ON THE MATHEMATICS CURRICULUM OF THE HIGH SCHOOL

The following memorandum was composed by several of the undersigned and sent
to 75 mathematicians in the United States and Canada. No attempt was made to amass
a large number of signatures by canvassing the entire mathematical community. Rather,
the objective was to obtain a modest number from men with mathematical competence,
background, and experience and from various geographical locations. A few of the under-

_.signed, whose support is indeed welcomed, volunteered their names when they learned
about the memorandum from a colleague. )

The mathematicians of this country now have a more favorable climate in
which to develop and gain acceptance of improvements in mathematics educa-
tion. Indeed a number of groups have recognized the opportunity and are work-
ing hard and with the best of intentions to utilize it. - v

It would, however, be a tragedy if the curriculum reform should be mis-
directed and the golden opportunity wasted. There are, unfortunately, factors
and forces in the current scene which may lead us astray. Mathematicians, re-
acting to the dominance of education by professional educators who may have
stressed pedagogy at the expense of content, may now stress content at the ex-
pense of pedagogy and be equally ineffective. Mathematicians may uncon-
sciously assume that all young people should like what present day mathemati-
cians like or that the only students worth cultivating are those who might be-
come professional mathematicians. The need to learn much more mathematics
today than in the past may cause us to seek shortcuts which, however, could do
more harm than good. '

In view of the possible pitfalls it may be helpful to formulate what appear
to us to be fundamental principles and practical guidelines.

1. For whom, The mathematics curriculum of the-high school should provide
for the needs of all students: it should contribute to the cultural background of
the general student and offer professional preparation to the future users of
mathematics, that is, engineers and scientists, taking into account both the
physical sciences which are the basis of our technological civilization, and the
social sciences which may need progressively more mathematics in the future,
While providing for the other students, the curriculum can also offer the most
essential materials to the future mathematicians, Yet to offer such subjects to
all students as could interest only the small minority of prospective mathemati-
cians is wasteful and amounts to ignoring the needs of the scientific community
and of society as a whole.

2. Knowing is doing. In mathematics, knowledge of any value is never pos-
session of information, but “know-how.” To know mathematics means to be
able to do mathematics: to use mathematical language with some fluency, to
do problems, to criticize arguments, to find proofs and, what may be the most
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important activity, to recognize a mathematical concept in, or to extract it
from, a given concrete situation.

Therefore, to introduce new concepts without a sufficient background of
concrete facts, to introduce unifying concepts where there is no experience to
unify, or to harp on the introduced concepts without concrete applications which
would challenge the students, is worse than useless: premature formalization
may lead to sterility; premature introduction of abstractions meets resistance
especially from critical minds who, before accepting an abstraction, wish to know
why it is relevant and how it could be used

3. Mathematics and science, In its cultural sxgnlﬁcance as well as in its
practical use, mathematics is linked to the other sciences and the other sciences
are linked to mathematics, which is their language and their essential instru-
ment. Mathematics separated from the other sciences loses one of its most im-
portant sources of interest and motivation.

4, Inductive approach and formal proofs, Mathematical thinking is not just
deductive reasoning; it does not consist merely in formal proofs, The mental
processes which suggest what to prove and how to prove it are as much a part
of mathematical thinking as the proof that eventually results from them, Ex-
tracting the appropriate concept from a concrete situation, generalizing from
observed cases, inductive arguments, arguments by analogy, and intuitive
grounds for an emerging conjecture are mathematical modes of thinking. In-
deed, without some experience with such “informal” thought processes the
student cannot understand the true role of formal, rigorous proof which was
so well described by Hadamard: “The object of mathematical rigor is to sanc-
tion and legitimatize the conquests of intuition, and there never was any other
object for it.”

There are several levels of rigor. The student should learn to appreciate, to
find and to criticize proofs on the level corresponding to his experience and
background, If pushed prematurely to a too formal level he may get discouraged
and disgusted. Moreover the feeling for rigor can be much better learned from
examples wherein the proof settles genuine difficulties than from hair-splitting
or endless harping on trivialities.

5. Genetic method. “It is of great advantage to the student of any subject
to read the original memoirs on that subject, for science is always most com-
pletely assimilated when it is in the nascent state” wrote James Clerk Maxwell,
There were some inspired teachers, such as Ernst Mach, who in order to explain
an idea referred to its genesis and retraced the historical formation of the idea.
This may suggest a general principle; The best way to guide the mental develop-
ment of the individual is to let him retrace the mental development of the race—
retrace its great lines, of course, and not the thousand errors of detail.

This genetic principle may safeguard us from a common confusion: If 4 is
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logically prior to B in a certain system, B may still justifiably precede 4 in
teaching, especially if B has preceded 4 in history. On the whole, we may expect
greater success by following suggestions from the genetic principle than from the
purely formal approach to mathematics. .

