
8 and an element of order 3. Now (d) implies that N1g = ([;, k,d | 1 <i <4) and that L=
L/Z(L) and J can be identified with well determined subgroups of Aut(L) = Aut(Lj)
mentioned above. Using the algorithm of Cannon and Holt implemented in MAGMA the
presentation of the split extension Njg = LJ of L by J given in statement (e) has been
calculated.

(f) This statement is a trivial consequence of (d).

(g) The representatives n; of the 62 conjugacy classes of Nig = Ng(d1o) have been de-
termined by means of algorithm [10], MAGMA and the faithful permutation representation
of Njg given in (f).

(h) The character table of Njp has been obtained by application of MAGMA and the
faithful permutation representation of Nig. This completes the proof. O

Proposition 5.8. Let G be a finite simple group of Th-type with 2-central involution z
such that Cg(z) = H, where H is described in Lemma 2.2. Let dy, dy, dy and dyg and
the involution y be defined as in Lemmas 5.1 and 5.3, respectively. Then the following
statements hold:

(@) G has 3 conjugacy classes of elements of order 3 represented by 34 =do € H, 3p =
dzzdlyoeHand:’)c =dseH.

(b) G has nine 3 g-special conjugacy classes represented by the classes 3,, 64, 12,4, 12y,
21, 24,, 24y, 39,4, 39 of No = NG (do) classified in Table 9.6.
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Table 5.3
G 34 3 3¢
Ny d.g a,c, f,h,j b,e i,k
Ny c,d, e, j a,b, g, h,i,l,p [ k,m,n,o0,q
Nip  d.i b, f,g hyn,s,t  a,ce jklmo pgq,r
No a,c,d, f,g  b,ej h,i

Table 5.4

G 94 9B 9¢

Ny a,c, g b,d,e, f,h i, j, k

Nig a,c b,d,h e, f. g

No a,b,c,d,e, f, g

G has fourteen 3p-special conjugacy classes represented by the classes 34, 64, 94,
9%, 9¢, 124, 18,4, 18p, 27,4, 27y, 27., 364, 36p, 36, of Nig = Ng(dio) classified in
Table 9.9.

G has nine 3¢-special conjugacy classes represented by the classes 3,4, 64, 124, 15,4,
15p, 24,4, 244, 304, 30, of Ny = NG (dy) classified in Table 9.7.

Using the classification of the 3-singular conjugacy classes of N1 = Ng(D1), N4 =
Ng(ds), N1g = Ng(dip) and No = Ng(dp) given in Tables 9.8, 9.7, 9.9 and 9.6,
respectively, the fusion of their conjugacy classes of elements of order 3 into the con-
jugacy classes of G is determined in Table 5.3.

Deliberately, the element order part of the names of the fused classes has been omitted
because it can be read off the particular first row.

G has three conjugacy classes of elements of order 9. Using the classification of the
3-singular conjugacy classes of N1 = Ng(D1), N1o = Ng(dio) and No = Ng(do)
given in Tables 9.8, 9.9 and 9.6, respectively, the fusion of their conjugacy classes of
elements of order 9 into the conjugacy classes of G is determined in Table 5.4, where
the letters denote the indices of the classes of elements of order 9 given in Tables 5.3
and 5.4.

G has three conjugacy classes 27 4, 27p and 271 ¢ of elements of order 27 represented
by the three 3p-special conjugacy classes 27,4, 27, and 27, of N1o given in Table 9.9,
respectively. Also Ny = Ng(D1) has three conjugacy classes 27,, 27, and 27, by
Table 9.8. They fuse in G to 27p, 27 4 and 27 ¢, respectively.

Each finite simple group G of Th-type has 32 3-singular conjugacy classes.

Proof. (a) Each finite simple group G of Th-type has at least 3 conjugacy classes of ele-

me

nts of order 3 by Lemma 5.1.
The 3-local subgroups N1 = Ng(D1), Ny = Ng(ds) and Nig = Ng(djo) have 11, 20

and 17 conjugacy classes of elements of order 3 by Tables 9.8, 9.7 and 9.9, respectively.

By
fus

Lemma 5.6 N contains a Sylow 3-subgroup S; of G. Therefore it suffices to study the
ion of the 11 conjugacy classes of elements of order 3 belonging to N; in G.
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Table 5.5
Ny 41 42 43 44 45 46 47 48 49 50 | 51
I 1,2 6 3,7 | 4,58 | 9,13 11, 14 10, 15 12, 16, 20 17,18, 19, 21 22 | 23

Nig| 24| 25| 26| 27| 28 29 30 31 32| 33| 34| 35 36 37| 38| 39| 40

I 1|23 5| 48,9 6,10 7,11 | 12,22 13| 15| 14| 16| 17,23 | 18| 19| 21| 20
Table 5.6
Ny 41 42 43 44 48 49

J 53 52, 54, 56 60 55, 61 57,58, 59, 67, 68, 72 62, 63, 64, 65, 66, 69, 70, 71, 73

Table 5.7
Ny| 74 75 76 77| 78| 79| 80| 81| 82| 83| 84| 85| 86| 87| 88| 89| 90| 91| 92| 93
J | 52| 53,57| 54,65| 55| 56| 59| 60| 58| 61| 63| 70| 62| 69| 67| 73| 66| 64| 72| 68| 71

By Lemmas 5.6 and 5.7 the intersection
I =N NNy = (81,2, k7) = N (51).
Similarly, Lemmas 5.4 and 5.6 imply that
J = N1 N Ny = (S84, ko, k10),

where Sy is a Sylow 3-subgroup of N4. Using now the faithful permutation representations
of N1, Nip and N4 given in Lemmas 5.6, 5.7 and 5.4, respectively, and MAGMA the fusion
of these classes has been analyzed as follows.

The group I has 23 conjugacy classes of elements of order 3. They are denoted by
the numbers: 1,2,...,22,23. The 17 conjugacy classes of such 3-elements belonging to
Njo are denoted by the numbers: 24, 25, ..., 39, 40. Finally, the 11 conjugacy classes of
elements of order 3 of Nj are denoted by: 41,42, ...,50,51. Using now MAGMA the
following fusion patterns have been calculated. See Table 5.5.

Therefore N has the following 5 subsets of conjugacy classes which fuse in G:

{41, 43,46}, {42,47}, {44, 45}, {48, 50}, {49, 51}. (%)

The group J = N1 N N4 has 22 conjugacy classes of elements of order 3. They are denoted
by: 52,53, ...,72,73. The 20 conjugacy classes of such 3-elements belonging to N4 are
denoted by: 74,75, ..., 92, 93. Applying now the same methods as before to the triple Ny,
J and N4 one obtains the fusion patterns given in Table 5.6, the classes 45, 46, 47, 50 and
51 of N1 have empty intersection with J. See Table 5.7.

Therefore N; has also the following 9 subsets of conjugacy classes which fuse in G:

{41,48}, {42, 49}, {43}, {44}, {45}, {46}, {47}, {50}, {51}. €
From (x) and (x*) one obtains the following 3 connected components in the fusion graph:

(41,43, 46, 48, 50}, {42, 47,49, 51} and {44, 45).
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Thus G has 3 conjugacy classes of elements of order 3. Their representatives are denoted
by 3, 3¢ and 3 4. Another application of Lemma 5.1 completes the proof of assertion (a).

(b) The 3 4-special conjugacy classes of G are classified by those 3-singular conjugacy
classes of No = Ng(dop) whose representatives power into 34 = dy. Thus (b) follows im-
mediately from Table 9.6.

The statements (c) and (d) follow now at once from Table 9.9 and 9.7, respectively.

(e) Using now the notations of Table 9.8 the conjugacy classes of elements of order 3 of
the subgroup N fusing to the conjugacy classes 34, 3p and 3¢ of G are the following

34 & {4445} & {d. g},
3 ©  [41,43,46,48,50) & {a,c, f.h, j),
3¢ & [42,47,49,51) & (b,e, i k),

respectively.

The fusion patterns of the conjugacy classes of elements of order 3 of the subgroups
Njo and Ny into the classes 34, 35 and 3¢ have been determined similarly from the results
obtained in the proof of (d).

In order to obtain the fusion of the conjugacy classes of elements of order 3 of Ny =
Ng(dp) in G, we consider the fusion of the conjugacy classes of L = Ny N N7 in the two
subgroups No and N of G. Another application of MAGMA yields that L has 34 conjugacy
classes of elements of order 3. They are denoted by the numbers: 1,2, ..., 33, 34.

In this argument the 11 conjugacy classes of elements of order 3 in Nj are denoted by
the numbers between 35 and 44, and the ones of Ny by the numbers between 45 and 55.
Applying now the methods explained in the proof of (d) to the triple N1, L and Ny one sees
that N1 and Ny have the following seven subsets of conjugacy classes which fuse in G:

{48,491}, {45,47, 50}, {46, 51}, {52}, {53}, {54}, {55}, (kk3%)
{35,37,38,40,41}, {36, 39, 44}, {42, 43}, (skkok)

respectively.
Using the notations of Table 9.6 the conjugacy classes of elements of order 3 of the
subgroup Ny fusing to the conjugacy classes 34, 3p and 3¢ of G are the following

34 & {35,37,38,40,41} < {a,c,d, f, g},
3 & {36,39,44} < {b,e,j},
3¢c & {42,43} < {h,i},
respectively.
(f) The 3-local subgroups N1 = Ng(D1), No = Ng(dp) and Nig = Ng(dio) have 11, 6

and 8 conjugacy classes of elements of order 9 by Tables 9.8, 9.6 and 9.9, respectively. Us-
ing again the faithful permutation representations of N1, N1p and Ny given in Lemmas 5.6,
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Table 5.8

Ny 17 18 19 20 21 22 23 24 25 26 27
I 1,4 2,7 3 6, 14 5 8 9 10 11,13, 15 12 16

Nig 28 29 30 31 32 33 34 35
I 1 2,6 3,4,9 5,7,8,10 11,12, 16 13 15 14

5.7 and 5.2, respectively, and MAGMA the fusion of these classes has been determined as
follows.

The group / = N1 N Njp has 16 conjugacy classes of elements of order 9. They are de-
noted by the numbers: 1,2, ..., 16. The 11 conjugacy classes of such 9-elements belonging
to Np are denoted by the numbers: 17, 18, ..., 27. Finally, the 8 conjugacy classes of el-
ements of order 9 of Ny are denoted by: 28,29, ...,35. Using now MAGMA the fusion
patterns, shown in Table 5.8, have been calculated.

Calculating the third powers of the representatives of these classes and using the fusion
of the elements of order 3 given in (i) it follows that G has three conjugacy classes 94, 9p
and 9¢ of elements of order 9 the representatives of which power to elements of order 3
lying in 34, 3p and 3¢, respectively. Hence the conjugacy classes of elements of order 9
of N; fuse in G as follows:

9, & (17,1923} & {a,c gl
95 & {18,20,21,22,24} & {b,d, f,e,h),
9¢ & (25,2627} & i, ] k).

(g) By Table 9.9 Njp = Ng(dip) has exactly three conjugacy classes of elements of
order 27 denoted by 27,, 27, and 27.. Their 9th powers are conjugate to d1o by Table 10.9.
Hence G has three 3 p-special conjugacy classes 274, 27 p and 27 ¢ represented by 27,, 27
and 27, of Nyg. Also Nj has 3 conjugacy classes 27,, 27, and 27, of elements of order 27
by Table 9.8. Using again the fusion of the conjugacy classes of I = N1 N Njg in Nj and
Njp one obtains the fusion pattern given in the assertion.

(h) This final assertion follows immediately from the statements (a)—(d) and Theo-
rem 2.2.11 of [14]. This completes the proof. O

6. The 5-, 7- and 13-singular conjugacy classes

Let G be a finite simple group of Th-type with a central involution z such that Cg(z) =
H defined in Lemma 2.2. Let w be the smallest set of prime divisors p of |G| containing
2 such that Cg(g) is a w-subgroup of G for each w-element 1 £ g € G. By the results
of the previous sections we know that 7 contains {2, 3, 5,7, 13}. It is the purpose of this
section to show that there are no further primes p in m. This is done by determination
of the centralizers of the elements of prime order p of G, where p € {5,7, 13}. Most of
the results presented here are due to D. Parrott [17]. New proofs are given for the sake of
completeness.
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Lemma 6.1. Let G be a finite simple group of Th-type with a 2-central involution 7 such
that H = Cg(2) = (d, x, y), where the generators x, y and d are defined in Lemma 2.3.
Let do = x8. Then dy has order 3, and the following statements hold:

(a) s1=xYy is a representative of the unique conjugacy class of elements of order 7 in H.

(b) No = Ng(dy) contains an element sy of order 7 and an involution ke such that
[ke, so] = [s0, do] = 1.

(c) There are 3 elements q1, q2 and q3 in H of orders 8, 2 and 3, respectively, such that
Ny (s1) = (51,91, q2, q3) has the following set of defining relations:

7_ 8_ 2_ 3 4 @ _ -1
sSi=qy=q;=q3=1, q1 =3, 9, =4 >
-1 2 3 2
g1, ¢31=lq2, 31 =1,  s'=s;", sP=s, =5
1 1 1 1

(d) Cy(sy) = (s1) x (q12, q2) and Dg = (qlz, q2) is a dihedral group of order 8 with center
Z(Dg) = (z).

(e) There is a unique involution q4 € {q1, q2) commuting with q» and an element dy, of
order 3 in the conjugacy class d(? such that N7 = Ng(s1) = (1,92, q3, q4, d12) has
the following set of defining relations:

72 3_ 2 3 _ g4 _ 2
S1=4¢,=q35=q;=dpp, =1, dj, =di,,

4 6 3 2

[s1, 2] = [s1,di2] =1, st =9, 5P =7,

(92, 941 = g2, 931 = g3, g4] = [q3, d12] =1,
_ 4
d12g2)" = 1= (q2dy q2dr2)".

() N7=Ng(s1) = ((s1) : (g3) X (g2.d12)) : {qa), and Cg(s1) = (s1) X (g2, d12), where
(g2, d12) = PSLy (7).

(g) N7 has a faithful permutation representation of degree 882 with stabilizer (q>, qg 12y,

(h) A system of representatives n; and the corresponding centralizer orders |Cn, (n;)| of
the 33 conjugacy classes nfv7 of N7 is given in Table 9.7.

(1) The character table of N7 is stated in Table 10.10.

Proof. (a) holds by Table 9.1.

(b) This assertion follows immediately from Lemma 5.2.

(c) The elements ¢g;, i = 1,2, 3, of Ny (s1) in statement (c) have been found by means
of the faithful permutation representation of H = (z,c,d, e, s, t,u) given in Lemma 2.2
and MAGMA. The following specific choice has been realized:

q1 = flu*lsefldesufldusfzedufl,

—1,.-1

qzztseudcdeu_ls T,

q3z = ts~ 't usedcdedceds™ tu.
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Furthermore, it has been checked that these three elements g; and s generate Ny (s1) and
satisfy the given relations.

(d) is an immediate consequence of (c).

(e) By (b) the element dp of order 3 belongs to Cg (so). Let X be a Sylow 3-subgroup
of Cg(so) containing dy. Suppose that | X| > 3. Then |Cx(dp)| = 9. But

Cx(do) < Cg(s0) N Cg(dp) < Cny(s0),

and |Cno(so)| =42 by Table 9.6. Hence X = (dp).
Since [kg, so] = 1 = [dp, so] by (b) and kg = z for some g € G by Lemma 3.1 it follows

from Table 9.1 that there is an element 2 € H = Cg(z) such that sgh =s; = xy, and

dip = dgh € Cg(s1). In particular, Cg (so) and Cg(s1) are conjugate subgroups of G. Thus
C¢ (s1) has a cyclic Sylow 3-subgroup of order 3. Its Sylow 2-subgroup is dihedral of order
8 by (d).

Let u be any involution of Cg(s1). Then u” = z for some y € G by Lemma 3.1, and
[z, sf] = 1. Hence sly € H = Cg(z). By Table 9.1 H has a unique conjugacy class of
elements of order 7. Thus sfh‘ =51 for some i € H. Therefore u?"1 =z =z and yh, €
Cc(s1). Hence Cg(s1) has a unique conjugacy class of involutions.

Let Q = O[Cg(s1)] and V = (z, g2) < D3 < Cg(s1). Another application of Table 9.1
yields that Cg(z) = (s1). The Klein four group V operates on Q by conjugation. Hence

101|CoWM)|* = |Co@)|[Co@)||Co@)] =|Co)|

by the Brauer—Wielandt theorem and the conjugacy of the 3 involutions ¢», g2z and z of
C:g(s1). As [Co(V)| = [Co(z)| = I{s1)| =7 we obtain that Q = (s1).

Therefore L = Cg(s1)/(s1) is a simple group with a dihedral Sylow 2-subgroup Dg of
order 8 and a cyclic Sylow 3-subgroup of order 3. Thus L = PSL,(7) by the Gorenstein—
Walter theorem. Since the Schur multiplier of PSL,(7) has order 2 it follows that C (s1) =
(s1) x L. Hence L = (qlz, q2,d12) = PSL, (7). Using the computational methods described
in the proof of (c) it has been checked that g4 = tseu"'dcdeus ™'t~ is the only involu-
tion different from z and g, in the Sylow 2-subgroup (g1, g2) of Ng(s1) which commutes
with g4. Furthermore, it does not belong to the Sylow 2-subgroup (qlz, q>) of L. Therefore
it induces an outer automorphism of order 2 of L. Since L = PSL,(7) has a unique con-
jugacy class of elements of order 3 it is easy to check by means of MAGMA that for each
involution g of L there is an element w of order 3 in L such that

L= (q, w | q2 =1=uw’ (qw)7 =1= (qw_lqw)4>.

In fact, there are 336 such pairs (¢, w) in L. As L is normalized by g4 it follows that for
q = q> there is an w of order 3 in L which is inverted by g4 such that L = (g2, w). As
diz € L is only uniquely determined up to G-conjugacy we may assume that g € G and

h € H are chosen such that dj» = dgh is such an element w in L.
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The other relations of N7 = Ng(s1) of statement (e) have been deduced from (c) by
means of MAGMA.

(f) This statement follows immediately from (e).

(g) Since L = (g2, d12) = PSLy(7) the involutions g, and qg 12 do not commute. Hence
T = {(q, qg 12} is a Sylow 2-subgroup of L which does not contain any normal subgroup
of N7. Thus (g) holds because |N7 : T| = 882 by (f).

(h) The representatives n; of the 33 conjugacy classes of N7 = Ng(s1) have been deter-
mined by means of algorithm [10], the faithful permutation representation of N7 given in
(g) and MAGMA.

(1) The character table of N7 has been obtained by application of MAGMA and the
faithful permutation representation of N7. This completes the proof. O

Lemma 6.2. Let G be a finite simple group of Th-type. Then the following statements hold:

(@) G has elements s1, q2, q3, qa and dyy of orders 7T, 2, 3, 2 and 3, respectively, such that

N7 =Ng(s1) = ((s1) : (g3) X (g2.d12)) : (q4) and
Cg(s1) = (s1) x (g2,d12), where L ={q2,d12) =PSLy(7).

(b) Let s = qod12 and qs = q2d(q2d12)*(q2d12)*(q2d12) in L. Then Nip(s2) = (s2) :
(gs) is a Frobenius group of order 21, and [gqs, q4] = 1, sé“ = sg.
(©) S7=(s1,82) is a Sylow T-subgroup of G of order 49, and Cs(S7) = S7.
(d) Let s3 =s152, g6 = q3q5 and q7 = q2q4. Then one of the following 2 statements holds:
(dy) slG = s3G, and G has one conjugacy class of elements of order 7 and |Ng(S7)| =
24.32.72,
(dp) slG #* sf , and G has two conjugacy classes of elements of order 1. Furthermore,
Cg(s1) = (s1) x PSLa(7), Ci(s3) = S7 and Ng(s3) = (s1,52,96,q7) has the
following set of defining relations:

7_7_ 3_ 2
S| =8, =q5=97=1, [s1,52]=1,
6 2 6 2
lg6.q71=1,  sl=s7, 3 =s3,
q1 __ 6 q1 _ 6
si' =57, 5, =55,

Proof. (a) holds by Lemma 6.1.

(b) By Lemma 6.1 the element s, of the simple group L has order 7, and it is inverted
by the involution g4 of Ng(sy). Its normalizer Ny (s2) is a Frobenius group of order 21,
because L = (s2,d2) = PSL;(7). Using MAGMA the element g5 in Ny (s2) of order 3
commuting with g4 has been found computationally.