6. “Traditional” mathematics. The teaching of mathematics in the elemen-
tary and secondary schools lags far behind present day requirements and highly
needs essential improvement: we emphatically subscribe to this almost univer-
sally accepted opinion. Yet the often heard assertion that the subject matter
taught in the secondary schools is obsolete should be closely scrutinized and
should not be taken simply at face value. Elementary algebra, plane and solid
geometry, trigonometry, analytic geometry and the calculus are still funda-
mental, as they were fifty or a hundred years ago: future users of mathematics
must learn all these subjects whether they are preparing to become mathemati-
- clans, physical scientists, social scientists or engineers, and all these subjects
can offer cultural values to the general students, The traditional high school
curriculum comprises all these subjects, except calculus, to some extent; to
drop any one of them would be disastrous.

What is bad in the present high school curriculum is not so much the subject-
matter presented as the isolation of mathematics from other domains of knowl-
edge and inquiry, especially from the physical sciences, and the isolation of the
various subjects offered from each other; even the techniques and theorems
within the same subject appear as isolated, disconnected tricks to the student,
who is left in the dark about the origin and the purpose of the manipulations
and facts that he is supposed to learn by rote. And so, unfortunately, it often
happens that the material offered appears as useless and boring, except pet-
haps, to the few prospective mathematicians who may persist despite the cur-
riculum,

7. “Modern” mathematics. In view of the lack of connection between the
various parts of the present curricula, the groups working on new curricula may
be well advised in seeking to introduce unifying general concepts, We think,
too that judicious use of sets and of the language and concepts of abstract
algebra may bring more coherence and unity into the high school curriculum.
Yet, the spirit of modern mathematics cannot be taught by merely repeating
its terminology. Consistently with our principles, we wish that the introduction
of new terms and concepts should be preceded by sufficient concreie preparation
and followed by genuine, challenging applications and not by thin and pointless
material: one must motivate and apply a new concept if one wishes to convince

"an intelligent youngster that the concept warrants attention,

We cannot enter here into detailed analysis of the proposed new curricula,
but we cannot leave unsaid that, in judging them on the basis of the guidelines
stated above (Sections 1-5), we find points with which we cannot agree,

Of course, not- all mathematicians have the same taste. Mathematics has
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many aspects, It can be regarded as an instrument to understand the world
around us: mathematics presumably possessed this value for Archimedes and
Newton, Mathematics can also be regarded as a game with arbitrary rules where
the principal consideration is to stick to the rules of the game: some such view
may be considered suitable for certain problems of foundations. There are
several other aspects of mathematics, and a professional mathematician may
favor any one, Yet when it comes to teaching, the choice is not a mere matter of
taste, We may expect that an intelligent youngster would want to explore the
world around him, but we cannot expect him to learn.arbitrary rules: why just
these and not others?

At any rate, we fervently wish much success to the workers on the new cur-
_ricula, We wish especially that the new curricula should reflect more the connec-
tion between mathematics and science and carefully heed the distinction be-
tween matters logically prior and matters which should have priority in teach-
ing. Only in this way can we hope that the basic values of mathematics, its real
meaning, purpose, and usefulness will be made accessible to all students, includ-
ing of course, the prospective mathematicians. The recently expressed “wide
spread concern about a trend to excessive emphasis on abstraction in the teach-

ing of mathematics to engineers” points in the same direction,*
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THE BRIN G-JERRARD EQUATION AND WEIERSTRASS
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We assume that the reader is acquainted with the basic properties of elliptic
functions which are of the Weierstrass -type. We will quickly summarize what
we need concerning the g-function and refer the reader to [2, pp. 146-188 and
pp. 227-228] for a complete discussion.

El. If w, and w; are complex numbers with a nonreal ratio, then a Weier-
strass g-function with periods w; and w, exists, We denote this function by
#(2; w1, wa).

E2. #(z; w, ;) has so-talled invariants gy(ws, @) and gs(wy, @s) which enter
into the differential equation satisfied by ¢, namely: [¢'(s)]>=4¢%(z) — 2:9(2)
— ga. .

E3. If g; and g; are arbitrarily assigned complex numbers meeting the con-
dition g§—27g3540, then a g-function with invariants g, and g, exists. We denote
this function by @(zl g2 £5). In particular, if g; is chosen to be 0 and g; is taken
to be any complex o540, then the function @’(z| 0, a) exists. It is this latter type
of p-function which will be of service to us in this work.

E4. Any g-function is of order 2 since it has but one pole of order 2 in each
period-parallelogram. Thus p takes each complex value (including ) exactly
twice in any period-parallelogram. We will assume that ws/w; has a positive im-
aginary part and will work throughout with the basic period-parallelogram P

~with vertices at 0, wy, wiw; and ws, More definitely, P consists of the points of
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