(c) Clearly S7 = (s1, s2) is a Sylow 7-subgroup of N7 = Ng(s1), and |S7| = 49. From
(a) and (b) follows that

Ny, (87)/87 = (q3) x (q5) x (q4),



M. Weller et al. / Journal of Algebra 298 (2006) 371-459 417

and that N7 has 4 conjugacy classes of elements of order 7 represented by s1, 52, 5152 and
sty with orbit lengths s | = 6 = |s3"|, [(s152)7| = 18 = |(s15; 1) |. Hence

S7—{1}=st7UséwU(S]sz)N7U(s1s2_1)N7. (%)

As L = (d12, q2) and [g3, ¢2] = [q3, d12] = 1 by Lemma 6.1 it follows that [g3, s2] = 1.
Since Cg(ds) and Cg(dio) have coprime orders to 7 by Tables 9.7 and 9.9, respectively,
it follows from Proposition 5.8 that ¢3 is conjugate to dy in G. Therefore s1 and s, are
conjugate in G by Table 9.10. Hence |Cg (s1)| = |Cg (s2)].

Let N = Ng(§7). Since Cg(s1) = (s1) x L and Cp(s2) = {(s2) we know that
C;(87) = §7. Therefore Ny = Ng(S7)/S7 is isomorphic to a subgroup of GL,(7) which
has a cyclic Sylow 7-subgroup of order 7.

Suppose that S7 is not a Sylow 7-subgroup of G. Then 7° divides |N»| but not
|Cg(s1)] = |Cg(s2)|. Hence the length of each orbit Sin and sévz in S7 — {1} is 42, which
is impossible by (). Thus (c) holds.

(d) Since §7 is an abelian Sylow 7-subgroup of G, and the elements s, s, € S7 are
conjugate in G. Burnside’s lemma implies that s{v 2= sév 2. As |N,/S7]| is coprime to 7 the-
orem of Schur and Zassenhaus states that S; has a complement K = N,/S§7 in N, which is
uniquely determined up to conjugation in N,. Therefore we may assume that K < GL,(7).
It is well known that the singer cycle of this general linear group has order 48. But G does
not have elements of order 16 by Lemma 3.1. By the proof of (c) we may assume that
U = {g3) x {g5) X {(g4) is a subgroup of K. As s{vz = sévz there is an element k € K — U,
and |K| = 32.29 where2 < a < 4. Using MAGMA and the matrices of g3, g5, g4 € GL2(7)
with respect to the basis {s1, s2} of the GF(7)-vector space S7 it has been checked that ei-
ther | K| =32-2% and N, = S7K has 2 orbits s{vz and (s152)M2 on S; — {1} or |[K| =32.2%
and N, acts transitively on S7 — {1} by conjugation.

Let s3 = s152. Then the assertion of statement (d;) holds now by another application of
Burnside’s lemma.

(d2) Suppose that slG £ sf. Therefore sfvz + sévz and |K|=2%-32. Let L| = Cg(s3).
Then S7 is an abelian Sylow 7-subgroup of L; and N3 = Ny, (S7) = N> N Ly. Using the
precise group structure of N,/S7 = K < GL3(7) and its conjugate action on S7 it follows
that N3 = Cr,(S7) = §7.

Therefore Burnside’s theorem states that S7 has a normal complement B in L. The
involution g7 of Ng(s1) inverts s3 and it commutes with the element gg of order 3 which
satisfies s§16 = s% by (b) and Lemma 6.1. Hence g7 € Ng(s3) > L1 = Cg(s3) operates on
Bj by conjugation. Since s and s3 are not conjugate in G the involution g7 operates fixed
point freely on B; by Lemma 3.1 and Table 9.1 Lemma 6.1 states that Cg(s1) = (s1) X L,
where L = PSL,(7). Hence s1 € S7 operates fixed point freely on B; as well. Since (s1, g7)
is a dihedral group of order 14, Theorem 8.3.2 of [11] implies that B = 1. Hence L| =
Cc(s3) = S7. As Ng(s3)/L1 = (g7, g6) is cyclic of order 6 the other assertions of (d;)
follow now at once from statements (a) and (b). This completes the proof. O
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Lemma 6.3. Let G be a finite simple group of Th-type with a 2-central involution 7 such
that H = Cg(z) = (d, x, y), where the generators x, y and d are defined in Lemma 2.3.
Then the following statements hold:

(a) e =x2y? € H has order 30, f = ¢® is a representative of the unique conjugacy class
of elements of order 5 in H, and di3 = ¢'® € H has order 3.

(b) Cy(f) contains two elements w1, wy of order 4 such that Qg = (wi, wa | wlf)z = wf],
w% =z= w%) is a quaternion group of order 8 which is normalized by di3, and
Cu(f)=(f) x[Qs:{d13)].

(¢) Ny (f) contains an element w of order 8 such that f* = f2, w = wl_l, wy =
wlwz_l, d{‘g :d123 and w* = z.

(d) v=w?w; is an involution, and v and z are conjugate in Ny (f).

(e) Either Cc(f) =Cy(f) or Cg(f) = QCu(f), where Q = O[Cg(f)] is an extra-
special 5-group of order 125 and exponent 5 which is also a Sylow 5-subgroup of G.
(O If Co(f) # Cu(f) then Ns = NG (f) = ([, f1, f2, w1, w2, w, d13) has the following

set of defining relations:

R=FE=r=f=hfl=vd=wi=1,
w§=d133 =1, f1f2_1f1_1f2f1_1 =1,

w4:w%:w%:z, wzluzzwl_l,
w __ g2 -1 -1 -1
d3 =dji3, ww w w=1,

wl_ldl_31w2d13 =1 =d13w_1d13w,

1 1

w— wwz_l =1,
= Y=t
=1, %= fffi,
2215 =1
= hf . B =h1" 1
e =k M=

f2d'3 _ fzfz—lfl—l_

-1 -
W, Wy

(2) If Co(f) #Cu(f), then Ns = Ng(f) has 27 conjugacy classes nZNS whose represen-
tatives n; and centralizer orders |Cns (n;)| are given in Table 9.11, and the character
table of Njs is stated in Table 10.14. Furthermore, N5 has a faithful permutation rep-
resentation of degree 125 with stabilizer (w1, wa, w, d13).

(h) In any case, G has a unique conjugacy class of elements of order 5.

Proof. Assertion (a) follows immediately from Tables 9.3 and 9.1 classifying the conju-
gacy classes of the groups D = (x, y) and H = (x, y, d), respectively.
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Statements (b), (c) and (d) have been checked computationally using the faithful per-
mutation representation of H given in Lemma 2.2 and MAGMA.

(e) Suppose that Cg(f) # Cy(f). Since Qg is a Sylow 2-subgroup of Cs(f) by (b),
the theorem of Brauer and Suzuki asserts that

Co(f)=0Cy(f), where Q=0[Cc(f)]. (%)

By Proposition 5.8 G has 3 conjugacy classes of elements of order 3. They are rep-
resented by do, ds and d) = dj, € H. By Lemmas 5.2 and 5.7 the prime 5 does not
divide the orders of No = Ng(dp) and N1g = NG (dig). Furthermore, Lemma 5.4 states that
N4 = NG (ds) has order |[N4| =27 -73 -5, Ny/O[N4] = 2S¢, and | O (N4)| = 3°. Therefore
3 does not divide the order of Q = O[Cg(f)].

By Lemma 6.2 the centralizers of elements of order 7 in G have orders which are co-
prime to 5. Hence (|Q|,7) = 1.

Let v € Ny (f) be the involution defined in (d). Then V = (z, v) is a Klein four sub-
group of H which operates on Q by conjugation. The theorem of Brauer and Wielandt
states that

101|CaV)[* = |Co@)]|Co)||Cowa). (sk)

Now Cp(V) =0 NCs(z) NCg(v) =0 NCyx(v) =1 by (d), because (3,|Q]) = 1. By
Lemma 3.1 G has one conjugacy class of involutions. Since 5 and 7 divide |H| to the
first power only, and (|Q|, 7) = 1 it follows from (xx) that | Q| < 53. As Cg(f) # Cu(f)
and the involutions v and vz are conjugate in Ny (f) Eq. (x%) implies that |Q| = 53,
Ng(f)=ONu(f) by (o).

Let Co(v) =Cg(v)N QO =(f1). Then f; € fG by Table 9.1 and Lemma 3.1. However,
J1 ¢ (f) because Co(V) =1.

Suppose that Q is abelian. Then it follows from (c) that Q — {1} has 3 Ny (f)-orbits
with representatives f, f1, and ff of lengths 4, 24 and 96, respectively. Hence N5 =
Ng(f)=Ng(Q) = ONpg(f), and Q is an abelian Sylow 5-subgroup of G. As f] € e
and f1, f € O Burnside’s lemma implies that leS = fNs = (f), a contradiction to f] ¢
(f).

Therefore Q is not abelian. Its center Z(Q) = (f). Hence Ng(Q) < Ng(f) =
ONg(f), and Q is a Sylow 5-subgroup of G. As f1 ¢ Z(Q), it has 120 conjugates in
Ng(f). Therefore Q has exponent 5, which shows that (e) holds.

() If Cg(f) = Cy(f), then (f) is a Sylow 5-subgroup of G, and f¢ is the unique
conjugacy class of elements of order 5 by Table 9.1 and Sylow’s theorem.

Suppose that Cg(f) # Cu(f). By the theorem of Schur and Zassenhaus the Sy-
low 5-subgroup (f) of Ny(f) has a complement which is uniquely determined up to
conjugation. By (c) the subgroup L, = (wy, wa, w, d13) is such a complement. Hence
Ng(f)=0ONpg(f)=0QL>,and Q N Ly = 1. Another application of the theorem of Schur
and Zassenhaus shows that the split extension Ng(f) of Q by L, is uniquely determined
up to isomorphism.

Using now the algorithm of Cannon and Holt implemented in MAGMA it is easy to
construct this split extension N5 = Ng(f) explicitly by means of generators and relations.
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The presentation of N5 given in statement (f) has been obtained computationally by these
methods.

(g) and (h): Clearly, N5 has a faithful permutation representation of degree 125 with
stabilizer L,. Using it and MAGMA the character table of N5 has been calculated. In par-
ticular, N5 has a unique conjugacy class of elements of order 5 by Table 8.8.9.

The representatives n; of the 27 conjugacy classes of Ns = Ng(f) have been de-
termined by means of Kratzer’s algorithm [10], MAGMA and the faithful permutation
representation of N5. This completes the proof. O

Lemma 6.4. Let G be a finite simple group of Th-type with 2-central involution z such
that H = Cg(z) = (x, y,d), where the generators x, y, d are defined in Lemma 2.3. Let
do = x8. Then the following statements hold:

(@) No = Ng(dp) has a cyclic Sylow 13-subgroup (u) of order 13 such that Cn,(u) =
(do) x (u).

(b) U = Cg(u) has a cyclic Sylow 3-subgroup {(dy) of order 3.

(¢) U=Cgu)=(do) x (u).

(d) There is an element w € Ny of order 12 such that N13 = Ng(u) = (do, u, w) has the
following set of defining relations:

dy=uP®=w?=[do,ul=1, w’=u’, dY¥=4d.

(e) G has three 13 o-special conjugacy classes represented by the classes 13,4, 39,4, 39 of
No = Ng(dy) given in Table 9.6.

Proof. (a) follows immediately from Lemma 5.2 and Table 9.6.
(b) Let X be a Sylow 3-subgroup of U = Cg (1) containing (dp). Suppose that | X| > 9.
Then |Cx (dp)| = 9. But (a) implies that

Cx(do) < Cg(u) N Cq(dy) < Cny(u) = (do) x (u),

a contradiction. Thus (b) holds.

(c) By Lemma 3.1 G has a unique conjugacy class of involutions. As (|H]|, 13) =1,
the order of U is odd. Hence 3 is the smallest prime dividing |U|. Therefore the Sylow
3-subgroup (dp) of U has a normal 3-complement K in U by Corollary 1.3.18 of [14].
Thus K is a characteristic subgroup of U and Ni3 = Ng(u). By the character Table 9.6
of Ny = Ng(dp) we know that Ny, (u)/Cp,(u) is cyclic of order 12. Now (a) and the
theorem of Schur and Zassenhaus imply the existence of an element w € Ny, («) of order
12 such that Ny, (u) = (do, u, w) has the set of defining relations given in assertion (d). In
particular, statement (d) holds if the proof of (c) can be completed.

As U has odd order we have U = O(Nj3), and Ni3 = U : (w). Hence D = (dy, w*)
is a Sylow 3-subgroup of N3 which is elementary abelian of order 9. It operates on
the characteristic subgroup K of U by conjugation. As (|K|, |D|) = 1 Theorem 8.3.4 of
[11, p. 172], states that K = (Cx(d) | 1 #d € D). Let # = {2,3,5,7,13}. Then Cg(d)
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is a w-group for each d € D by Lemmas 5.2, 5.4 and 5.7. As K is of odd order and cen-
tralized by the 13-element u it follows from Lemmas 6.1-6.3 that K is a 13-group. Now
Lemma 5.2 implies that Cx (dy) = (u).

Let di; := w*. Then d¥ = d? implies that (dod11)" = didy1 € No. By Proposition 5.8
G has exactly 3 conjugacy classes of elements of order 3 represented by the 3 different
conjugacy classes d df and dzH . All their elements are real by the character table of H,

see Table 9.1. Therefore all products dé‘d'{ | with k, j € {1, 2} are conjugate in G to their
inverses. Using the faithful permutation representation of Ny given in Lemma 5.2 and
MAGMA it has been checked that there is an element n € No which commutes with dy
such that d}'; = d4. Thus (dod11)" = dods. Another application of MAGMA and the faithful
permutation representation of H described in Lemma 2.2 yields that dods € d2H . There-
fore dy1, dlz1 and all products d(’)‘d'l’] with k, j € {1,2} are not conjugate to dp in G by
Lemma 5.1. Now Proposition 5.8 and Tables 9.7 and 9.9 imply that C(d) N K =1 for all
1 #d € D different from dy and dg. Hence K = Cg (dp) = (u), and U = (u) x {(dp).

(e) By (d) N13 = Ng(u) is a subgroup of Ny. Therefore this assertion follows immedi-
ately from (a), Sylow’s theorem and the power map information given in Table 10.6. This
completes the proof. 0O

Proposition 6.5. Let G be a finite simple group of Th-type with a 2-central involution z
such that Cg(z) = H. Let 1 ={2,3,5,7, 13}. Then 1 is the smallest set of prime divisors
p of |G| such that the centralizer Cg(x) of any mw-element x of G is a w-subgroup of G.

Proof. By Theorem 2.2.11 in [14] it suffices to show the assertion for elements x € G of
prime order p € .

Lemma 3.1 states that G has a unique conjugacy class of involutions. Hence the result
is true for p =2 by Lemma 2.2.

By Proposition 5.8 G has 3 conjugacy classes of elements of order 3, and they are
represented by do, ds and djg. Furthermore, Cg(x) is a w-subgroup of G for each x €
{do, ds4, d1o} by Lemmas 5.2, 5.4 and 5.7.

G has a unique conjugacy class f¢ of elements of order 5 and Cg(f) is a 7w-subgroup
of G by Lemma 6.3.

For p =7 two cases may occur by Lemma 6.2. But this result also states that Cg (x) is a
m-subgroup of G for each element x € G of order 7 in any case. Quoting now Lemma 6.4
completes the proof. 0O

7. Group order

In this section we show that all finite simple groups G of Th-type have the same group
order

|G| =25.310.53.72.13.19.31,
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Table 7.1
ri [Cq(ri)l d(r;) ri [Cq (ri)l d(ri)
24 215.34.5.7 30,510 9¢ 2.34 54
34 20.37.7.13 8424 104 23.3.5 30
3B 23.310 2916 12¢ 22.33 36
3¢ 24.37.5 810 12p 2.3 12
4, 211.33 .7 2160 134 3-13 13
4p 29.3.5 240 14,4 23.7 28
54 23.3.53 150 18,4 23.32 36
64 24.33.5 90 185 2.32 18
65 26 .33 72 20,4 22.5 20
6¢ 23.34 108 214 3.7 21
74 23.3.72 196 274 33 27
84 27.3 32 28,4 22.7 28
N 23.36 324 36p 22.32 36
9p 36 81

and one conjugacy class of elements of order 7. This completes the classification of all
p-singular conjugacy classes of G for all primes p in w = {2, 3, 5,7, 13} by the results of
the previous sections.

By Proposition 6.5 the set 7 is the smallest set of prime divisors p of |G| such that the
centralizer Cg (x) of any m-element x of G is a w-subgroup of G. Let g,/ = |G|/ g, where
7’ is the set of all primes ¢ which do not belong to . Let ¢ be the number of strongly real
7’-conjugacy classes of G. In order to show that the invariant 7 of G is computable from
the given presentation of H = C¢ (z) we need the following subsidiary result.

Lemma 7.1. Let G be any finite simple group of Th-type with a 2-central involution z
such that Cg(z) = H. Let m ={2,3,5,7, 13}. Then exactly one of the following assertions
holds:

(a) The Sylow 5-subgroups of G have order 125, G has a unique conjugacy class of
elements of order 7, G has 27 strongly real conjugacy classes rG 1<i<27, of
w-elements ri # 1 and their invariants d(r;) = |{(u, v) € z¢ x 2z | uv = r;}| and cen-
tralizer orders |Cg (ri)| are given in Table 7.1.

Furthermore, c =1+ Y2 d(r )|c'ffr' 5 =3%.5.7.17.18,341.

(b) The Sylow 5-subgroups of G have order S, G has a unique conjugacy class of elements
of order T and 27 strongly real conjugacy classes r of mw-elements ri, and co =1 +
SH d(r) C'”' L =3%.7.1,591,753.

(c) The Sylow 5 subgroups of G have order 125, G has two conjugacy classes of elements
of order T and 28 strongly real conjugacy classes r of m-elements r;, and c3 =1 +

Y2 dr) s =36.52.7.13.19.31.

(d) The Sylow 5-subgroups of G have order 5, G has two conjugacy classes of elements
of order 7 and 28 strongly real conjugacy classes r of w-elements ri, and c4 = 1 +

Y d ) ey = 3%+ 72 250,799,
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Proof. By the results of the previous sections we know that each simple group G of Th-
type has one conjugacy class 24 = z¢ of involutions, three classes 34 = dg ,3p = df ,
3c = dIGO of elements of order 3, one class 54 = f G of elements of order 5 and one class
134 = uG of elements of order 13. Furthermore, Lemma 6.2 states that G has either one
conjugacy class 74 = slG or two classes 74 = slG and 7p = s3G of elements of order 7, and
that in the latter case NG (s3) < Ng(s1). By Lemma 6.3 a Sylow 5-subgroup of G has either
order 5 or 125. Therefore there are exactly 4 cases for the distribution of the strongly real
conjugacy classes of w-elements of G. For any simple group G of Th-type the character
tables of H = C;(24) and the normalizers No = Ng(34), N4 = Ng(3B), Nio = Ng (3¢),
Ns=Ng(54), and N7 = Ng(74) are given in Section 10.

Let R be any of these groups. By Lemma 3.1 G has only one conjugacy class z& of
involutions. Suppose that z1, z2, ..., zx are representatives of the conjugacy classes of in-
volutions of R. For each irreducible character i of R let

k
Y(R) =Y |R: Crz)|¥ ().

i=1

Then by Lemma 8.2.1 in [14] for each strongly real w-element » of G with extended
centralizer Cf;(r) < R the following equation holds:

1 A
d(r>=\{<x,y)eszzG|xy=r}|=ﬁ- Y @ (r )y

yelre(R)

In each case this formula has been applied to all normalizers of representatives of the
conjugacy classes yG of elements of prime order p in w = {2,3,5,7, 13}.

(a) In this case a complete classification of all conjugacy classes of m-elements is
known. The orders of the centralizers Cg(r;) can be read off from the power map in-
formation in the character tables given in Section 10. Applying the above formulas to these
character tables we obtain the invariants d(r;) in the table of (a). The invariant ¢ is then
trivially calculated by means of the entries in this table.

(b) Lemma 6.3 states now that Cg(f) = Cy(f) and that again G has only one conju-
gacy class £ of elements of order 5. Using the character table of the group H it follows
that the invariant d(54) = d(f) = 30 and that |Cg (f)| = 120. All other entries of the table
of (b) remain unchanged. Hence the assertion follows.

(c) In this case Cg(f) # Cy(f), but G has two conjugacy classes of order 7 repre-
sented by s; and s3, and Ng(s3) < Ng(s1) by Lemma 6.2. Hence |d(s3) = d(7p)| can be
calculated from Table 10.10 and the above stated formula. It follows that d(75) =49 =
|Cc(7p)| and that c3 =c + |H| =976841775.

(d) In this final case ¢4 = ¢» + |H|, which is now easily computed. This completes the
proof. O

Proposition 7.2. Let G be any finite simple group of Th-type with a 2-central involution z
such that Cg(z) = H. Let 1 = {2, 3, 5,7, 13}. Then the following assertions hold:
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(@) G has one conjugacy class of elements of order 7 and 27 strongly real conjugacy
classes r, 1 <i <27, of w-elements r; # 1.
(b) G has order

|G| =2".310.5%.72.13.19.31.

Proof. In order to bound the number ¢ of strongly real 7’-conjugacy classes of G we
check the conditions of Theorem 4.3.9 of [14]. By Proposition 6.5 7 = {2,3,5,7, 13} is
the smallest set of prime divisors p of G such that Cg (x) is a w-subgroup of G for each -
element x of G. Hence 11 is the smallest prime not contained in 7. Lemma 7.1 states that in
each of its 4 cases the number s of strongly real conjugacy classes of 7 -elements is at most
28 and that g, /|H| is greater than s. Let ¢ be any of the constants ¢ or ¢; withi =2,3,4
defined in Lemma 7.1. It has been checked that the maximal integral solution k of the
inequality 11°~! < ¢|H|g;' - 117! + J|H|?g; 'y is k = 3 and k = 4 in the cases (a), (c)
and (b), (d), respectively. Since H = Cg(z) has maximal order among all the centralizers
of the elements of G in any finite simple group G of Th-type Theorem 4.3.9(b) from [14]
asserts that G has at most 3| H| and 4| H| different strongly real conjugacy classes of 7'-
elements in the cases (a), (c) and (b), (d), respectively.

By Lemma 3.1 any finite simple group G of Th-type has a unique conjugacy class
of involutions. Therefore m = |G : H| = ¢ 4 t|H| by Theorem 4.3.8(d) of [14]. As E =
23L5(2) is a subgroup of G by Lemma 3.1 the prime 31 is a divisor of |E|. Hence 31
divides ¢ + ¢|H| in any of the 4 cases of Lemma 7.1. Furthermore,

|Gl =gr - gn = |H|-(c+1|HI).

Therefore the integers 18,135 and 3627 divide ¢ + ¢t|H| in the cases (a), (c) and (b), (d)
of Lemma 7.1, respectively. Using now the bounds for the number ¢ of strongly real 7’-
conjugacy classes established above and Lemma 7.1 it follows that x = ¢ + ¢|H| is of the
form

Xa(i) =2835(311,797 +2'5(1 + 18,1350)), 0<i < 15,366,

xp(i) = 567(1,591,753 4 163,840(2177 + 3627i)), 0<i < 51,225,
xe(i) = 2835(344,565 + 217 (18,1351)),  0<i < 15,366,

xq(i) =567(1,755,593 + 163,840(2176 + 3627i)), 0<i<51,225

in the cases (a), (b), (c) and (d), respectively. By Theorem 4.5.2 of [14] in each of all these
cases the factor g,/ of G has to satisfy the Frobenius congruence

9
14 gp 87 120 mod3'®, (%)
= clxi)
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where c(x;) are the centralizer orders of the 9 conjugacy classes of 3-power order: 34, 3p,
3¢,94, 9B, 9¢, 274, 27p and 27¢. From the character tables of the 3-normalizers of G
given in Section 10 follows immediately that

9
8n 9 2
F1= E =2".57-7-19-829-12,973
T )

in the cases (a) and (c), and that

9
=Y 8 _29.7.19.829.12,973

in the cases (b) and (d) of Lemma 7.1, respectively. The proof is now completed case by
case.

(a) For each integer 0 < i < 15,366 let y,(i) = |H|x, (i)g;l. Evaluating the Frobenius
congruence 1 + Fi - y,(i) = 0 mod 3'0 yields that it is only satisfied for i = 0. Hence
m=c+ |H|andt =1.

(c) Now let y (i) = |H|xc(i)g;1 for 0 < i < 15,366. It follows that in this case the
congruence 1 4+ Fj - y.(i) = 0 mod 3'° has only the solution i = 0. Hence m = c3 =
36.52.7.13-19-31, and

|G|=|H|c3=2"-39.53.72.13.19.31.

Now Sylow’s theorem implies that the Sylow 19-normalizer N9 = Ng (v) of G has order
19 - 18, where v is an element of order 19 in G. Hence N9 is a Frobenius group. Therefore

! .
A=z Y vy =19
1y etrc(Vio)

by the character table of the Frobenius group Nyg. Hence v is a strongly real 7’-element of
order 19, and ¢ > 0. Thus Theorem 4.3.8(d) of [14] implies that |G| = |H| - (c2 + t|H|) #
|H| - c3. This contradiction shows that case (c) of Lemma 7.1 does not occur.

(b) Let y, (i) = |H|xb(i)g;1 for 0 < i < 51,225. Evaluating the Frobenius congruence
1+ F - yp(i) =0 mod 310 yields that it is only satisfied for i = 3936, 10,497, 17,058,
30,180, 36,741, 43,302, besides the two additional solutions i = 23,617, 49,863 for which
the number yy, (i) is divisible by 7 or 13. But both primes do not belong to 7’. Therefore
the 2 additional solutions can be neglected. The six special cases are now dismissed by
application of Theorem 4.5.2 of [14] for the prime p = 7. Lemma 6.2 states that G has
a unique conjugacy class slG of elements of order 7 and a Sylow 7-subgroup of order 49.
Furthermore, |Cg(s1)| = 1176 by Table 9.10. Hence the corresponding Frobenius constant
F3 =5,240,401,920. Therefore 1 4+ F3 - y(i) =5, 5, 40, 18, 7, 45 mod 49 for i = 3936,
10,497, 17,058, 30,180, 36,741, 43,302, respectively. Thus case (b) of Lemma 7.1 does not
occur.
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(d) Let ya (i) = |H|xq() gy Ufor 0 <i <51,225. Evaluating the Frobenius congruence
1+ F,-y43() =0 mod 310 yields that it is only satisfied for i = 3936, 10,497, 17,058,
30,180, 36,741, 43,302, besides the two additional solutions i = 23,619, 49,863 for which
the number y (i) is divisible by 7 or 13. But both primes do not belong to 7’. Therefore
the 2 additional solutions can be neglected. The six special cases are now dismissed by
application of Theorem 4.5.2 of [14] for the prime p = 7. Lemma 6.2 states that G has two
conjugacy classes SlG and szG of elements of order 7 and a Sylow 7-subgroup of order 49.
Furthermore, |Cg(s1)| = 1176 and |C¢ (s2)| = 49 by Table 9.10 and Lemma 6.2. Hence the
corresponding Frobenius constant F4 = 131,010,048,000. Therefore 1 + F4-y (i) =7, 26,
45, 34, 4, 23 mod 49 for i = 3936, 10,497, 17,058, 30,180, 36,741, 43,302, respectively.
Thus case (d) of Lemma 7.1 does not occur. This completes the proof. O

Corollary 7.3. Let G be any finite simple group of Th-type with a 2-central involution z
such that Cg(z) = H. Then the following assertions hold:

(a) G has 48 conjugacy classes.

(b) G has one strongly real conjugacy m’-class; its elements have order 19.
(c) The Sylow 19-normalizer is a Frobenius group of order 19 - 18.

(d) The Sylow 31-normalizer is a Frobenius group of order 31 - 15.

(e) G has two nonreal conjugacy classes of elements of order 31.

Proof. All statements are immediate consequences of Lemma 3.1, Proposition 5.8, Lem-
mas 6.3, 6.4, Proposition 7.2, Sylow’s theorem and the class equation of G. O

8. Uniqueness proof and concrete character table

In this section we show that each finite simple group G of Th-type has a uniquely deter-
mined ordinary irreducible character of degree 248. Hence all conditions of the uniqueness
criterion stated in [13] have been satisfied. It implies that each finite simple group G of
Th-type is isomorphic to the simple group & constructed in Theorem 4.2. Furthermore, a
complete set of representatives of the 48 conjugacy classes of & is given, each of which is
a short word in the 4 generators of &. The character table of & has been computed as well.

Proposition 8.1. Let G be a finite simple group of Th-type. Then the minimal degree of
a faithful irreducible complex character x of G is 248, and G has exactly one character
x € Irre(G) of this degree.

Proof. Let H = C(2) be the centralizer of a 2-central involution of G. Let S be the Sylow
2-subgroup of H defined in Lemma 2.2, and let A be the uniquely determined maximal
elementary abelian normal subgroup of S. Let D = Ny (A) and E = Ng(A). Then G =
(H, E) by Corollary 4.8.3 of [14]. Now Lemma 3.1 states that the amalgam H < D —
E has Goldschmidt index 1. Therefore the free product P = H xp E of H and E with
amalgamated subgroup D is uniquely determined up to isomorphism. By the proof of
Theorem 4.2 the smallest degree of a compatible pair (¢, t) € mf char(H) x mf char(E)
is 248, and there is exactly one such pair. As G is a simple epimorphic image of P it
follows that G has at most one faithful x € Irrc(G) with minimal degree 248.
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Table 8.1

i 14 24 34 3p 3¢ 44 4p 54 64 6p 6¢c
x(gi) 248 -8 14 5 —4 8 0 -2 4 -2 1

i TA 84 8p 94 9p 9¢ 104 124 12p 12¢ 12p
x(gi) 3 0 0 5 —4 2 2 2 2 -1 0

i 134 144 154 15p 184 18p 194 204 214
x(gi) 1 -1 1 1 1 -2 1 0 0

i 24 5 24p 24¢ 24p 274 27p 27¢ 284 304 30p
x(gi) 0 0 0 0 2 -1 -1 1 -1 -1
i 314 31p 364 36p 36¢ 394 39p
x(8i) 0 0 —1 —1 -1 1 1

Using Brauer’s characterization of characters we now prove that any finite simple group
G of Th-type has an irreducible character x € Irrc(G) of degree 248. In order to do so we
define a class function x : G — C by Table 8.1.

Let p be any prime divisor of |G|. If Y is an over-group of a p-elementary subgroup X,
and the restriction x|, of X to Y is a generalized character, then also x|x is a generalized
character of X. By Corollary 7.3 the Sylow 19- and 31-normalizers of G are Frobenius
groups of orders 19 - 18 and 31 - 15, respectively. Using their character tables and the
fusion of the elements of orders 18 and 15 in G it is easy to check that the restrictions
of x to these normalizers Ni9 and N31,, N31, are equivalent to the character of the sum
of a linear character and 13 indecomposable projective characters and to the character of
the sum of 8 indecomposable projective characters, respectively. Furthermore, NG (134)
needs not be considered because it is conjugate to a subgroup of No = Ng(do) = Ng(34)
by Lemma 6.4. Therefore by Corollary 2.8.10 of [14] it remains to show that X|y is a
generalized character of ¥, whenever Y belongs to the following set of subgroups

D ={H, No, N4, N1o, N5, N7}

of G.

In the previous sections the fusion patterns of the conjugacy classes of the groups Y € )
have been determined. Therefore the inner products (x, &)y can be calculated for each
& e Irrc(Y) and each Y € ) by means of the character tables given in Section 10. It turns
out that:

XIH = x14 + x18, where x14, x18 € Irrc(H),

XINg = X3+ x13 + x19,  where x3, x13, x19 € Irrc(No),

XINy = x13 + x32+ x40, Where x13, x32, x40 € Irrc(Na),

XNy = X10 + X14 + X47 + x50, where x; € Irrc(N1o),
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XINs = X19 + X21 + X22 + X24 + X25 + X26 + X27,  Where x; € Irrc(N5s),
XN, = Xa+ X6+ x7+ x13 + x18 + Xx22 + 2x26 + x29 + X30 + x31 +2x32 + X33,

where x; € Irrc(N7),

and that the inner product (x, x)g = 1. Therefore yx is an irreducible character of G with
x (1) =248 by Corollary 2.8.10 of [14]. This completes the proof. O

Theorem 8.2. Let H be the finite group of even order defined in Lemma 2.2. Then each
finite simple group G of Th-type is isomorphic to the finite simple group & < GLysg(11) of
order |&| =21 .310.53.72.13.19. 31 described in Theorem 4.2.

Proof. By Theorem 4.2 there exists a finite simple group & of order |&| =213 .310.53.
7% .13 -19 - 31 which is of Th-type.

Let G be any finite simple group of Th-type. By Lemma 3.1 G has a unique conjugacy
class z© of involutions. Hence we may assume that Cg(z) = H, where H is the group of
even order defined in Lemma 2.2. It also asserts that the Sylow 2-subgroup S of H contains
a uniquely determined maximal elementary abelian normal subgroup A. Let D = Ny (A).
By Lemma 3.1 E = Ng(A) is uniquely determined by H up to isomorphism. Further-
more, G = (H, E) by Corollary 4.8.3 of [14]. Now Lemma 3.1 states that the amalgam
H < D — E has Goldschmidt index 1, and that & has a unique 11-modular irreducible
representation over GF(11) of minimal degree 248.

By Proposition 7.2 any finite simple group G of Th-type has order |G| = |®|. In par-
ticular 11 does not divide |G|. Therefore Maschke’s theorem and Proposition 8.1 imply
that each such group G has a unique irreducible 11-modular representation of degree 248.
Hence G = & by [13]. This completes the proof. 0O

Theorem 8.3. Let & = (0,1, 1, a) < GL(248, 11) be the Thompson group constructed in
Theorem 4.2. Then the following statements hold:

(a) & has 48 conjugacy classes with representatives given in Table 8.2.
(b) The complex character table of the finite simple group & coincides with the one of Th
given in the Atlas [4, p. 176].

Proof. (a) By Theorem 4.2 the matrix group & is a simple group of Th-type. Since all sim-
ple groups G of Th-type are isomorphic by Theorem 8.2 it follows from Corollary 7.3 that
® has 48 conjugacy classes. Furthermore, by the proof of 8.2 there is an explicit isomor-
phism between G = (d, x, y,a) and & = (0,1, 19, a) < GL(248, 11) given by mapping the
generators of G to their corresponding matrices in &. Thus both groups may be identified.

For p # 19 all p-singular conjugacy classes of & have representatives in H = (d, x, y),
E ={(a,x,y), No, N4, N19p, N5 and N7 by the classification of the conjugacy classes of
any simple group G of Th-type given in the previous sections. All such representatives
belonging to H or E are short words in the 4 generators of &. Therefore they are included
in Table 8.2. Representatives of the other classes are given in the tables of Section 9 in terms
of words in the 4 generators of &. Using their matrix properties like traces, determinants
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Table 8.2

i gi Ce(gi) i gi Cg (i)
1a 1 |6 154 (onp)? 2.3.5
24 12 215.34.5.7 15z (ogn)'4 2.3-5
34 8 26.37.7.13 184 (0rhr)? 23.32
3p ()3 23.310.7.13 185 orn2x 2.32
3¢ ) 24.37.5 194 arnd 19

4, t© 21133 .7 204 oy 22.5
4g (oy)3 29.3.5 214 an 3.7
54 (on)?* 23.3.53 24,4 r 23.3
64 (onr)d 24.33.5 24p P 2.3
65 a 20.33 24¢ (oror3)13 23.3
6¢ (orhr)® 23.34 24p orord 23.3
N b 23.3.72 274 aorny 33

84 2 27.3 27g adr 33

85 oryoy 25.3 27¢ (adp)? 33

94 (orpp)? 23.36 28,4 o2 22.7
95 (adp)? 30 304 onr 2.3-5
9¢ or 2.34 303 (oyr)? 2.3-5
10,4 (oy)2 23.3.5 314 an? 31

124 2 25.32 31p (anr?)3 31

125 10 25 .32 364 oy2x 22.32
12¢ (rnr)? 22.33 365 @n%p)° 22.3?
12p 2y 23.3 36¢ ornr 22.32
134 anoy 3.13 39,4 adar 3.13
14,4 2 23.7 395 (adag)’ 3-13

or rational canonical forms their corresponding representatives given in the above table
have been determined by means of Kratzer’s algorithm [10]. The matrix representative of
the strongly real conjugacy class 194 has been found by forming random words in the 4
generators of &.
M) Let T ={g, € & |1 <r < 143,127,000} be a right transversal of the stabilizer
T of the faithful permutation representation of & constructed in Theorem 4.2. Let & =
,1€1=1 LT be the double coset decomposition described in statement () of that section.

To each double coset Tr; ‘T belongs an intersection matrix My = (dl.(Jl.‘)) € Mat;(Z), where

dl.(]]f) =17~! |Trl._1‘§r i NTrT]. It follows from the first author’s explicit calculations with
the large permutations corresponding to the matrix generators of & that the intersection
algebra B = (My | 1 < k < 11) is commutative and that it is generated by the 3 intersection
matrices My, M3 and Ms stated in Section 11. The first author has also computed the
Gollan—Ostermann numbers m j; = |{g, € T | igrng;l eTr%Y, 1 <j<48, 1 <k <
11, for all conjugacy classes (y j)@ and double coset representatives 7, by means of the
permutation representation of & mentioned above. They are stated in Table 11.5.

Since all intersection matrices M} have a very special first row vector whose entries
are all 0 except at the kth place where it is 1 one can easily reconstruct all 11 intersec-
tion matrices from the 3 given ones. Their eleven common eigenvectors f; are stated in
Table 11.4.
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Let ¥; € Irrc (&) be the irreducible constituent of (15)® corresponding to the eigenvec-
tor f; for 1 <i < 11.Let{p; |1 < j < 48} be the set of representatives of the conjugacy
classes n® and let m jk be the corresponding Gollan-Ostermann numbers, respectively. Let
the eigenvalues cg; be defined by My, - f; = fi - cki- Then Corollary 5.2 of [15] asserts:

11 -1
y =163 S [TnTewin |
k=1
and
Vi)

5
chi|fﬂ T |mjk.
k=1

Yi(;) = 5|

Inserting the data stored in Section 11 into these formulas yields all the character val-
ues of the 11 nonequivalent irreducible constituents v; of the permutation representation
(15)®. They are stated in Table 11.6. In Proposition 8.1 the unique irreducible character of
degree 248 of & has been given explicitly. Since we also have the complete character tables
of all normalizers of elements of prime order and the fusion of their conjugacy classes in
® one can easily complete the character table of &. O

9. Representatives of conjugacy classes

Table 9.1

Conjugacy classes of H = (d, x, y)

L] hi [ ICuh)l ][ ] hi [[Cu(R:)]]
i 1[27.37.5.7] [ 9 dx 237
2, 222" . 37.5. 7] [10, (dy)®] 2°-3-5
24 (zy*)” 213 7] [12, x 25 . 32
2. d 21031 [124 a0 2° . 32
34 Yy 27.3%.5] [12. [ (dzyx) 27 . 3%
35 x° 25.3%] [124 da>dy 2%.3
3c (dz)® 2% 3% [12. | (dzdy)’ 27.3
4q 20 2. 3% . 7] [12/ %y 2°.3
4 (dy)® 27-3-5] [14, (dz2) 2.7
4. | (dzdydy)? 2731 [1a, (zy) 22 .7
44| (dy*z®)? 27| (14, zy2 2% .7
4. | (dydyzy)? 27| [15a | (dyz)*| 235
45 zyzy? 2% [15, | (dyn)™*| 2-3-5
5 (dy)® 2°.3-5]| [184 | (dayz)> 2% .32
6, (dyx)® 27.3%.5] [18, dzy’x 2.32
61, 2T 2°.3%] [20, dy 275
6. (dxyx)® 2% .37 [24, T 2%.3
64 | (dz>dy)? 2° .31 [24, x° 25.3
6e dz’y 253 [ 24, [ (dzdz™)! 2%.3
Ta Ty 2% 7] [244 dadz® 2%.3
84 z° 27.3] [28, dz? 2% .7
3y, dzydy 25 .3 [30g dyx 2-3-5
8¢ dzdydy 25 | 30p (dyz)"| 2-3-5
84 dy’z? 25| [36, dy°x 22 . 32
8¢ dydyxy 2° 365 (dy®=)® 2% . 37
9, | (dwyz)? 25 .37 [36. deyx | 2% .37
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Table 9.2

Conjugacy classes of E = (x, y, a)

Li ] mg [ [CumIdl [ i [ my [[Can (mi)]]
1, 1]21°.3%.5.7.31] [14, azy 23 .7
2, 12 215327 5.7] [14, (azxy)® 23 .7
2 a 2™ 3.7 [14, azy 277
3a T 2°.3% .7 144 (azyz)“ 2.7
3p y 273751 13, @>y) | 2-3-5
4o x 2 37115, 2%y 2-3-5
4y | (ayx) 2° - 3| 21, ay 3-7
4. [ (az®)? 27| [214 (ay)® 3.7
54 | (ax)? 2-3-5] [24, z° 2.3
6q 2t 2%.3%] [24, z 2° -3
6y | (ayx)? 2% .37 . 5] (284 | (amaz®y)? 277
6. | azax 2% .3] [ 28 azxaxr’y 22 .7
7o | (ay)® 2%.3-7] [304 (M 2-3.5
Ty | (ay)® 2%.3-7] |30, z2y? 2-3-5
3. 5 27.3]| [3la (ayz?)® 31
8 ay’x 251 [31, | (ayz®)™® 31
8. az? 27| [31, ayz 31
10, aicoc Z<g~5 31, (ayxZ)ll 31
l?a z, 25 31 31, (ayz?)® 31
e AR v e

Table 9.3

Conjugacy classes of D = (x, y)

L] d; [ [Cp(d)] [TH[TM][ i ] d; [[Cp(d)[[TH[TM]
1, 1]27° .32 . 5. 7] 1, 1, 8. | z2yz yzyzy 2° 8p 8p
24 :51; 21> §,: 2571 2,0 2,01 [ 84 x“yxgz‘zﬁ 22 8. | 8
g: (1:%53@/37 211 - g - ; g: 2: S; x4yfxg$gy 24 ZZ gi
24 (zyzy?)? 21031 2. 2] [10, (®y®)>3] 2-3-5[10,[ 10,
34 > 25.3%2] 3, 3.1 (12, (z)2 25 . 312, ] 12,
3p y Qil- 375 3, 3] [12, ()™ 25 .3 124 | 12,
4q — 2 -13 STl 4. 44 [12, 4x4y€y? 22 -3 12. [ 12,
44 (z yzy )5 231 de] do| [Ty (aTyay’®) 2T 312, 12,
4c Ca) 2731 4] 4|12 2y 223127 [ 12
dg ) (2Tyzy ) 27| 4a] 4p] [14, @) 2% 7|14, | 14,
de | (a7yayz"y”) 27| 4| 4] 14, (°y)°® 2% 7|14, [ 144
4 z yzTy 2 de| 4c| [14, zy> 27 .71 14, | 144
4q zyzy 2°] 4a;| 4. [144 zoyTy 27 . 7| 14, | 14,
5a (z%y)® 2-3-5] 54| 5a] [14c (z%yzy)® 27 .7 144 | 144
64 S . 2‘)2- 52: 6| 64 [145 (a:;éf)j 27 . 7] 144 | 14,
6p 4(90 Zj)z 2 ~35~o 6o | 6p| |15, (z7y) 2-3-5]| 15, 15,
6c (z é;xzyz} 24~3 64| 64| [15, z°y| 2-3-5]| 1545 15
64 Ty 25-3 64| 6] (24, x 2% .3] 24, | 244
6 ziy“zy 2°.3| 6 6. 244 z° 2° -3| 244 | 24,4
Ta Ty 2° 7] 7. 7. [28, z°y 27 . 7] 28, 28,
T (zy)* 257 7. Th| [28s (z°y)* 27 . 728, 28
84 2> 27.3] 8.,] 8.][30, 2°y% | 2-3-5]30,] 304
85 xtyxsy°® 2] 8.1 8.] [30, (z%y>)"| 2-3-5] 30| 304

431
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Table 9.4
Conjugacy classes of Hy = (ky, kp, k3, kq, k5,dy, dp)
(2] mi [[Chy(ma)l] [ 4 mi_ [[Cry (m4)]]
1, 1 2% .3 4. | kikaks 2%
24 (k‘l)z 2% .37 4g | koksks 2%
2p | kiks 25| [ 64 | (k1do)” 2% .32
2. ks 2 65 | (kad1)” 23 .37
34 dy 2° .37 [ 6. | k2dids 232
3p| do 2°-371 64 | kndods 237
3. | did 2-37) s, oy ks 57
3d dldg 2.3 817 k4k5 25
do| Kk 223 12, kidy 223
4p k 2° - 3] [12 kad; 2% .3
Table 9.5
Conjugacy classes of Eqg = (k1, k2, k3, kq, k5, d5, tp)
(7 i 108, 0m) (7 [ i [IC8, (i)l
i 1] 2°.3.7] [6a] Fito -
2a (k,l)z 20 .3 7a tg 7
2% ks 7] |7o ] (to) 7
3. ds 2-3]| [Balkiks 2.
4q ki 25| [ 8p | koto 2
4 ks 25

Table 9.6
Conjugacy classes of No = NG (do) = (k1, ko, k3, ka, ks, dy, da, s0. ke, do)

T [Ovgug®l) [ g
1, 1] 27.37.7.13] [Ta Sg 237
24 (k1)? 27.3%] | 8a ki kg 2”3
2 kg 2%7.3%. 7] | % (k1dasoke) 2-3
34 do| 2537 7.13]| | % (k1dasoke)® 2. 3%
34 d 2537 | 9% (k1sodike)” 2-37
3. didg 23 .37 94 k1disodosodg 3%
34 dadqg 2% .37 9e k4sqdysqdadg 3%
3e (k1d250k6)6 2.37 9f k1sokadisodido 3%
35 k‘2d280d§80d250d0 37 12, kidg 2° .32
34 k250 27 3% | [12 ksdo 2> 3
3h dida 272 . 35| [12¢ kida 2% .37
3; kosodg 2.35] [124 kidadg 2§ 32}
3; d1dadg 2.37 | |12 kad dg 2 -3
1, Ty 55 37 |12y ksdi ke 27.3
4 kikg 27.3 }gq k5§6d1 32 1%
~ 2 50 3 S -
bq (k1do)” 2 -3 1 sokg 7
6y (k1dp) 2 -3 118, Frdasake 237
6. (k1 dzdo)z 23 - 33 18, kisgdi kg 5. 32
64 (k3d1do) 2731 [18. k1 sodoke 2.32
6, dasq 27 . 3% [21, sodo 3.7
65 (ksdike)> 27.3%] [24, k1ksdo 25.3
6n (k1dasoke)® 2.3 a I s0dg :

6, k?dldzdo 537 394 k1sodidg 313
6; dike 22 .32
6 dokg 27 .37
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Table 9.7

Conjugacy classes of Ny = Ng (dy) = (dy, ds, kg, k10, kg, da, b1, by, b3, by)

433

[(¢] mi [IOvgapm)l) [ ]  mi  [ICngay(mil]
1, 1 2°.37.5]| [ 44 (dodsks)® 27.3
24 (ko)* 2°-3% 5] [ 5, (dok10)® 2:-3-5
2, k 27.3%] [ 6, (kods)? 27.3%.5
3a d4 24 h 37 -5 6b dod5k10 21 - 3‘j
3p by 2-3"] [T6. dok?, 27 3°
3c d431 = f’;: [ ksby 2. 33
34 Q : 5 33
3, dods 7 57| foeTldaeds o
37 doda 2. 37| (ot 0710 s o

| [ 64 koks 27.3
3(] d5b1 2.3° Gh (k‘gkg)s 22 31
3n (dsb1) 2-3°| g, ko kesby 232
3 dodsdy 23| 76, | (koksb1)® 2-3°
3; doby 3°| 5, T 3.3
3k dodsby 3° 8y dok 23
3 (dodsby)? 3% | [10, dokio 2-3-5
3m dodyby 3% [12, (kgds)? 2%.3
3n dodabs 35| [12, dodsk 27.3
3, dsdyby 3° | [12. | (dodsks) 27.3
3p (d5d4b1)z 35 15a (d0k10d4)2 2-3-5
34 dodsdyaby 3% | [15s | (dokioda) > 2-3-5
3, | (dodsdab1)?® 3° | [24, kody 2% .3
3 dodsdybs 3% [24, (kody)T® 2%.3
315 (dod5d4b3)z 35 30a d0k10d4 2-3-5
4, (ko) 273 [30s | (dok10da)” 2-3-5

Table 9.8

Conjugacy classes of Ny = Ng (D) = (d14,d15, b5, be, ko, d3)

L] m; [Cngwp(ml] [ ] mi [[Ong(py) (mi)l]
1, 1 2% .31 [(8, kg 25.3
24 (k9)* 2%.3%] [ 8 (ko)® 2°.3
25 kods 27 .37 [9, (diskods)? 2.3°
3q (d14bs)° 2310 9, (dyads)® 35
3, (d1ako) 2%-37| [0, | diabsdsdisbs 2.3°
3. | (diadzbs)® 2-3 94 dy4bs 3°
34| (diadske)® 27.37] [ 9 d?,d3be 35
3. bs 2-3%| [ 9; diad15beds 3°
35| (diakods)® 2.3 |9, diad2bs 3°
34 | (d14bsdzko)® 2-3%| [9, dy5bgdabg 3°
3n dig 2.3° 9; dy4bg 2.37
3; dy14d;15bs 35| [ 9 bsdsbe 2. 37
3; ds 2-3%| [9, dygdsbs 37
3k dy4bsds 3% 12, (dyake)” 25.3
4, (ko) 2%.3] [12, (d14ko)™ 2.3
6, (d1ako) 23.3%] [18, diskods 2.32
6, | (diskods)® 2-3%] |18y bekqds 2.3°7
6o | (diakod2)® 2. 3% [ 18 diskgdy 237
64 dyadsky 22 .3%] [ 184 diadskgds 2.37
6. (diadske)® 22 .3%] [24, digko 23.3
6r diakg 27 .37 [ 24y (dyako)® 2°.3
6, diakods 237 [24c (diako)™® 2°.3
6 bsdsko 2. 3% [244 (d1ako)™ 2%.3
6; dy4bsdskg 2. 33 27, diads 33
6, disdake 2.3%] [ 27y (d14d3)” 3%
65 k2d2 2-37| [27. bsda 3%
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Table 9.9
Conjugacy classes of Njg = Ng(dig) = (1,12, 13,14, k12, d16)
1w [Ova@a] [ m [Ongu (]

1, 1 27 . 3101 [ 65 [likiadi ki 2.3%

24 (k12)? 27 37| [[6, [lakiadegkiz 2.3°%

2 ki2dig 2°.3%| [6, l1dyeky2 2-3°

3 (I1d16)° 2°.31 [, 11 k2,d%, 237

3, (1) 2-37] 8 k1o 2.3

3, (lik12) 2737 8, (k12)° 2.3

3d <l1k12)1b 24 R 37 9a (lfku)Al 25 . 3b

3. IHB 2-37| o, (I4d16)° 3°

37 111213 2-37| [o. Iy 2.3°

3, 21, 2-37| [94 [H 3°

3n dis 2.3° 9e 11 2.3%

3; Iol3 2.3 [ 9y l1dis 2-3%

3; Z2dis 2-3°| [, l1l3d1e 37

34 I1lodig 2-3°|[9 11ladigk? 3%

31 (llkfzdfe)z 2-3° 12ha ZZk%z 2% .3%

3m la 3] 12, (l1k12)° 2% 37
3, l3dig 371 12| (ki)™ 25 .32
30 (I3d1g)” 3° 2k2,)? 3. 37

5 18, {7k75) 273

3p Lidiglsdie 371 18, likiadig 237

34 Lladisl] 3” | 18, loky2dig 232

4q (k12)? 2% - 3% | (184 [ladiskpdie 237

6 (lakis)” 2°-37| [24, likio 2% -3

61 (lik12)® 27 .37 [24, (l1k12)? 2.3

6c (l1k12)7° 27 . 37| [24, (I1k12)” 2°-3

64 (1k12d16)® 2-3% | [244 (k1) 2°.3

6 I1k12l3dig 27 -3%| [27, ladig 37

67 | (ITk12l3d16)° 27 3% [27, (ladie)’ 3°

Gq lakiodis 2. 3% 27, l1d16k12 3

65 kT dle 2-3%] | 364 ki, 27 . 37

6; Zlaki2dis 2-3%] | 36 l113k7, 27 .32

6; Zkisladic 2-3%] [36.] (Lil3k%)® 27 . 3%

Table 9.10

Conjugacy classes of N7 = Ng(s1) = (92,93, 94, d12)

(7] m; [TCn, (m] [ ] m; [1Cn, (mi)T]
1, 1[2% -3 72 [7a s;] 2%.3.7°
2, q2 2. 3.7 [ 1 di2qo 3.7°
2p qa 27 . 37 T s1d1292 72
3q gz| 2%7-37.7| [ 74 s1d12°qo 72
3b (g3)”] 27-3%2-7] [ 8, d1292q4 2°.3
3 dio| 2-37-7|[8 (d129294)° 273
34 di12q3 2-37 | [124 | (d12929394)> 27 -3
3. (d1293)° 2-3%| [124 | (d12929392)™ 2°-3
44 (d1292q4)° 27 - 'f -7 %ila S<1iq2 2; . %

. 2% . a S1Q12 .
- Gt B
6c 439 2237 | (21| (di290ds) i
64 (g3q4)° 2737 |24a duq?%q% 25 -3
Ge d1292d129294 2. 37 24, (d12q2q3q423 23 3
6 d1292d12929394 2-3° gje (312(12%(]4)17 g.s - i
64 | (d12g2d12929394)° 2.32 283 S(ldlfffgjgfz)% 377
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Table 9.11
Conjugacy classes of Ns = Ng(f) = (f, f1, w1, wp, w,d13)
(e ni  [ICOnm)[] [ & ] ni [1CN; ()]
1, 1] 2°.3.5 8, w 23
2, (w)2] 25-3.5] [ 8, (w)? 23
25 (waw)? 2%.5] [10, (frw)*] 2°-3-5
3, diz| 27-3.5] [104 | (frwiwow)? 27.5
4, (w)* 2° . 3] [12, w?d3 27.3
4, (w)® 25 .31 [12, (w?dy3)” 22.3
4, w1 27 . 5] [15a fidiz 2-3-5
44 W1 W W 275 154 (f1d13)7 2:3-5
4. | (wiwow)® 27T 5] (204 f1w: 2% .5
4; waw 27 [ 204 frwiwow 2% .5
4, (waw)® 2T [ 20 | (frwiwow)® 2° -5
5a f 2.5.3.5.5 30@ flwldlg 25§
5, 7 57 . 52 30 | (frwidis) 2-3-5
64 widiz| 22-3-5
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10. Character tables

Table 10.1

Character table of H = Cg(z) = 21+8.A9
2 | 15 15 14 10 4 6 3 11 9 10 9 9 6 3 4 6 3 5 3 3 7 5 6 5
3 4 4 1 1 3 3 4 3 1 1 1 3 3 4 1 1 1 1
5 1 1 . 1 . 1 1 1 .
7 1 1 1 . . . . 1 . . . . . . . . . . .1 . . . .

la 2a 2b  2c 3a  3b 3c 4a 4b 4c 4d 4e 4f 5a _Ba_ 6L 6¢ 6d 6e 7Ta 8a 8b 8¢ 8d

2P la la la la 3a 3b 3¢ 2a 2a 2b 2b 2b 2c 5a 3a 3b 3¢ 3b 3b 7a 4a 4b 4c 4d
3P la 2a 2b 2c¢ la 1la la 4da 4b 4c 4d 4e 4f Ba 2a 2a 2a 2b 2¢ Ta 8a 8b 8¢ 8d
5P la 2a 2b 2c¢ 3a 3b 3c 4a 4b 4c 4d 4e 4df la Ba 6b 6¢ 6d 6e 7Ta 8a 8b 8¢ 8d
TP la 2a 2b 2c¢ 3a 3b 3¢ 4a 4b 4ec 4d 4e 4f 5a 6a 6b 6¢ 6d 6e la 8a 8b 8¢ 8d
11P la 2a 2b 2¢ 3a 3b 3¢ 4a 4b 4c 4d 4e 4f ba 6a 6b 6¢ 6d 6¢ Ta 8a 8b 8¢ 8d
13P la 2a 2b 2c¢ 3a 3b 3¢ 4a 4b 4ec 4d 4e 4f 5a 6a 6b 6¢ 6d 6e 7Ta 8a 8b 8¢ 8d
17P la 2a 2b 2c¢ 3a 3b 3c 4da 4b 4c 4d 4e 4f ba 6a 6b 6¢ 6d 6e Ta 8a 8b 8¢ 8d
19P la 2a 2b 2c¢ 3a 3b 3c 4a 4b 4c 4d 4e 4df 5a Ba 6b 6¢ 6d 6e Ta 8a 8b 8¢ 8d
23P la 2a 2b 2c¢ 3a 3b 3c 4da 4b 4c 4d 4e 4f ba 6a 6b 6¢ 6d 6e Ta 8a 8b 8¢ 8d
29P la 2a 2b 2c 3a 3b 3c 4a 4b 4c 4d 4e 4f ba 6a 6b 6¢ 6d 6¢ Ta 8a 8b 8¢ 8d
31P la 2a 2b 2¢ 3a 3b 3c da 4b 4e 4d 4e 4f 5a 6a 6b 6¢ 6d 6e 7a 8a 8b 8¢ 8d
X1 1 1 1 1 1 1 1 1 1 11 1 11

X.2 8 8 8 B 5 2—-1 8 4 P 4 . 3

X.3 21 21 21 -3 =3 3 21 1 —-3-3 111

X.4 21 21 21 -3 -3 3 21 1 —-3-8 11 1

X.5 27 27 27 3 9 o 27 7 3 3 7—-1 2

X.6 28 28 28 —4 10 1 1 28 4 —4—4 4 . 3

X.7| 35 35 3 3 5 2-1 35 -5 3 3 —5-1

X.8 35 35 35 3 5 2—-1 35 —5 3 3 =5-1

X.9 42 42 42 2 B 3-3 42 6 2 2 6 2-3

X.10| 48 48 48 6 . 3 48 8 8 -2

X.11] 56 56 56 .11 2 2 56 —4 .. —4 1

X.12| 84 84 84 4 —6 3 3 84 4 4 4 4 -1

X.13| 105 105 105 1 15 —3-—-3 105 5 11 5 1

X.14( 120 120 -8 -8 6 3 8 8 .

X.15[ 120 120 120 8 -3 3 120 8 8

X.16| 120 120 -8 -8 -3 3 8 8

X.17| 120 120 -8 -8 . —3 3 8 8 .

X.18| 128 —128 —4 8 2 -2

X.19[ 128 —128 . . —4 8 2 . . P ]

X.20[ 135 135 7 7 9 -9 15 7—1 —1-—-1 .

X.21f 162 162 162 —6 B . 162 6 —6—6 6—-2-3

X.22| 168 168 168 .—15 —3 168 4 P 4 . 3

X.23| 189 189 189 —3 9 189—-11 —3—-3—11 1-1

X.24| 216 216 216 . =9 216 —4 . =4 .1

X.25[ 405 405 21 -3 —27—-15 =3 5 1-3

X.26( 405 405 21 -3 . . —27—-15 -3 5 1-3 .

X.27| 768 —768 6 —6 . . . -2

X.28| 768 —T68 . . 6 —6 . . A Lo =2

X.29| 810 810 42 18 . —54 30 18 2 —2 2

X.30| 840 840 —56 8 6—6 56 —8

X.31( 840 840 —56 8 —3—-6 56 -8

X.32| 840 840 —56 8 . —3—6 56 —8 .

X.33 896 —896 . .—16 8-—4 . . . . —4

X.34| 945 945 49 1 9 —63—15 1 9 11

X.: 945 945 49 -7 9 —63 45 —7 1 —3 1

X.36| 945 945 49 17 9 —63—15 17—-7 1-3 . .

X.37| 960 960 —64 12-3 64 12-3—-4 1

X.38 960 960 —64 —6—-3 64 —-6-3 2 1

X.39 960 960 —64 . —6—3 64 . —-6-3 2 . 1 .

X.40/1080 1080 56 8 . =9 —72 8 8 . -9 .—-1—-1 2-8

X.41)1792—-1792 . . 4 16—8 . P 2 —4—-16 8 . . . P

X.42|1890 1890 98 10 -9 —126 30 10—6 —2-2 -9 .-1 1 . 2 -2 2

X.43(1920—-1920 —12—-6 P 12 6 2

X.44(1920 —1920 . . —12—-6 . . 12 6 2

X.45[2520 2520—-168 24 B . 9 168 —24 . .9 .

X.46|2560 —2560 .—20 —8 4 20 8—-4 -2

X.472688 —2688 12 6 L—2—-12 —6

X .48|2688 —2688 . .12 6 . . - L= 2-—12 —6 L

X.49[2835 2835 147 —21 .—189 15-21 3 —-1-1 . . 3—-3 3-1

X.50[2835 2835 147 3 —189—-45 3-5 3 3 .. 3 3—-1-—

X.51[3240 3240—-216—24 . ..o 216 24 . . . =1 .

X.52|3584 —3584 —4 8 2 4 4 —8-2

(continued on next page)
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Table 10.1 (continued)

2 5 3 1 3 5 5 2 4 4 3 3 2 2 1 1 3 1 2 3 3 3 3 2
3 2 2 1 2 2 3 1 1 1 1 1 2 2 . 1 1 1 1 B
5 1 . . 1 1 1 . B . . B
7 . . . . . 1 1 . . . . . . . . . 1
8c 9a 95 10a 12a P 14b 14c 15a 1556 18a 186 20a 24a 24b 24c 24d 28a
2P [4e¢ 9a 9b 3a 6b 6b 6¢c 6d 6d 6a 7a Ta 7a 1ba 1bb 9a 9b 10a 12a 120 12F 12F 14a
3P | 8¢ 3¢ 3c 10a 4a 4a 4a 4c 4c 4b l4a l4c 14b 5a 54 6¢c 6¢ 20a 8a 8a 8b 8b 28a
5P | 8¢ 9a 9b 2a 12b 12a 12¢ 12¢ 124 12f 14a 14c 14b 3a 3a 18a 18b 4b 24b 24a 24c 24d 28a
TP | 8¢ 9a 9b10a 12q 12b 12¢ 12d 12e 12f 2a 2b 2b 15b 156a 18a 18b 20a 24a 24b 24c 24d 4a
11P | 8e 9a 9b 10a 12b 12¢ 12c¢ 12e 12d 12f 14a 14b 1l4c 15b 15a 18a 18b 20a 24b 24a 24c 24d 28a
13P | 8e Y9a 9b 10a 12a 12b 12¢ 124 12e 12f 14a 14c 14b 15b 15a 18a 18b 20a 24a 24b 24d 24c 28a
17P | 8e 9a 9b 10a 12b 12a 12¢ 12e 12d 12f 14a 14c 14b 15a 15b 18a 18b 20a 24b 24a 24d 24c 28a
19P | 8¢ 9a 9b 10a 12a 12b 12¢ 12d 12¢ 12f 14a 14c 14b 15a 15b 18a 18b 20a 24a 24b 24d 24c 28a
23P | 8¢ 9a 9b 10a 12b 12a 12¢ 12e 12d 12f 14a 14b 14c 15a 15b 18a 18b 20a 24b 24a 24d 24c 28a
29P | 8¢ 9a 9b 10a 12b 12a 12¢ 12e 12d 12f 14a 14b 14c 15b 15a 18a 18b 20a 24b 24a 24c 24d 28a
31P | 8¢ 9a 9b10a 12q 12b 12¢ 12d 12e 12f 14a 14c 14b 15a 15b 18a 18b 20a 24a 24b 24c 24d 28a
X.1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X.2 2-1-1 3 2 2 -1 1 1 1 1 . .—-1 -1 —1 . L—=1 -1 1
X.3 1 3 1 E /E . . 1 . .o=1 =1
X.4 1 3 1 . . . /E E . . 1 . .—=1 -1 B
X.5 2 B . 1 -1 -1 -1 —1 —1 . . 2 B . 1 1 -1
X.6 3 1 1 1 -1 -1 -2 . 1 1 -1 -1 -1 . .
X.7 2 2 -1 1 -1 2 -1 -1
X.8 2 2 —1 . 1 2 —1 .o—=1 -1
X.9 3 3 -3 -1 —1 . . . . . 1 -1 -1 B
X. . 3 . B 2 -1 -1 -1 1 1 -2 -1
X. 2 2 2 .o —1 1 1 -1 -1 1 B 1 1
X. 3 3 3 1 1 -2 -1 -1 -1 1 1
X.18 —3 -3 —3 1 1 —1 . . . . . . 1 1 -1 —1 .
X. 2 2 -1 2 2 . 1 -1 -1 . . 3 . 1
X. -3 =3 3 -1 -1 1 1 1 . B . . =1 =1 1
X. A /A -1 -1 —1 1 -1 -1 . B . . . F —F 1
X. JA A -1 -1 -1 1 -1 -1 B B B . .—F F 1
X. . -2 1 1 -2 -2
X. . -2 1 1 4 1 .
X. —3 =3 1 1 2 .o—-1 =1 —2
X. . 1 1 1 B 1 . 1
Xz -3 1 B -1 1 1
X. 1 . . =1 -1 . .o—1 . B 1 1 B
X.Z -1 -1 -1 -1 1 1 B . 1 B .o—=1 -1 -1
X. —1 D -D R . R . . R . . . 1
X. —-1-D D . . . . . . . . . 1
X.Z 2 1 1 .G =G
X. 2 1 1 .—G G .
X B . B -2 2
X. 2 2 2 -2 -2 3 . .
X.: AJA 2 1 1 —-F F
X4 /A 'A 2 1 1 . F —F
X. . . -1 -1 —2 1
X0 -3 =3 1 1 1 1
X. -3 -3 -1 -1 1 1
X -3 -3 .o—=1 -1 . . . . . 1 1 .
X 4 4 1 1 -1 —1 - . =3 1
X.Q B /B 1 1 -1 -1 1
X /B B 1 1 -1 -1 . 1
X. 3 3 =1 =1 2 . 1 1 -2
X. . -1 -1 2 -1
X. 3 3 1 1 -1 -1
X. C -C —2
X. . —-C C -2
X. —3 .
X. 2 . 2 -1
X. E /E
X. /E E
X. .
X. -1 1 1 . B . . . . B . .o=1
X. 1 1 -2 1

(continued on next page)
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Table 10.1 (continued)

2 1 1 2 2 2
3 1 1 2 2 2
5 1 1
7 . . . . .
30 30b 36a 36b 36c¢
2P 15a¢ 15b 18a 18a 18a
3P 10a¢ 10a 12¢ 12¢ 12c¢
5P 6a 6a 36¢c 36b 36a
TP 30b 30a 36a 36b 36c¢
11P | 30b 30a 36c¢ 36b 36a
13P | 30b 30a 36a 36b 36¢
17P | 30a 30b 36c 36b 36a
19P | 30a 30b 36a 36b 36¢
23P | 30a 30b 36¢ 36b 36a
29P | 30b 30a 36¢ 36a
31P | 30a 30b 36a 36b 36c¢c
X.1 1 1 1 1 1
X.2 . . -1 —1 —1
X.3 E /E
x.4| /JE 'E
X.5 -1 -1 .
X.6 . . 1 1 1
X.7 -1 —1 —1
X.8 2 2 2
X.9
X.10 1 1 .
X.11 1 1 -1 -1 -1
X.12f -1 -1 .
X.13 .
X.14 -1 —1 —1
X.15 . . .
X.16 H 2 /H
X.17 . . /H 2 H
X.18) —1 -1
X.19] —1 —1
X.20
X.21
X.22
X.23) -1 -1
X.24 1 1
X.25
X.26 . .
x.27 -1 -1
X.28) —1 -1
X.29 . . . . B
X.30 . . -1 -1 —1
X.31 . . H 2 /H
X.32 . . /H 2 'H
X.33 1 1 . . .
X.34
X.35
X.36 .
X.37 1 1 1
X.38 —H -2 —-/H
X.39 —/H -2 —-H
X.40 .
X.41 1 1
X.42
X.43
X.44
X.45
X.46 . .
X.47| —E —/E
X.48|—/E —E
X.49 .
X.50
X.51 . .
X.52| -1 -1

Notes. Here A= —1—2iy/3, B=—2—4i/3,C=—2i/3, D= —iy/1, E=—$(1+iV/15),
F=—iV3,G=—iv/6and H=—1+i/3.
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Table 10.2
Character table of E = Ng(A) = 25.GL5 2)
2 15 15 11 6 3 11 9 7 1 6 3 4 3 3 7 5 4 1 5 5 2 3 3 2
3 2 2 1 2 2 1 1 12 2 1 1 1 1 1 1 11
5 1 1 . .1 . 1 1 1 . . B
7 1 1 1 1 1 11 1 1 1
la 2a 2b 3a 3b 4a 4b 4c Ha 6a 6b 6¢c 7a 7b 8a 8b 8clla 12a 12b12c¢ 14a 14b l4dc
2P Ta Ta la 3a 3b 2a 2a 2b5a 3a 3b3a 7a 7b 4a 4b 4¢c 5a 6a 6a 6b 7a b Ta
3P la 2a 2b la la 4a 4b 4c 5a 2a 2a 2b 7b 7a 8a 8b 8c10a 4a 4a 4b 14b l4a 14d
5P la 2a 2b 3a 3b 4a 4b 4c la 6a 6b 6¢c 7Tb Ta 8a 8b 8c 2a 12b 12a12c¢ 14b lda 14d
TP la 2a 2b 3a 3b 4a 4b 4c 5a 6a 6b 6¢c la la 8a 8b 8cl0a 12a 12b12c¢ 2a 2a 2b
11P la 2a 2b 3a 3b 4a 4b 4c 5a 6a 6b 6¢c Ta Tb 8a 8b 8cl1l0a 12b 12a12c¢ 1lda 14b 1l4c
13P la 2a 2b 3a 3b 4a 4b 4c 5a 6a 6b 6¢c Tb Ta 8a 8b 8clla 12a 12b12c¢ 14b 14a 14d
7P la 2a 2b 3a 3b 4a 4b 4c 5a 6a 6b 6¢ 7b Ta 8a 8b 8c10a 12b 12al2c¢ 14b l4a 14d
19P la 2a 2b 3a 3b 4a 4b 4c 5a 6a 6b 6¢c Tb Ta 8a 8b 8clla 12a 12b12c¢ 14b 14a 14d
23P la 2a 2b 3a 3b 4a 4b 4c 5a 6a 6b 6¢c Ta Tb 8a 8b 8cl1l0a 12b 12al2c¢ 1l4a 14b 1l4c
29P la 2a 2b 3a 3b 4a 4b 4c 5a 6a 6b 6¢c Ta Tb 8a 8b 8cl1l0a 12b 12a12c¢ 1lda 14b 1l4c
31P la 2a_ 2b 3a 3b 4a 4b 4c 5a 6a 6b 6c 7b Ta 8a 8b 8c10a 12a 12b12c¢ 14b 14a 14d
X. 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X. 30 30 14 6 . 14 6 2 . 6 . 2 2 2 6 2 . . 2 2 2 2
X. 124 124 28 1 4 28 12 4-1 1 4 1-2-2 4 . . -1 1 1 .o=2 =2 B
X. 155 155 27 8 5 27 -=5—-5 . & 5 . 1 1 3—-1-1 . . L1 1 1 -1
X. 217 217 =7 7T 4 =7 9 1 2 7 4-1 . -7 1 1 2 -1 -1 . . B
X. 248 —8 —8 14—4 8 . —2—-2 4—-2 3 3 . 2 2 2 .o -1 =1 -1
X. 280 280 56 7—5 56 8 . T—5—-1 8 . . -1 —-1-1
X. 315 315-21 —21 3—-1 3—-1 1
X. 315 315-21 —21 3—1 3—1 1
X. 315 315-21 —21 3—-1 3—-1 1
X. 315 315-21 —21 3—1 3—1 1
X. 315 315-21 —21 3—1 3—-1 1
X.1¢ 315 315-—21 . —21 3—-1 . . . . . 3—-1 1 . . . . .
X. 465 465 —31 3 —31 9-—-3 3 .—-1 A/A 1 1-1 -1 -1 A /A —A
X. 465 465-—31 3 —-31 9-3 3 .—-1/A A 1 1-1 -1 -1 /A  A—/A
X. 465 465 17 3 17—-15 1 3 .—-1 A/A 1 1 1 -1 -1 A /A A
X. 465 465 17 3 . 17-15 1 . 3 .-1/A A 1 1 1 . -1 -1 . /A A /A
X. 496 496 48 —8 1 48 16 . 1-—8 1 =11 . . . 1 1 -1 -1 -1
X. 651 651 —21 6 -5 3 1 6 3—-1-1 1 -2
X.c 651 651 —21 3 -5 3 1 -3 3—-1-1 1 1
X. 651 651 —21 -5 3 1 -3 3—-1-1 1 1 . . .
X.c 744 —24-24 6 6 1 —A—-/A —A
X. 744 —24-—-24 .—6 . 6 1 . . —/A —A—/A
X. 868 868 —28 7 1 1 -2 -1 -1 1 . . .
X. 930 930 50 6 2 2 -1 -1 1
X. 930 930-14 -3 1 1 c /C
X.c 930 930-14 -3 1 1 /C C .
X. 960 960 64 —6 . .o =2 =2 1 1 1
X.c 1024 1024 . —8 4 -1 . . 2 2 B
X.: 1240 1240 —8 1-5 . 1 1 -1 1 1 -1
X.: 1488 —48 —48 . 6 . 2 . . 1 1 1
X.32( 1736 —56—56 —7—4 . -1 D /D
X. 1736 —56—-56 —7—4 . -1 /D D
X.34 1736 —56—56 14 2 . -1 2 2
X. 1736 —56—-56 14 2 P =1 2 2 . . .
X. 1984 —64—-64—-14 4 64 -1 2—-4 2 3 3 1 -2 =2 -1 -1 -1
X.37| 3720—120 8 42 —8 —6 2 3 3 -2 -2 -1 -1 1
X.38[ 3720 —-120 8—21 -8 3 -1 3 3 —-/D —-D -1 -1 1
X.39[ 3720—-120 8—21 -8 3 .—-1 3 3 —D—-/D -1 -1 1
X.40(11160—-360 24 —24 . . B/B . . —A—-/A A
X.41[11160 —360 24 —24 ./B' B —JA —A /A

439
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Table 10.2 (continued)

2 2 1 1 . . 3 3 2 2 1 1

3 1 1 1 1 1 1 1 1

5 . 1 1 . 1 1

7 1 1 1 1 1 . . . . . .
31 1 1 1 1 1 1

14d 15a 136 21a  21b 24a 245 28a 285 30a 305 31a 316 31c 31d 31c 31F
2P 70 15a 156 21a 21b 12a 126 14a 14b 15b 1ba 31a 316 31c 31d 31c 31F
3r l4¢ 5a 3a 76 T7a 8a 8a 28b 28a 10a 10a 31b31f 3le 3lc 3la 31d
5P l4e 3b 3b 21b 2la 24b 24a 28b 28a 6b 6b 31f 31d 31la 31le 31b 3lc
7P 2b 15b 15a  3a 3a 24a 24b  4a 4a 30b 30a 31c 3le 31f 315 31d 3la
11P | 14d 15b 15a 2la 21b 24b 24a 28a 28b 30b 30a 3le 31la 31d 31f 31lc 31b
13P | 14c 15b 13a 21b 2la 24a 24b 28b 28a 30b 30a 31lc 3la 31d 31f 31le 31b
170 | 14c¢ 15a 15b 21b 2la 24b 24a 28b 28a 30a 30b 31b 31f 3le 31lc 3la 31d
19P | 14c 15a 15b 21b 2la 24a 24b 28b 28a 30a 30b 31c 31e¢ 31f 316 31d 3la
23P | 14d 15a 15b 2la 21b 24b 24a 28a  28b 30a 30b 31d 31c 31b 31la 31f 3le
20P | 14d 15b 15a 2la 21b 24b 24a 28a 28b 30b 30a 31d 31lc 31b 31la 31f 3le
31P | 14c 15a 15b 21b 21ag 24a 245 28b 28a 30a 30b la la la la la la

X.1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X.2 L. -1 -1 . . . . L-1 -1 —1 —1 —1 —1
X.3 -1 -1 1 11 1 . Lo-1 =1
x4l -1 .. 1 1. . -1 -1 . .

X.5 -1 -1 . L -1 -1 . Lo-1 -1

X.6 —1 1 1 . . 1 1 —1 —1 . .

x.7 -1 -1 101 1 1 1 1
X.8 G 1 /I /G /H H
X.9 H /G & /H I /I
X.10 T H /JH JI GG
X.11 JH G /q¢ 'H /11
X.12 J1/H 'H 1/ @
X.13 . L . . JjG 'y I G H/H
X.14|—/A A /A 1 1 —A—/A .

X5 -4 JA A 1 1-/A LA

xi6l ;4 . . A /A 1 1 A /A

xa7l A . . /A A 1 1 /A A .

X.18 —1 1 1 —1 —1 . . —1 —1 1 1

X.19 11 1 1

X.20 E /E /E B

X.21 /E B E /E

x.22[—/4 -1 -1 A JA 1 1

x.23 —4 -1 —1 . /A A 1 1

X.24 11 -1 -1 1 1

X.25 1 —1 —1 . . 1 1

X.26 L —A—/A —1 —1

X.27 L. —JA A -1 -1 . . . IR
x.o28 1 .. 1 1. 1 1 . L-1 -1 —1 —1 —1 —1
X.29 L-1 -1 -1 -1 . . . .o-1 -1 1 1 1 1 1 1
X.30 —1 . . 1 1 1 1 —1 —1 . .

x.31 1011 .o-1 -1 -1 -1

X.32 11 F—F -1 -1

X.33 11 —-F F -1 -1

X.34 /E E —-E-/B

X.35 E /E . . —/E -E

x.36 —1 —1 —1 . A 1 1 1 1

X.37 1 . . . . . . —1 —1

x.38] 1 -F F -1 -1

x39 1 . . . . F-F -1 -1

x40l /a4 .. . ... —A—/A

x.41| A . . .. .—/A LA

Notes. Here A= —5(1+iVT), B==3(1+iV7),C=~1-iJ/T,D=~1-2i/3, E=
%(71+i\/ﬁ),F=7i\/§,G=§15+§23+§2’7+529+$30,H=.’;'-ll+§13+$21+€22+
526 and / :57 +§14 +519 +525 +528, where £ is a primitive 31st root of unity.
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Table 10.3
Character table of D = Ny (A)

2 | 15 15 14 11 10 6 3 11 10 9 9 9 7 6 1 6 3 5 4 83 3 3 7 6 5 5
3 2 21 1 122 1 1 1 . . . . 122111 L1

5 1 1 . 1 1

7 1 111 o1

Ta  %a_2b 2c 2d 3a 3b 4a 4b_4c 4d 4c 4F 4g ba Ga Gb 6c 6d Ge 7a 7b 8a 8L Bc 8d

3P [ 1a  1a la la 1a 3a 3b 2a 2b 2a 2b 2b 2¢ 2d ba 3a 3b 3a 3a 3a Ta 7b 4a 4b 4c 4e
3P| 1a  2a 2b 2c 2d1lala 4a 4b 4c 4d de Af 4g 5a 2a 2a 2b 2c 2d 7b Ta 8a 8b 8c 8d
5P| 1a  2a 2b 2c 2d3a 3b 4a 4b 4c 4d 4e 4f 4g 1a Ga Gb 6c 6d Ge Tb Ta 8a 8b 8c 8d
7P| la  2a 2b 2¢ 2d3a 3b 4a 4b 4c 4d 4e Af 4g 5a 6a 6b 6¢ 6d 6e la la 8a 8b Sc 8d
11P| la  2a 2b 2c 2d3a 3b 4a 4b 4c 4d 4e 4 49 5a Ga 6b 6c 6d 6e Ta Tb 8a 8b 8c 8d
13P| la  2a 2b 2¢ 2d 3a 3b 4a 4b 4c 4d 4e Af 4g 5a 6a 6b 6¢ 6d 6e Tb Ta 8a 8b 8¢ 8d
17P| la  2a 2b 2c 2d 3a 3b 4a 4b dc 4d de Af 4g 5a 6a 6b 6¢ 6d 6e 7b Ta Sa 8b 8c 8d
19P| 1a  2a 2b 2c 2d 3a 3b 4a 4b 4c 4d 4e 4f 4g 5a Ga 6b 6¢ 6d Ge Tb Ta 8a 8b 8c 8d
23P| 1a  2a 2b 2c 2d3a 3b 4a 4b 4c 4d 4c Af 4g 5a 6a 6b 6¢ 6d Ge Ta 7b 8a 8b 8c 8d
20P| 1a  2a_2b_2c_2d 3a 3b 4a 4b_4c 4d de 4f 4g 5a 6a 6b 6¢ 6d Ge Ta Tb 8a 8b 8c 8d
X1 1 T 1 1 1 11 1 1 1111111111111 T
x2| 7 7 7 7T -1 14 7 -1 3-13 3-1 2 1 4 1 1-1 1
X.3 14 14 14 14 6 2—1 14 6 2 6 2 2 2-—-1 2—1 2 2 .
X4l 15 15 15 -1 7 3 . -1 7 3-1 3-1-1 . 3 . 3-1 1 1 1 1
X.5| 20 20 20 20 4-1 5 20 4 4 4 4 4 . .—1 5-1-1 1-1-1 .
X6 21 21 21 21 -3 6 21 -3 1-3 1 1 1 1 6 -1
X.7| 21 21 21 21 -3 3 21 -3 1-3 1 1 1 1 3 -1
X.8 21 21 21 21 —3 —3 21 —3 1-3 1 1 1 1 .—3 . . . —1
X9l 28 28 28 28 —4 1 1 28 —4 4-4 4 4 .-2 1 1 1 1-1 .
X.100 35 35 35 35 3 2 5 35 3 —5 3-5-5-1 2 5 2 2 -1
X.11| 45 45 45 45 -3 45 —3 —3-3-3-3 1 1
X.12| 45 45 45 45 -3 45 —3 —3-3-3-3 1 1
X.13| 45 45 45 -3 -3 -3 -3 -3 5-3 1-3 1
X.14 a5 a5 45 —3 —3 -3 -3 -3 5-3 1-3 1
X.15| 56 56 56 56 8
X.16) 64 64 64 64
X7 70 70 70 70 —2
X.18 90 90 90 -6 18 .
X.19) 105 105 105 -7 1 -1
X.20| 105 105 105 —7 17 —1
X.21| 105 105 105 —7 —7 . 1
X.22/ 120 120 120 -8 8 101 .
X.23 120 120 -8 8 . 11 —2
X.24| 120 120 —8 —8 —8 11
X.25 120 120 —8 —8 -8 11
X.26] 120 120 —8 —8 —8 : 11
X.27| 128 —128 . . —2-8 4 . . . 2 2 .
X.28 210 210 210—14 10 -3 .-3 1 1 . 2-2 .
X.20| 315 315 315—21 3 L3-1 1 1
X.30| 315 315 315—21—21 .3 3-1-1
X.31] 360 360-24 24 /A A 2
X.32| 360 360—24 24 . A/A 2-2
X.33] 360 360—24-24-—24 . . N )
X.34| 360 360—24—24—24 . . 24 24 . . . . . . . . . . .a/A
X.35/ 384 —384 . . . .—6 . . . . . . .—1 6 . . B/B
X.36| 384 —384 . -6 -1 6 /B B
X.37| 720 72048 48 —48 24 -8 . “1-1
X.38] 768 —768 . . 6 . . -2 .—6 —2-2 .o
X.39 840 84056 56 6 .—56 .—12 4 6 .—2 2 —2 2
X.40| 840 840-56—56 8 6 . 56 —8 6 .—2-2 2
X.41| 840 840-56-56 8-3 . 56 —8 -3 1 1-1
X.42| 840 840-56—56 8—3 . 56 —8 -3 .1 1-1
X.43| 896 —896 . . . 8 2 . . 1-8-2
X.44) 896 —896 . . . 8 2 1-8-2
X.45( 896 —896 . . .—d4-—4 14 4
X.46) 896 —896 . . .—4—4 . 14 4 . . .
X.47| 960 960—64 64 .—6 .—64 .—6 . 2-2 11
X.481024—-1024 . . .-8 4 -1 8-4 2 2

(continued on next page)
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Table 10.3 (continued)

2 5 4 1 5 5 4 4 2 3 3 2 2 2 2 1 1 3 3 2 2 1 1
3 . 1 1 1 1 11 . . . . . 1 1 1 1 . . 1 1
5 1 . . . . . . . . . 1 1 . . 1 1
7 R . . . . . 1 1 1 1 1 1 . . . 1 1 . .
8e 8f 10a 12a 12b 12c 12d 12e  14a 14b 14c 14d 14e 14f 15a 15b 24a 24b 28a 28b 30a_ 30b
2P [4d 4f 5a 6a 6a 6c 6c 6b Ta b Tb Ta Tb 7a 15a 15b 12a 12b 14a 14b 15a 15b
3P | 8e 8f 10a 4a 4a 4b 4b 4c 14b 1l4a 14f 14e 14d 1l4c 5a 5a 8a 8a 28b 28a 10a 10a
5P | 8¢ 8f 2a 12b12a 12d 12c 12e 14b 14a 14f 14e 14d 14c 3b 3b 24b 24a 28b 28a 6b 6b
7P | 8¢ 8f 10a 12a 12b 12¢ 12d 12e 2a 2a 2b 2c 2c 2b 15b 15a 24a 24b da 4a 30b 30a
11P | 8e 8f 10a 12b 12a 12d 12c¢ 12e 14a 14b 14c 14d 14e 14f 15b 15a 24b 24a 28a 28b 30b 30a
13P | 8e 8f 10a 12a 12b 12c¢ 12d 12e 14b 14a 14f 14e 14d 14c 15b 15a 24a 24b 28b 28a 30b 30a
17P | 8e 8f 10a 12b 12a 12d 12c¢ 12¢ 14b 14a 14f 14e 14d 14c 15a 15b 24b 24a 28b 28a 30a 30b
19P | 8e 8f 10a 12a 12b 12c¢ 12d 12e 14b 14a 14f 1l4e 14d 1l4c 15a 15b 24a 24b 28b 28a 30a 30b
23P | 8e 8f 10a 12b 12a 12d 12¢ 12e¢ 1l4a 14b 14c 14d 14e 14f 15a 15b 24b 24a 28a 28b 30a 30b
29P | 8e 8f 10a 12b 12a 12d 12c 12e 14a 14b 14c 14d 14e 14f 15b 15a 24b 24a 28a 28b 30b 30a
X1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X.2(—-1 1 2 1 1 -1 —1 B . B . . . -1 -1 -1 —1 B B -1 -1
X.3 2 Lo—=1 2 2 . .o—1 . B . . . Lo—=1 =1 . . . . —1 -1
X.4|-1-1 -1 -1 1 1 . 1 1 1 -1 -1 1 . -1 -1 -1 -1 .
X.5 . . -1 =1 1 1 1 -1 -1 -1 -1 -1 -1 . . 1 1 -1 -1 B .
X.6| 1-1 1 . . . . =2 1 1 . . 1 1
X7 1-1 1 . . . .1 E /E . . E /E
X8 1-1 1 . . . . 1 JE E . . /JE 'E
X.9 . . =2 1 1 -1 —1 1 . B . . . . 1 1 -1 -1 . 1 1
X.10{—1 —1 2 2 . . 1 . . . . . . . . . . .
X.11] 1 1 A JA /A A /A A A /A
X.12 1 1 /A A A /A A /A /A A
X.13| 1 -1 . . . . . A JA JA —A-/A A . . . —A—-/A .
X.14] 1 -1 . . . . . /A A A—-/A —A JA . . .—/A —A . .
X.15 B 1 -1 -1 —1 —1 . B . . . . 1 1 -1 —1 . 1 1
X.16| . -1 =2 =2 . . . 1 1 1 1 1 1 -1 -1 . . 1 1 -1 -1
X.17(—-2 . 1 1 1 1 -1 . . . . . . B . 1 1 . .
X.18|—-2 . . . . . -1 -1 -1 1 1 -1 . . 1 1
X.19) 1 1 -1 =1 1 1 . . . . . . -1 -1
X.200 1 1 -1 -1 —1 —1 1 1
X.21f 1 -1 -1 -1 -1 —1 . . . . . . 1 1 . .
X.22 B . 1 1 -1 =1 1 1 1 -1 -1 1 1 1 -1 =1
X.23 -2 =2 . . 1 1 -1 1 1 -1 . .o=1 =1
X.24 2 2 2 2 1 1 -1 -1 -1 =1 . . 1 1
X.25| . . C /O -1 =1 1 1 -1 -1 -1 =1 . . F —-F 1 1 .
X.26 . . /C C —1 —1 1 1 -1 -1 -1 -1 . .—F F 1 1 . N
X.27 B 2 . . B . -2 =2 1 1 . . . . —1 —1
X.28] 2 . 1 1 1 1 -1 -1
X.29|—-1 —1 B . . . . B
X.30|—-1 1 . . . . . . . . .
xX.31 . . /A A —A /A A—/A .—/A —A
X.32 A JA—-/A A JA —A . —A—/A
X.33 . /A A —A—-/A —A—-/A . /A A . .
X.34 . A JA—-/A —A—-/A —A . . A /A . .
X.35 1 -B —/B . . . .o=1 =1 . 1 1
X.36 1 —-/B —B . . . .o=1 =1 1 1
X.37 . —1 -1 1 -1 -1 1 B . 1 1 . .
X.38 2 . . . . 2 2 1 1 —1 -1
X.39 L—2 =2 . . . . B . . .
X.40 2 2 =2 =2 . .
X.41 /C C 1 1 F —F
X.42 . C /C 1 1 . .—F F . .
X.43 -1 . . . . E /E . . . —E -/E
X.44 -1 .. /E E .—/E —-E
X.45 —1 . . D —-D 1 1 —1 -1
X.46 -1 . .—D D . . . . . . 1 1 . . -1 -1
X.47 . 2 2 1 1 -1 1 1 -1 . . -1 -1 . .
X.48 1 . . -2 =2 . . . -1 =1 . . 1 1

Notes. Here A =

andF:i\/g.

3 +iVD, B=—1+iV7,C=—1+2iV/3, D =-2i/3, E= § (-1 +iV/13)
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Table 10.4
Character table of Hy
216 6 53 3 3 1155 44331133 2 2
3 |2 2 2 2 2 2 1 1 . .22 2 2 . . 1 1
Ta 2a 26 2c 3a 30 3¢ 3d 4a 4D 4c 4d 6a 6D 6c 6d 8a 8b12a 120
TP [Ta 1a la la 3a 36 3¢ 3d 2a Za 2b 26 3b 3a 3¢ 3d 4a 4b 6a 656
3P [la 2a 2b 2¢ la la la la 4a 4b 4c 4d 2a 2a 2a 2a 8a 8b 4a 4b
5P [la 2a 2b 2c 3a 3b 3¢ 3d 4a 4b 4c 4d 6a 6b 6c 6d 8a 8b12a12b
7P [la 2a 2b 2¢ 3a 3b 3¢ 3d 4a 4b 4c 4d 6a Gb 6c 6d 8a 8b12a12b
11P|la 2a 2b 2c 3a 3b 3c 3d 4a 4b 4c 4d 6a 6b 6¢ 6d 8a 8b12a12b
X1|1 T T 1T 1 1T T 1T 1T 1 1 1 1 1 1 1 1 1T I 1
x2/1 1 1—1 1 1 1 1 1 1-1—-1 1 1 1 1—-1—-1 1 1
X.312 2 2 L 2=-1—-1—-1 2 2 2—-1-1-1 2 -1
X4|l2 2 2 .—1—-1—-1 2 2 2 —1-1 2-1 —1-1
X502 2 2 .—1-1 2-1 2 2 —1-1-1 2 —1-1
xX6|l2 2 2 .—1 2—-1—-1 2 2 -1 2-1-1 -1 2
X713 3-1 1 3 3-1-1-1 3 1-1 . -1
X.8!3 3—-1—-1 .3 3—-1 1 1 .3 -1 1 .—1
x93 3-1 1 3 —1 3-1-1 3 -1 1 -1
X.100 3 3—1—1 3 -1 3 1 1 3 . 1-1 -1
X.11| 4—4 —2-2 1 1 2-2 2 2-1-1
X120 4-4 . —2-2 1 1 . .—2 2 2 2-1-1 .
x.13 6 6—2 -3 . 6—2 1 L1
x4 6 6-—2 .—3 . . .—2 6 [ 1
X.15 8—8 2—4—-1-—1 -2 4 1 1
x.16] 8—8 —4 2-1-1 4-2 1 1
X.170 8 -8 2 2-1 2 —2-2-2 1
x.18 8—8 L2 02 2-1 L—2-2 1-2 .
x.1909 9 1-1 —3-3-1-1 101
X.2009 9 1 1 —3—-3 1 1 —1-1
Table 10.5
Character table of E(
216 6 4 155 1 . . 3 3
3 (11 1. .1 .
7 1 - - - - - .11 . .
1a 2a 2b 3a 4a 4b 6a 7a 7b 8a 8b
2P |Ta 1a 1a 3a 2a 2a 3a 7a 7b 4a 4b
3P |la 2a 2b la 4a 4b 2a 7b 7a 8a 8b
5P [la 2a 2b 3a 4a 4b 6a Tb Ta 8a 8b
7P [la 2a 2b 3a 4a 4b 6a la la 8a 8b
X111 I 1T 1 1 1 1 1 1 1 1
X.21 3 3-—-1 —1-1 . A/A 11
X383 3-1 .—-1-1 ./A A 1 1
X.4l6 6 2 . 2 2 .—1-1 . .
X5 7-1-1 1-1 3-1 . .—-1 1
X.6[7-1-1 1 3-1-1 . . 1-1
X777 7—-1 1—-1-—-1 1 - —1-1
X888 .—1 . .—-1 1 1
X.91d—2-2-1 2 2 1 . . . .
X.1021-3 1 .—-3 1 . . . 1-1
X.1121-3 1 . 1-3 . . .—1 1
Note. Here A= —%(1+i/7).
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Table 10.6
Character table of Ny = Ng (dp)
2 7 7 4 6 3 3 3 1 .22 1154 63 3 322111 2 213
3 7 3 3 7 7 7 7 7 755552 1 33 3 333333 2 211
7 1 1 1. . . . . . 1.
13 1. 1 . L
Ta 2a 26 3a_3b 3¢ _3d 3¢ 37 39 3h 3i 3j 4a 4b_Ga 6b__Gc__6d 6ec 6F 69 6k 6i__6; 6k 7a 8a

2P [ 1a la la 3a 3c 3b 3d 3¢ 37 39 3h 37 3j 2a 2a 3a 3d 3¢ 3b 39 3h 3j 3¢ 3¢ 3h 3k 7a da
3P la 2a 2b la la la la la la la la la la 4a 4b 2a 2a 2a 2a 2a 2a 2a 2b2a 2b 2b 7a 8a
7P| la 2a 2b 3a 3b 3c 3d 3e 3f 3g3h 3i 3j 4a 4b 6a 6b 6c 6d 6e 6f 69 6h 6i 65 6k la 8a
13P| la 2a 2b  3a 3b 3c 3d 3e 3f 3g3h 3i 3j 4a 4b_6a 6b _6c__ 6d 6e 6f 6g 6h 6i 6 6k Ta 8a
X1 T 1 1 T 1 1 1 1 1 111111 11 1 111111 1 1171
x2[ 1 1 -1 i1 1 1 1 111 111-1 11 1 11 1 1-1 1 —1 —1 1 1
x.3] 2 2 -1 -1 -1 2 2 -1 2 2-1—-1 2 -1 2 -1 -1 2 2—-1 .—1 . . 2 2
Xx.4| 14 —2 14 5 5 5 —4 —4 2-1 2-1 2 -2 1 1 1-2 1 1 .-2 I —I

X.5| 14 —2 14 5 5 5 —4 —4 2-1 2-1 2 -2 1 1 1-2 1 1 .-2 —I I .
X.6| 28 -4 . —14 —5 —5 10 —8 4 4-2-2 1 4 2 2 -1 —1-4 2-1 . 2 . . .
X.7| 64 8 64 —8 —8 —8 1 1 4-2 4-2 . -1 J /T 1
x.8| 64 8 64 —8 —8 —8 1 1 4-2 4-2 . -1 /I T 1
X.9| 64 -8 64 -8 —8 —8 1 1 4-2 4-2 . 1 .—/J —J 1
x.10l 64 . —8 64 —8 —8 —8 1 1 4-2 4-2 . . . . . . R T S A
x.11f 78 -2 -6 78 -3 -3 -3 -3 -3-3 6-3 6 2 2 -2 1 1 1 1-2-2 3 1 . . 1
X.12 78 -2 6 78 —3 —3 —3 -3 —3-3 6-3 6 2—-2 —2 1 1 1 1-2-2-3 1 . . 1 .
X.13 91 —5 —7 91 10 10 10 10 10 1 1 1 1 3 1 —5-2 —2 -2 1 1 1 2 1 —1 —1 .—1
X.14 91 -5 7 91 10 10 10 10 10 1 1 1 1 3-1 —5-2 -2 -2 1 1 1-2 1 1 1 .-—1
X.15( 104 8 —8 104 14 14 14 5 5 2—1 2—1 . 8 2 2 2 2-1-1 1 2 1 1-1
X.16/ 104 8 8 104 14 14 14 5 5 2-1 2-1 8 2 2 2 2-1-1-1 2 —1 —1-1
X.17[ 128 . . —64 & 8—16 2 —1 8—4—4 2 . .o .o 2
X.18 128 . —64 8 8-16 2 —1 8—4—4 2 . . . o . 2
X.19[ 156 —4 —78 3 3 —6 —6 3-612 3—6 4 2 2 -1 -1 2-4 2 .—-1 2 .
X.20[ 168 8 168 6 6 6 6 6-3 6-3 6 . 8 2 2 2-1 2 2 .—1 .o
X.21 168 8 168 6 6 6 6 6-3 6-3 6 . 8 2 2 2-1 2 2 .-1 .
X.22[ 18210 —91-10—10 20 20—10 2 2-1-1 6 5—4 2 2 2 2-1 .—1 —2
X.23[ 182 6 182 11 11 11 2 2 8-4 8—4 2 6 3 3 3 . . . . .
X.24[ 182 6 —91 A /A 11 2 —1 8-4-4 2 2 -3 3 F JF .
X.250 182 6 —91 JA A 11 2 —1 8-4-4 2 2 -3 3 /F 'F . .
X.26[ 208 16 —104—14—14 28 10 —5 4-2-2 1 4 -2 -2 -2
X.27| 336 16 —168 —6 —6 12 12 —6-6 12 3—6 4 -2 1 .
X.28 364 12 —182 B /B 13-14 7 4 4-2-2 —F .
X.20[ 364 12 —182 /B 'B 13—-14 7 4 4-2-2
X.30[ 364 12 364 13 13 13-14—14 4 4 4 4 .
X.31| 546 —14 546 33 33 33 6 6 6 6 6 6 —2
X.32| 546 —14 —273 C /C 33 6 —3 6 6-3-3 1
X.33[ 546 —14 —273 /C 'C 33 6 —3 6 6-3-3 7 1 .
X.34[ 720 9-27 720 . . . . . . . . . 9 . 1-1
X.35 720 9 27 729 . . . . . 9 . . 1-1
X.36( 819 3 21 819 9 9 9 9 9 . . . . 3 3 4 3 . 1
X.370819 3-21 819 9 9 9 9 9 . . . .—1 3 3-3 —3 -3 -3 .. 1
X.38[ 832 8 832-32-32-32 —5 —5 4 4 4 4 . -1 2 2-1
X.39[ 832 —8 832-32-32-32 —5 —5 4 4 4 4 . 1 -2 —2-1
X.40[ 896 . —448-16—16 32-22 11—4—4 2 2 . . .
X.41[ 896 —448-16-16 32-22 11-4-4 2 2 . .o . R

X.42[ 896 . 806 32 32 32-22-22-4—-4—-4—4 . .o . o .

X.431092 4 —546 D /D—15 12 —6-6-6 3 3 4 -2 1 /G G-2-2 1 1

X.441092 4 —546 /D D—15 12 —6—-6—6 3 3 4 -2 1 'G /G-2-2 1 1

X.451092 4 1092 -15—-15—15 12 12-6-6-6-6 4 41 1  1-2-2-2 .-2

X.46[1456 — 16 — 728 E /E -2 -2 1-2-2 1 1 8 2 H /H 2 2-1 -1

X.47[1456 —16 —728 /E E —2 —2 1-2-2 1 1 8 2 JH H 2 2-1 .—1

X .48[1456 —16 1456 —2 —2 —2 —2 —2-2-2-2-2 . —16 2 2 2 2 2 2 2 . .
X.491458 18 —729 . . . .. -6 -9 . . 2-2
X.50[1638 6 —819 —9 —9 18 18 —9 . L2 -3-6 3 3 L2
X.51[1664 . —832 32 32-64-10 5 8 8—4-4 . . . -2

(continued on next page)
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Table 10.6 (continued)

2 1 1 1 . . . 5 5 2 2 2 2 2 . 1 1 1 1 3 3 . .
3 4 4 4 4 4 4 2 2 2 2 2 1 1 1 . 2 2 2 1 1 1 1 1
13 . - . . . B . . . . - . . 1 . B . - - - . 1 1
9a 9b 9c¢ 9d 9e Of 12a 12b 12c12d 12e 12f 12g13a 14a 18a 18b18c21a 24a 24b 39a 39b
2P [9a 9¢ 9b 9e 9d 9f 6a 6a 6c 6b 6d 6e 6el3a 7a 9b 9¢ 9a2la 12b12a 39a 39b
3P |3e¢ 3e 3¢ 3e 3e 3e 4a 4a 4a 4a 4a 4b 4b13alda 6h 6h 6h T7a 8a 8al3al3a
7P |9a 9b 9¢ 9d 9e 9f 12a 12b 12c12d 12e 12g 12f13a 2b 18a 18b18c 3a 24a 24b 39b39a
13P |9a 9b 9c¢ 9d 9e 9f 12a 12b 12c12d 12e 12f 12g lald4a 18a 18b18c2la24a 24b 3a 3a
X.1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X.2 1 1 1 1 11 1 1 1 1 1 -1 —1 1 -1 -1 -1 -1 1 1 1 1 1
X3/ 2 2 2 -1 —-1—-1 -1 -1 -1 2 -1 . B 2 . . . =1 -1 -1 -1 —1
X4 2-1-1 -1 -1 2 2 2 -1 -1 —1 . . 1 . —I I . . . . 1 1
X5 2-1-1 -1 -1 2 2 2 -1 -1 -1 . B 1 . I —I . . . B 1 1
X.6| 4 —-2-2 1 1-2 -2 =2 1 -2 1 . B 2 . . . . . . =1 -1
X701 G/G G /G 1 -1 1 /M M -1 1 -1 -1
X8| 1/G'G¢ /G G 1 -1 1 M /M -1 1 -1 —1
X9 1/G G /G G 1 -1 -1 -M—-/M 1 1 L—-1 =1
x.100 1 ¢/G ‘G /G 1 . .. .. . -1-1—-/M =M 1 1 -1 -1
X.11 . . . . 2 2 -1 -1 -1 -1 =1 B 1 B 1 . .
X.12| . B . B 2 2 -1 -1 -1 1 1 .=1 1
X.131 1 1 1 1 11 3 3 . . 1 1 B B -1 -1 -1 =1 -1
X.14 1 1 1 1 11 3 3 -1 —1 1 1 1 -1 -1
X.15 2 —-1—-1 —1 —1 2 B B -1 1 1 -2 -1
X.16) 2 —-1-1 -1 —1 2 1 -1 -1 2 -1
X.171 2/H H-/G -G -1 . -2 -1 11
X.18 2 H/H —-G—-/G-1 . -2 -1 101
X.19| ] 1 -2 1 . -1
X .20 . N N-N —1 -1 -1
X.21 . . . . —N N -1 -1 —1
X.220 2 2 2 -1 —-1-1 -3 =3 . 11
X.23—4 2 2 2 2—-4 2 2 -1 -1 —1
X.24—-4 2 2 -1 -1 2 K /K M -1 /M -1 I
X.25-4 2 2 -1 -1 2 /K /M —1 M I —I
X.26| 4 —2 —: 1 1-2 . . . . 1
X.27 . . . . . . . -2 1 1
X.28[—2 —2 —2 1 11 -2 =2 G 1 /G .
X.29|-2 —2 -2 1 11 -2 -2 /G 1 G
X.30[—2 -2 -2 -2 —-2-2 4 4 1 1 1
X.31 . -2 =2 1 1 1 .
X .32 -/K -K—-/M 1 —-M I -1
X.33| -K—-/K -M 1—-/M . -1 I .
X .34 -3 =3 . . 1 1 1 -1 -1 1 1
X .35 -3 =3 . . . . . 1 -1 B B . 1 -1 -1 1 1
X.36| . . . -1 =1 -1 -1 -1 . . . . . . . . 1 1
X.37 . . . -1 -1 -1 -1 —1 . . . . . . . . 1 1
X.38 1 1 1 1 11 1 -1 -1-1-1 . .
X.39) 1 1 1 1 11 B .=1 1 1 1 -1 . .
X.400 2 2 2 -1 —1-1 . . . . . . =1 . . . . . . . O /O
X.41 2 2 2 1 —-1-1 . . . . . . .o—=1 . . . . . . . /O O
X.42) 2 2 2 2 2 2 . . . . . . =1 . . B . . . =1 -1
X.43| /L —M 1—-/M .
X .44 /L L—-/M 1 —-M
X.45| . . . 4 1 1 1
X.46|—-2 —2 —2 1 11 . . . .
X.471—-2 -2 =2 1 11
X.48/-2 -2 -2 -2 —2-2 . . . . . . . . . . .
X .49 . . . 3 3 . . . . B 2 . B B .—=1 1 1 -1 -1
X.50 . . . . . 1 1 1 -2 1 . . . . . . . .—-1 -1
X.51 2 2 2 -1 -—-1-1 . . B . B B . 1 . .

Notes.Hete A=—4 + i3, p=-% - 23 c=-3+%ivap=3 -2i/3 E=
1-27i3, F=3(-1+iV3), G=—% + 3iV3, H=~1+3iV/3, [ =iv/3, J = -1 - i3,
K=—1-2i/3L=-2—4iV3, M=3(1+iv3),N=+3and 0 = }(1 +i/39).
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Character table of Ny = Ng (dy)

Table 10.7
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Table 10.7 (continued)
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(1—i+/15) and K = —i«/6.

A

(5+3iv/3), B=1+3iv/3,C=~5-3i/3, D= S(1+3iv3), E = —2+3i/3,
- 1
- 2

1
2

F=-iV3,G=-1-iV3, H=4$1-iV3).1

Notes. Here A



448 M. Weller et al. / Journal of Algebra 298 (2006) 371-459

Table 10.8
Character table of Ny = Ng (D)
2 4 4 2 1 3 1 2 1 1 i1 . 1 .3 31 12 2 2 1 11 11
3 |10 4 4 10 7 & 7 6 6 6 5 5 4 4 1 3 4 4 3 3 3 3 3 3 2 2
1a 2a 2b Ba 56 3¢ 5d 3e 3J 3g 3h 31 3, 3k 4a 6a 6b 6c 6d 6e 6F 69 6h 67 65 6k
2P [ 1a la la 3a 3b 3¢ 3d 3e 3f 3g 3h 3¢ 37 3k 2a 3b 3¢ 3a 3d 3d 3d 3g 3f 3e 37 3h
3P |la 2a¢ 2b la la la la la la la la la la la 4a 2a 20 2b 2a 2b 2b 2b 2b 2b 2a 2b
X.1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X.2 1 1—-1 1 1 1 1 1 1 rTr 111 1-1 1-1-1—-1—-1—-1 1-1
X.3 2 -2 2 2 2 2 2 2 —-1-1 .—-2-2 .-2 . P §
X.4 2 =2 2 2 2 2 2 2 —-1-1 .-2-2 .-=2 B e
X.5 2 2 2 2 2 2 2 2 —-1-1 2 2 2 . 2 . ... .=1 .
X.6 3 3 1 3 3 3 3 3 3 .—1 3 3 1 3 1 11 1 1 . 1
X.7 3 3—-1 3 3 3 3 3 3 - -1 3 3-1 3 -1 -1—-1-1-1 =1
X.8 4 —4 . 4 4 4 4 4 4 11 .—4—-4 .—-4 . .
X9l 8 .2 & 8 8 8 5 5 2-1 L2 L 2 2-1-1-1 -1
X. 8 =2 8 8 8 8 5 5 2—-1 -2 . -2-2 1 1 1 . 1
X. 8 .2 8 8 8 8 —1 —1 2 2 .2 . 2 2-1-1-1 .-1
X. 8 .—2 8 8 8 8 —1 —1 2 2 L—2 =2 -2 1 1 1 .1
X. 16 . 16 16 16 16 10 10 2-2 1
X. 16 16 16 16 16 —8 -8 2-2 1
X. 16 16 16 16 16 —8 —8 —8-2-2-2 1
X. 16 16 16 16 16 —2 —2 —2-2-2-2-2
X. 16 . 16 16 16 16 —8 —8 —8-—-2-—-2 4-2 .
X. 24 8 24—-12 -3 6 6—-3-3 . 2 -1
X. 24 8 24—-12 —3 6 6—3 .03 2 2
X. 24 8 24—-12 —3 6 . 6—-3 3-3 2 -1
X.Z 24 -8 24—-12 -3 6 6—-3-3 . -2 - 1
X. 24 —8 24—-12 —3 6 6—-3 . 3 =2 P -2
X.Z 24 -8 24—-12 -3 6 6—3 3-3 4 1 =2 . F e
X. 24 —2 24 24 24 24 6 6 6—-3-3 L—2 =2 —2-2-2-2 .1
X. 24 2 24 24 24 24 6 6 6—-3-3 L2 . 2 2 2 2 2 (-1
X.Z 24 —2 24 24 24 24 -3 -3 -3 6 6 =2 . =2-2 1 1 1 .-=2
X. 24 2 24 24 24 24 -3 -3 -3 6 6 . 2 . 2 2-1-1-1 . 2
X.Z 48 48 —-24 —6 12 -6 3—-6 .
X. 48 48 -24 —6 12 -6 3 .-3
X.: 48 . 48 —24 —6 12 -6 3 6 3 . .
X.: 54 6 54 2727 -2 3-3
X. 54 6 54 27-27 2 3-3
X0 54 6 54 27 =27 2 3-3
X. 54 6 54 27-27 -2 3-3
X0 54 —6 54 27 -27 .—3 3
X. 54 —6 54 27 -—27 -3 3
X.: 54 —6 54 2727 -3 3
X0 54 —6 . b4 27-27 -3 3 . . B
X.39(108 12 6 108 27 -27 3 6-3 -3 -3
X.40[108 12—6 108 27 =27 3—6-3 3 3
X.41(108 —12 108 27 -27 —3 3 A—-A
X.42|108 —12 108 27 —27 -3 3—A A
X.43[144 144 —-72—-18 36 -
X.44[216 6—27 —9 9 —3 3-3
X.43[216 —6—-27 -9 9 3 3 3
X.46[216 6—27 —9 9 —3 3—-3
X.47216 —6—27 . . . . =9 9 . . . .. . .3 . -3 3 .
X.48)216 . 627 . . . 9 .—=9 . . N N . . .—3 . N .—3 3
X.491216 .—6-27 . . . 9 =9 .. . .3 3 —3
X.50432 —54 —18 18
X.51[432 . .—54 B B . .—18 18
X.52432 . .—b54 B B .18 .—18

(continued on next page)
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Table 10.8 (continued)
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V3, D=—¢"7 -9 E=—¢—¢'Mand F

3), where £ is a 24th root of unity.

Notes. Here A = —3i/3, B=—i2, C

3i
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Table 10.9
Character table of N1g = Ng(d1g)
2 4 4 2 3 1 4 4 1 1 11 1 1 1 1 .. . . . 3 38 4
3 10 4 4 10 9 7 7 7 7 7 5 5 5 5 5 5 5 5 5 5 3 4 3
la 2a 2b 3a 3b 3c 3d 3e 3f 3g 3h 3¢ 3j 3k 313m 3n 30 3p 3q 4a 6a__ 6b
2P | 1a lala 3a 3b3d 3c 3e 3f 3g3h 3i 35 3k 313m 3n 3q 3p 30 2a 3a 3d
3P | la 2a 2b la la la la la la la la la la la la la la la la la 4a 2a  2a
X.1 1 11 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1
X.2 1 1-1 1 1 1 1 1 1 i1 1111 1 1 1 1 1 1 1 1
X.3] 2 =2 2 222 2 2 2 2-1-1-1-1 2-1-1-1-1 .-2 =2
X.4 2 =2 2 2 2 2 2 2 2 2-1-1-1-1 2-1-1-1-1 .-2 =2
X5 2 2 2 22 2 2 2 2 2-1-1-1-1 2-1-1-1-1 2 2 2
X.6 3 3 1 3 3 3 3 3 3 3 3 .3 .. .=1 3 3
X.71 3 3-1 3 3 3 3 3 3 3 3 . .3 .. .—1 3 3
X.8 4 -4 . 4 4 4 4 4 4 4 4 1 1 11 4 1 1 1 1 .—-4 —4
X.9] 6 =2 6 6 6 6 6 6 6 . . . . 3 . 3-3-3-3 2-2 =2
X.10 6 —2 6 6 6 6 6 6 6 3 3 3-3 .-3 . . . 2=2 =2
X.11] 6 —2 . 6 6 6 6 6 6 6 .-3-3-3 . . . 3 3 3 2-2 =2
X.12[ 8 .2 8 8 8 8 8 8 8-1 2 2 2 2—-1 2 2 2 2 . . .
X.13[ 8 =2 8 8 8 8 8 8 8—-1 2 2 2 2-1 2 2 2 2
X.14| 8 .2 8 8 8 8 -1 -1 -1 5 2 2 2 2—-4 2-1-1-1
X.15 8 =2 8 8 8 8 -1 —-1 -1 5 2 2 2 2—-4 2-1-1-1
X.16[ 12 4 . 12 121212 12 12 12 . . . .-3 -3 3 3 3 4 4
X.171 12 4 12 121212 12 12 12 . 3 3 3 . . .—-3-3-3 4 4
X.18[ 12 4 12 121212 12 12 12 .-3-3-3 3 . 3 . . . 4 4
X.19( 16 16 16 16 16 16 16 16—-2-2—-2-2-2-2-2-2-2-2
X.20| 16 16 16 16 16 —2 —2 —2—-8-2-2-2-2 1-2 1 1 1
X.21] 16 16 16 16 16 —2 —2 —2—-8-2—-2-2-2 1-2 1 1 1
X.22| 16 . 16 16 16 16 —2 —2 —210-2-2—-2-2-8-2 1 1 1 . . .
X.23| 16 . 16 16 16 16 —2 —2 —2—-8 4 4 4 4 1 4-2-2-2 . . .
X.24 18 — . 18 18 18 18 18 18 18 . . . . . ... . .—=2-6 —6
X.25 24 -2 24 24 2424 -3 -3 -3 6 6 .
X.26[ 24 2 24 24 24 24 -3 -3 =3 6 6
X.27| 24 .—2 24 242424 -3 -3 —3-3 -3 . .
X.28| 24 .2 24 24 24 24 -3 —3 —3-3 -3 .. .
X.290 27 3-3 27 27 A/A . . - . 3 3 D
X.30| 27 3 3 27 27 A/A . 3 3 D
X.31| 27 3-3 27 27/A A 3 3 /D
X.32[ 27 3 3 27 2T/A A 3 3 /D
X.331 27 3 3 27 27/A A -1 3 /D
X .34 27 3-3 27 2T/A A -1 3 /D
X.351 27 3 3 27 27 A/A -1 3
X.36| 27 3-3 27 27 A/A . . . e . -1 3
X.37| 48 .. 48 48 48 48 —6 —6 —6 .. . 6 6 3 3 3 . .
X.38| 48 48 48 48 48 —6 —6 —6 6 6 6-6 —6 .
X.39( 48 . 48 48 48 48 —6 —6 —6 —6—-6—-6 . .—3-3-3 . .
X.40| 54 —6 54 54 B/B . .. . —6 E
X.41| 54 —6 54 54 B/B -6 E
X.42| 54 —6 54 54/B B -6 /E
X.43| 54 —6 . 54 54/B B . . . P .—6 /E
X.44/ 54 6 . 54 54 B/B . . . P -2 6 —E
X.45 54 6 . 54 54/B B . . . . . . .—-2 6—/E
X.46[ 72 . 6 72 -9 . . -9 9 6 —-3—-3 6-3 . .
X.47| 72 -6 72 —9 . -9 9 6 —-3-3 6-3 .
X.48|144 . 144-18 —18 18 —6 3 3-6 3
X.49(144 144 —18 —18 18 12 -6 3—-6 3
X.50[144 144 —18 —18 18 —6 3 C 3/C
X.51{144 . 144 —18 —18 18 . . .—6 3/c 3 C . .
X.52162 —6 —81 . . . 9-9 . . .. . . 6 3
X.53[162 —6 —81 . . -9 . 9 6 3
X.54[162 —6 . —81 . . . . 9-9 6 3
X.55[216 . 6 216-27 —27 27 B -
X.56[216 —6 216 —27 —27 27 .
X.57)216 6 216 —27 27 . =27
X.58216 .—6 216 —27 27 —27 . .
X.59324 12 .-—-162 . . . -9 9 —6
X.60[324 12 .-—-162 .—9 9 —6
X.61(324 12 .-—-162 9 .-9 .—6
X.62486 —18 . —243 . . —6 9

(continued on next page)
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Table 10.9 (continued)
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Table 10.9 (continued)

2 3 1 1 1 3 3 3 3 . . . 2 2 2
3 2 2 2 2 1 1 1 1 3 3 3 2 2 2
18a 18b 18c 18d 24a 24b  24c  24d 27a 27b 27c 36a___36b_ 36¢
2P [ 9a 9f 9c¢ 9e 12b 12c¢ 12b 12c¢ 27a 27c 27b 18a 18a 18a
3P | 6a 6a 6d 6d 8a 8a 8b 8b 9b 9b 9b12a 12a 12a
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 -1 -1 -1 —1 —1 —1 1 1 1 1 1 1

-2 1 N B F F —-F —F —-1 -1 -1 N B
-2 1 . . —F —F F F -1 -1 -1 . . .
2 -1 . B . . N . =1 -1 -1 2 2 2
3 . 1 1 -1 —1 —1 -1 B B .o—1 -1 —1
3 =1 =1 1 1 1 1 . . .o—1 —1 —1
—4 —1 . . . . . . 1 1 1
1
1
1

1L . . . R S
—2 . . . . s |
1L . . . O R
12 . =1 -1 . . . L—1 -1 —1 . . .
4l . L -1 2 . . . o2 -1 -1

6] —2 1

18 —2 —2

B A

26 . . -1 -1

28] . . 2 -1

2 -H-/H
s . . . . '¢ /G ‘G /G . . . 2-/H ~H
2 —-/H —H

aa/ - 0 .. 1 1 -3 H J/H
4s/ .. . . . . . . . . .-2 /H 'H

lalslalslddslslslaladadsdddddddddddddddadsisisisdddddadslssisdsdadsisislsisislsddd T RETEIT
|
N
Q
|
Q
L
Q
|
Q

Notes. Here A= —1(27-27i/3), B=—-27-27iy/3,C =-1(3-9iv3), D=-1(3-3iV3),
E=3+43iV3, F=iv2,G=3(1+3), H=1+iV3, I =¢"1 +£77, 7= -1 +3iV3),
where £ is a 24th root of unity.
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Character table of N7 = Ng(s1)

Table 10.10
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T(1—=iv3), D =-4(1-iV3),

E—¢ 19, where £ is a 24th root of unity.

V2 and G

(1 -iv3),B=-3(1-iV3),C

E=—-1+4i3,F

Notes. Here A
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Table 10.11
Character table of N5 = NG (f)
2 5 5 4 2 5 5 4 4 4 4 4 3 2 2 3 3 3
3 1 1 .01 1 1 . . . B 1 o1 B 1
5 3 1 1 . 1 1 1 . . 3 2 1 .
Ta 2a 2b 3a 4a 4b 4dc ad de aF 49 5a 5b 6a 8a 8b 10a
2P [Ta la la 3a 2a 2a 2a 2b 2b 26 2b 5o 5b 3a 4a 4b Sa
3P [la 2a 2b la 4b 4a 4c de 4d 4 4f 3Sa 5b 2a 8b 8a 10a
3P |la 2a 2b 3a 4a 4b 4c 4d de 4? 4y la la 6a 8a 8b 2a
7P |la 2a 2b 3a 4b 4a 4c 4e 4d 4g 4 S5a 5b 6a 8b 8a 10a
11P |la 2a 2b 3a 4b 4a 4c 4e 4d 4 4f 3a 5b 6a 8b 8a 10a
13P |1a 2a 2b 3a 4a 4b 4c 4d de 4? 49 5Sa 5b 6a 8a 8b 1l0a
17P |la 2a 2b 3a 4a 4b 4c 4d de 4f 4 3a 5b 6a 8a 8b 10a
19P |1la 2a 2b 3a 4b 4a 4c 4e 4d 4g 4 5a 5b 6a 8b Ba 1l0a
23P la 2a 2b 3a 4b 4a 4c de 4d 4 4F 3a 5b 6a 8b 8a 10a
29P |la 2a 2b 3a 4a 4b 4c  4d  4e 4(71 49 5a 5b 6a 8a 8b 10a
.1 I 1 1T T T T T T T 1 I T T T T T T
X221 1-1 1 -1 -1 1 o =C C =C 1 1 1 o =C 1 1
X311 1 1 1 1 1 1 -1 -1 -1 -1 1 1 1 -1 -1 1 1 1
X411 1-1 1 -1 -1 1 —=C 2 =C C 11 1-C C 1 1 -1
X512 2 2-1 2 2 2 . . . . 2 2-1 . . 2 2 -1
X6 2 2-2-1 -2 —2 2 . . . . 2 21 . . 2 2 1
X7|2-2 -1 A-A ° D /D -D-/D 2 2 1 . -2 c
X.8( 2 -2 -1 -A A . /D D —-/D —D 2 2 1 . -2 . -C
xX9|2-2 .-1-A A .—-/D —-D /D D 2 2 1 . —2 . -C
X110/ 2-2 .-1 A-4A . D-/D 'D /D 2 2 1 . -2 . c
X.11] 3 3 -1 . 3 3 -1 1 1 1 1 3 3 Lo—=1 -1 3 1 .
X.12| 3 3 1 . =3 —3-1 —-C c —-C C 3 3 . ¢ -C 3 1 .
X.13] 3 3 1 . =3 =3 -1 c —C c —=C 3 3 . —C C 3 1 .
X.14| 3 3 —1 . 3 3 —1 -1 -1 -1 -1 3 3 . 1 1 3 —1 .
X.15| 4 —4 . 1 B-B B . . 4 4 -1 . . —4 . C
X.16| 4 —4 1-B B . 4 4 -1 —4 . <
X.17|20 4 2 . 4 . 5 . 2 —1 . .
X.18|20 4 2 —4 . -2 -1 B
X.19|120 4 —4 4 . 3 4 -1 -
X.20]|24 . . B 4 4 24 —1 B =1
X. 24 —4 —B B 24 —1 . 1
X.22|24 —4 B —B 24 —1 . 1
X. 24 4 —4 —4 24 . 1
X.24|4 8 4 . —10 4 2 .
X.25|40 —8 -2 —10 2 2
X.26|40 —8 .- . B . . . . . —10 B . . 2
X.27|60 12 . . . . 4 . . . . —15 . . . . =3
2 1 2 2 2 1
3 1 . . 1
5 1 1 1 1 1
15a__15b 20a__20b__20c¢__30a 30
2P [ 15a 150 10a 10b 10b 1ba 15
3P 5a  5a 20a 20c 20b 10a 10a
5P 3a 3a 4 4d  4e 6 6a
7P 15b 15a 20a 20c¢ 20b 30b 30a
11P| 15b 15a 20a 20c¢ 20b 30b 30a
13P | 15b 15a 20a 20b 20c 30b
17P | 15a 15b20a 20b 20c¢ 30a 30b
19P | 15a 15b20a 20c 20b 30a 30b
23P | 15a 15b20a 20c¢ 20b 30a 30b
29P | 15b 15a 20a 20b_20c¢c 30b_30a
X1 T i T 1 1 i i
X.2 1 1 1 (o 1 1
X.3 1 1 1 -1 -1 1 1
X.4 1 1 1 —-C C 1 1
X.5 -1 -1 2 . B -1 -1
X.6 -1 —1 2 . . -1 -1
X7 -1 -1 . D /D 1 1
X8| -1 -1 . /D D 1 1
X.9| -1 -1 .—/D —-D 1 1
x.10 -1 -1 . =D —-/D 1 1
X.11 . Lo=1 1 1 . .
X.12 -1 -C C
X.13 -1 Cc -C
X.14 -1 -1 -1 .
X.15 1 1 . -1 -1
X.16 1 1 . —1 —
X.17 E J/E 1 . —-E —-/E
X.18( /E E 1 . -/E —E
X.19 1 1 1 . -1 -1
X.20 —1 -1
X.21 -C C
X.22 Cc -C
X.23 1 1
X.24 —1 —1 —1 —1
X.25|—/E — -/E —-E
X.26| —E —-/E —-E —-/E
X.27 . . - . .
Notes. Here A=2i,B=—-4i,C=i,D=1—iand E = 7%(1 + i/ 15).
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11. Partial character table of matrix group &

11.1. Intersection matrix My

17199 78 180 . 27 18 . . . 9 1

480 27 . . 18 21 39 . . 3

. . . 147 . 48 . . 48 . 24

. 2048 . . 81 144 210 390 72 920 152

D2 == . 2304 864 588 243 363 189 351 156 297 264
. 2304 . 810 432 189 234 648 1170 588

. 6912 . 2430 1296 378 585 648 1890 936

. . 2352 486 624 1134 702 1587 918 1068

. 6144 . 810 1584 2730 2730 1224 549 1364

. 6144 6912 14112 12312 12672 12348 12168 12816 12276 12799

11.2. Intersection matrix M3

480 27 . . 18 21 39 . . 3

45864 72 684 . 99 18 . . . 81 9

. 588 . 48 . . 48 . 72

2816 . 1134 720 126 234 216 774 408

D3 - 2304 864 588 1215 1380 441 819 444 621 720
. 6144 . . 486 1008 3570 2886 1944 702 1524

. 18432 . . 1458 3024 4662 5382 1944 1134 2520

. 2352 1458 1776 3402 2106 4332 2754 2772

. 20736 . 6966 3312 1638 1638 3672 7290 3612

. 18432 20736 42336 33048 34560 32004 32760 33264 32508 34224

11.3. Intersection matrix Ms

2048 . . 81 144 210 390 T2 90 152

2816 . 1134 720 126 234 216 774 408

. . . 1568 972 1344 1764 1404 2064 1620 1632

1304576 6144 32256 7056 15784 13248 10584 10296 10944 14616 11776

D5 — . 18432 34560 16464 22356 20000 21420 21060 19920 20844 19824
61440 13824 49392 40824 48960 52808 54600 44352 36072 46080

. 184320 41472 63504 64152 77760 88200 92456 69120 62856 73728

36864 41472 101136 73872 79680 77616 74880 82496 76464 81120

. 61440 198144 105840 131544 111168 84168 90792 101952 128168 107008

. 933888 940032 959616 953856 951552 967680 958464 973440 963072 962848

11.4. Common eigenvectors of M;

11 11 1 1 1 1 1 1 1
I 1 1 —1 1
1 = 7 0 35 ° 78 78 0 58 °
L1 5 -9 5 _s1 &80 5 9 313 —45
637 ©8 208 832 5096 5824 3136 784 40768 3038
L, 1 11 =5 73 5 i 1 35 1 =5
I3 182 208 5824 728 8§32 12 2912 308 5824
1 =L 1 =1 _19 1 d =1 1 =1 =1
39 OI 634 5824 546 4992 1344 736 1664 34944
. =L 17 5 =39 =5 i1 14 1 5
T47 T274 624 40768 32184 17472 0408 30576 407068 61152
L 31 41 s i 55 - fy i35  —127 _—5%
33 35 11048 45864 104552 56448 185456 733824 525552
1

=1 -1 =139 _1 = _19 = =3 = _—23 11 —1_
R T 1274 627 BIg36 1176 34944 G272 G152 81536 30576
5 — — — 1

=1L _5 -1 —20 _ 1 1 1 1 1
1 147 1274 624 40768 15288 2496 4704 8736 20384 122304
1 11 —1 —1 5 —1 —1 —1 —1 —5 1

1911 1274 624 40768 1911 17472 9408 30576 40768 30576
1 =5 —5 1 1 1 1 1 1 5 —1

1911 1274 624 5824 7644 17472 9408 30576 40768 30576
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Table 11.5

Gollan—-Ostermann numbers of &

| [ T T2 | T3 | Ty 75 | 76 |
Ta [ 143127000 0 0 0 0 0
2a 10200 [ 483840 | 1935360 0| 6881280 0
3a 3510 [ 132678 | 2388204 0]5031936 [ 1061424
3D 243 | 59049 78732 01271376 | 2519424
3c 540 14580] 145800 0] 1831680 [ 2332800
4a 120 2016 | 653184 0 [ 3526656 | 1548288
4b 40| 40560 14400 [ 230400 | 1064960 | 2465280
5a 0] 40500 40500 [ 144000 | 1260000 | 2358000
6a 60| 10260| 154440 [ 103680 [ 1896960 | 2177280
6D 54 31302 89964 | 96768 1317888 | 2063664
6c 3| 21033 42876 [ 165888 [ 1271184 | 2135808
Ta 9 14455| 121128 [ 1176001645616 | 2126208
8a 8| 12656 76512 | 171264 | 1435136 | 2106240
8b 0] 19368 37872 [ 187776 | 1266048 | 2228544
9a 0| 29160 15552 [ 116640 | 800928 | 1621296
9b 0] 11664 44712 [ 186624 [ 1150848 | 1831248
9c 9| 11907 81324 | 155520 | 1507968 | 2153952
10a 0 12660 63540 [ 167040 | 1446240 | 2231280
12a 6| 16854 51660 [ 164736 | 1344768 | 2253168
120 6| 16854 51660 [ 164736 | 1344768 | 2253168
12¢ 3| 19089 51732[169344 | 1348080 | 2234304
12d 4 15228 55512 | 172800 | 1342976 | 2160000
13a 3| 12805 59280 [ 180960 | 1398800 | 2203968
14a 1| 23247 46872 | 163296 | 1281392 | 2189376
15a 0| 15300 51300 [ 178560 | 1347840 | 2202480
150 0| 15300 51300 [ 178560 | 1347840 | 2202480
18a 0 13608 414721171936 | 1243296 | 2106864
18D 3| 17577 51084 [ 164160 | 1292352 [ 2136672
19a 0| 16796 45372 | 178752 | 1304464 | 2198832
20a 0] 16580 46020 [ 180480 [ 1305760 | 2191920
2la 3| 14245 51072 | 188160 | 1360352 | 2246160
24a 2| 16778 45948 [ 179904 | 1301312 [ 2195664
24b 2| 16778 45948 [ 179904 | 1301312 | 2195664
24c 0 18936 37440 [ 189504 | 1264320 | 2232864
24d 0| 18936 37440 [ 189504 | 1264320 | 2232864
27a 0 22032 343441168480 [ 1174176 | 2112480
270 0 13284 46980 [ 191808 | 1337472 | 2217456
27c 0| 13284 46980 [ 191808 | 1337472 | 2217456
28a 1] 19607 38640 | 188832 1273104 | 2242464
30a 0| 22860 43740 | 169920 | 1287360 | 2232720
30D 0| 22860 43740 [ 169920 | 1287360 | 2232720
3la 0 16740 43524 | 187488 [ 1312416 | 2236464
31b 0] 16740 43524 [ 187488 | 1312416 | 2236464
36a 0| 15768 42768 | 182304 | 1295136 | 2194128
36b 0] 15768 42768 [ 182304 [ 1295136 | 2194128
36¢ 0| 15768 42768 | 182304 | 1295136 | 2194128
39a 0] 20176 39624 [ 180960 | 1259024 | 2203968
390 0| 20176 39624 | 180960 | 1259024 | 2203968

(continued on next page)
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Table 11.5 (continued)

[ [ r7 ] Ts | T | 710 | r11 |
la 0 0 0 0 0
2a [ 17694720 023224320 | 30965760 | 61931520
3a 4852224 | 2286144 | 4245696 [ 55194048 [ 67931136
3b 8817984 | 11022480 | 8188128 [ 10707552 | 100462032
3c 5365440 [ 9331200| 7931520 13296960 | 102876480
4a 2985984 | 4644864 | 7064064 [ 27740160 | 94961664
40 5575680 [ 9400320 | 8352000 | 9154560 | 106828800
5a 5328000 [ 9180000 | 8460000 [ 11304000 [ 105012000
6a 3931200 | 6428160 | 8346240 [ 16632000 [ 103446720
60 5736960 | 8589888 | 9153216 [ 12772800 [ 103274496
6c 5164992 8176464 9012384 [ 11982816 [ 105153552
Ta 4172448 | 6597360 | 8852928 15501248 [ 103978000
8a 4697088 [ 7335936 | 9179904 | 13258240 | 104854016
8b 5136768 | 8401536 | 8696448 [ 11226240 [ 105926400
9a 7709904 | 9961056 | 10672560 [ 9148464 [ 103051440
9b 5155488 | 7441632 9762768 [ 12286080 [ 105255936
9c 4475088 [ 7138368 | 8852976 | 13715568 | 105034320
10a | 4691520 | 7693920 8655840 | 12679680 [ 105485280
12a | 5078016 [ 8244288 8640576 | 11838144 [ 105494784
126 | 5078016 | 8244288 | 8640576 | 11838144 | 105494784
12¢ | 5035392 8282736 | 8674560 [ 11839392 | 105472368
12d| 4931712 7848576 | 8899200 [ 12248064 [ 105452928
13a| 4673136 | 7546032 | 8810880 [ 12578384 [ 105662752
14a | 5290272 | 8585136 | 8757504 | 11527488 | 105262416
15a | 4842000 | 7845120 | 8812080 [ 12167280 [ 105665040
156 | 4842000 | 7845120 | 8812080 [ 12167280 | 105665040
18a | 5159376 | 7939296 | 9260784 | 11743920 [ 105446448
18b | 5193072 8149248 | 9009360 [ 11915856 | 105197616
19a | 5033328 | 8128656 [ 8799888 | 11743216 | 105677696
20a | 5033760 | 8131680 | 8796000 | 11741920 [ 105682880
2la| 4784016 | 7816032 | 8708784 | 12064304 | 105893872
24a | 5039232 8123904 | 8789376 | 11745088 [ 105689792
240 5039232 8123904 | 8789376 | 11745088 [ 105689792
24c | 5138496 | 8406720 8698176 | 11234880 [ 105905664
24d | 5138496 | 8406720 | 8698176 | 11234880 | 105905664
27a | 5530032 8670240 9083664 [ 11032848 [ 105298704
27b 1 4760208 | 7760448 | 8780400 [ 12020400 | 105998544
27c | 4760208 | 7760448 [ 8780400 | 12020400 | 105998544
28a | 5135712 ] 8401680 | 8720544 11216128 | 105890288
30a | 5213520 | 8570880 | 8660880 | 11441520 | 105483600
30b| 5213520 8570880 | 8660880 [ 11441520 [ 105483600
3la| 4955040 | 8115552 | 8704800 11651040 | 105903936
31b | 4955040 8115552 | 8704800 [ 11651040 [ 105903936
36a | 5031504 | 8048160 | 8888400 11676528 | 105752304
360 5031504 | 8048160 | 8888400 [ 11676528 [ 105752304
36c | 5031504 | 8048160 | 8888400 11676528 | 105752304
39a | 5212272 8416944 | 8810880 | 11320400 [ 105662752
39b | 5212272 8416944 8810880 | 11320400 [ 105662752

457
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Table 11.6
11 characters of &
2 15 15 6 3 4 11 9 3 6 3 3 7 5 3
3 10 4 7 0 7 3 1 133 4 1 1 1 6
5 3 1 1 . 1 3 1 . .
7 2 1 1 1 . 2 .
13 B 1 . . . .
19 . . . .
31 . . . .
2a__ 3a 3b 3¢ da 4b  5a 6a 6b 6¢c Ta Ba 9a 9
P a 2a 3a 30 3c 4a 4b 5a 6a 6b Gc 7a 8a 9a 9
2P a la 3a 3b 3c 2a 2a 5a 3c3a 3b Ta 4a 9a 9
3P a 2a la la la 4a  4b  5a 2a 2a 2a Ta 8a 3b 3
5P a 2a 3a 3b 3c 4a  4b la 6a 6b 6¢ Ta 8a 9a 9
7P a 2a 3a 3b 3¢ 4a  4b  5a 6a 6b 6¢c la 8a 9a 9
11pP a 2a 3a 3b 3¢ 4a 4b 5a 6a 6b 6¢c Ta 8a 9a 9
13P a 2a 3a 3b 3c 4a 4b 5a 6a 6b 6¢c Ta 8a 9a 9
17P a 2a 3a 3b 3c 4a 4b 5a 6a 6b 6c¢ Ta 8a 9a 9
9P la 2a 3a 3b 3c 4a  4b 5a 6a 6b 6¢ Ta 8a 9a 9
23P la 2a 3a 3b 3c 4a 4b 5a 6a 6b 6¢c Ta 8a 9a 9
29P la 2a 3a 3b 3¢ 4a 4b 5a 6a 6b 6¢c T a 9a 9
31P la 2a 3a 3b 3c 4a 4b 5a 6a 6b 6¢c 7a 8a 9a 9
37P la 2a 3a 3b_3c 4a __4b _5a 6a 6b 6¢ Ta 8a 9a 9
X.1 1 T 1 1 T T 1T 1 T
X.2 27 64 - 1 27 =5 =2 9 .7 3= -8
X.3 30875 155 104 14 5 27 =5 8 2 5 3-— 14 5
X.4 6125 72 182 20 20 56 . 612 6 6 . -7 =7
X.5| 245024 26! 71 . =1 4 -5 . 17 =10
X.6 | 3376737 609 819 9 9 161 1-13 9 3 .11 9 9
X.7| 4881384 1512 729 . . 24 9 . 9 4 8 .
X.8|11577384 552 351 135 . —120 24 9 .15 7 -8 .
X.9128861000 840 1078 —110 160 56 . . 6 L —29 -2
X.10[40199250 3410 3165 —=62 10 5 2 -7 -6 2 3 3
X.11|5 4750 2190 108 135 —162 —10 15 -9 6 -2 .
2 5 5 2 3 3 1 3 1 2 3 3 3
3 1 3 1 1 . 1 1 2 2 1 1 1 1
5 1 . . B . 1 . . .
7 . . 1 . . 1
13 1 . .
10a 12a 12b 12c 12d 13a 14a 15a 15b 18a 18b 19a 20a 21a 24a 24b 24c
1P |[1I0a 12a 120 12c¢ 12d 13a 14a 15a 150 18a 180 19a 20a 21a 24a 240 24c
2P 5a 6 6 6¢c 6a 13a Ta 15a 15b 9a 9c¢ 19a 10a 21la 12a 12b 12d
3P (10a 4a 4a 4a 4b13a l4a 5a 5a 6c¢ 6¢ 19a 20a 7. 8 b
5P 2a 12b 12a 12c¢ 12d 13a 14a 3¢ 3¢ 18a 18b 19a 4b 21la 24b 24a 24c
7P [10a 12a 12b 12¢ 12d 13a 2a 15b 15a 18a 18b 19a 20a 3a 24a 2 24c
11P |10a 12b 12a 12c¢ 12d 13a 14a 15b 15a 18a 18b 19a 20a 21a 24b 24a 24c
13P |10a 12a 12b 12¢ 12d la 14a 15b 15a 18a 18b 19a 20a 21a 24a 24b 24d
17P |10a 12b 12a 12¢ 12d 13a 14a 15a 15b 18a 18b 19a 20a 21a 24b 24a 24d
19P |10a 12a 12b 12c¢ 12d 13a 14a 15a 15b 18a 18b 1la 20a 21la 24a 24b 24d
23P |10a 12b 12a 12¢ 12d 13a 14a 15a 15b 18a 18b 19a 20a 21a 24b 24a 24d
29P [10a 12b 12a 12¢ 12d 13a 14a 15b 15a 18a 18b 19a 20a 21a 24b 24a 24c
31P |10a 12a 12b 12¢ 12d 13a 14a 15a 15b 18a 18b 19a 20a 21a 24a 24b 24c
37P |10a 12a 12b 12¢ 12d 13a 14a 15b 15a 18a 18b 19a 20a 21a 24a 24b 24d
X. T T T T T T T T T T T T T
X.2 2 . . . 1 -1 1 1 . . . 1 . -1
X.3 . . N . 1 1 . 2 2 -1 -1
X.4 2 2 2 2 . 2 . =3 . . .
X.5 2 4 4 1 -1 -1 —1 1 1 . 1 .
X6[(—-1 —1 —1 —1 1 . . =1 =1 =3 . . 1 . 1 1 1
X.7(—-3 =3 =3 . 1 . . . . =1 -1 1 -1 -1 .
X.8( -3 3 3 =3 -1 . . . . .o=1 1 1 1
X.9 . 2 2 2 -1 3 .
X.10 -2 =2 1 1 1 -1 -1 -1 -1
X.11 . B .o—1 -1 . 1
2 3 N 2 2 2 2 N
g 1 3 3 3 . 1 1 2 2 2 1 1
7 . 1 N .
13 . . . 1 1
19 . . B . . . . . . B
31 . . . . . 1 1 . . . . .
24d 27a 27b 27c 28a 30a 30b 3Ta 31b 36a 36b 36¢ 39a 39b
TP (24d 27a 276 27¢ 28a 30a 300 31a 31b 36a 36b 36¢ 39a 390
2P |12d 27a 27¢ 27b 14a 15a 15b 31la 31b 18a 18a 18a 39a 39b
3P b 9b 9b 9b 28a 10a 10a 31b 3la 12¢ 12¢ 12c¢ 13a 13a
5P (24d 27a 27c 27b 28a 6a a 3la 31b 36b 36a 36¢ 39a 39b
TP (24d 27a 27b 27¢ 4a 30b 30a 31a 31b 36b 36c¢ 39b 39a
11P |24d 27a 27¢ 27b 28a 30b 30a 31b 31a 36b 36a 36¢ 39a 39
13P |24c 27a 27b 27c 28a 30b 30a 31b 31la 36a 36b 36c 3a 3a
17P |24¢c 2Ta 27¢ 27Tb a a 30b 31b 31la 36b 36a 36¢ 39b 39a
19P |24c 27a 27b 27c 28a 30a 30b 3la 31b 36a 36b 36¢ 39b 39a
23P (24c 27a 27c 27b 28a 30a 30b 31b 3la 36b 36a 36¢ 39b 39a
29P |24d 27a 27¢c 27b 28a 30b 30a 31b 31la 36b 36a 36¢ 39b 39a
31P |24d 27a 27b 27c 28a 30a 30b 1la la 36a 36b 36c 39b 39a
37P |24¢c 27a 27b 27¢ 28a 30b 30a 31b 31a 36a 36b 36¢ 39b 39a
X.T T T T 1 T 1 T T 1 T 1 T T
X.2| -1 —2 1 1 -1 -1 -1 . . . . Lo—=1 -1
X.3| -1 2 -1 -1 —1 . 1 -1 . . . . .
X.4 .o—=1 =1 -1 . 2 2 . .o—=1 -1 =1 .
X.5 .o—=1 —1 —1 1 -1 =1 1 1 1 .
X.6 1 . .o—1 =1 -1 -1 —1 .
X.7 . 2 B . . B 1 1
X.8 -1 .
X.9 1 1 1 . -1 -1 -1 -1 —1
X.10f —1 1 1 1
X.11 1 -1
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